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1. INTRODUCTORY CONCEPTS  

 

1.1 INTRODUCTION TO THERMODYNAMICS  

 

Previous to working on thermodynamic systems, processes and cycles let us investigate the 

introduction to thermodynamics. We will start by using Callenôs postulates. Herbert B. Callen 

in his classic thermodynamic book gives us three basic postulates  

 

Postulate  I : There exist particular states (called equilibrium states) of simple systems that, 

macroscopicaly, are characterized completely by the internal energy U, the volume V, and the 

mole numbers N1, N2,N3,é,Nr of the chemical components. 

Postulate  II:  There exist a function (called the entropy S) of the extensive parameters of any 

composite system, defined for all equlibrium states and having the following property: the 

values assumed by the extensive parameters in the absanse of an internal constraint are those 

that maximize the entropy over the manifold of constraint equilibrium states. 

 
Figure 1.1 : 2 A composite system with two subsystems 

In figure 1 a composite system with two subsystem is shown. This two subsystem are seperated 

by a mechanical manifold called piston. Which permits volume parameters to change in sub 

systems. A selective membrane can permit a specific matter to exchange between subsystems 

If the membrane is a selective membrane for certain materials mole number can be transfer 

from one subsystem to the other. For example a zirconiumoxide membrane is a selective 

membrane for oxygen ions.  Copper or gold membrane can transfer internal energy between 

subsystems due to high thermal conductivity coefficient(manifold for internal energy). In this, 

composite system and subsystems are still in equilibrium states. 

Postulate  III: The entropy of a composite system is additive over the constituent subsystems. 

The entropy is continuous and differentiable and is a monotonically increasing function of the 

energy. 

   Ὓ В Ὓ    (1.1) 

S in the equation is entropy and a indicates composite subsystems. In the equilibrium states 

each subsystem entropy is the function of volume, internal energy and mole numbers of 

species. 

Ὓ Ὓ  Ὗ  ȟὠ  ȟὔ  ȟὔ  ȟȢȢ     (1.2) 

As it is seen entropy of the simple system is simply function of expressed as internal energy 

U, volume V and mole number of the subspecies N1, N2,é, Nr. Postulate II also tells us changing 

of the entropy function between subsystems cause the derivative of the function with respect 

to changing parameter will be positive. 

ȟ ȟ ȟȣȢȢȟ
π                         (1.3a) 

ȟ ȟ ȟȣȢȢȟ
π                         (1.3b) 



ȟȟ ȟ

π                              (1.3c) 

 

  Ὓ ὛὟȟὠȟὔȟὔȟȢȢ (1.4a)   

 ὠ ὛὟȟὛȟὔȟὔȟȢȢ (1.4b)  

ὔ ὛὟȟὠȟὛȟὔȟ ȢȢȟ   (1.4c) 

Because of the continuous and derivable form of entropy function will allow us the change the 

function and express it as internal energy function as  function of entropy, volume and moles 

Ὗ ὟὛȟὠȟὔȟὔȟȢȢ    (1.5) . postulate  III are also indicates that  total  entropy could be 

expressed as addition of  entropy of the subsystems . Therefore  

Ὓ ὛὟȟὠȟὔȟὔȟȢȢ ὔὛὟȾὔȟὠȾὔȟὔȾὔȟὔȾὔȟȢȢ    (1.6) 

В
    (1.7) 

Can be written , so properties of the system can be expressed with internal properties of the 

system. This properties called specific properties (specific internal energy, specific volume, 

specific mol numbers) 

ό           (1.8a) 

ὺ          (1.8b) 

ί          (1.8c) 

Postulate IV : Entropy of a system will vanish when 

ȟ ȟȣȟ
π    (1.9)  

 
Herbert B. Callen July 1, 1919 ï May 22, 1993 

 

Equation 

Ὓ ὛὟȟὠȟὔȟὔȟȢȢ or Ὗ ὟὛȟὠȟὔȟὔȟȢȢ is called equation of state. We are already 

defined that equation of state is differentiable. If the equation of state is written in differential 

form:  

ὨὟ
ȟ ȟȣȟ

ὨὛ
ȟ ȟȣȟ

Ὠὠ В
ȟ ȟȣȟ

Ὠὔ   (1.10) 

Properties defined by first and second postulates,  S,U,V, Nj  , are called extensive parameters, 

while thermodynamic parameters defined by the derivative functions are called intensive 

parameters. Intensive can be called by different names such as:  

    
ȟ ȟȣȟ

Ὕ         (1.11)      This function is called as temperature 

ȟ ȟȣȟ
ὖ         (1.12)      This function is called as pressure 



   
ȟ ȟȣȟ

‘         (1.13)     This function is called electrochemical potential of jth 

component.   

Equation 1.10 can be re-written as a function of these new intensive parameters as:  

ὨὟ ὝὨὛὖὨὠВ ‘Ὠὔ        (1.14)  . 

In this equation each term has a particular mean in classical thermodynamics ïPdV term is 

called quasi-static mechanical work, 

Ὠὡ ὖὨὠ              (1.15) 

‘Ὠὔindicates chemical work 

Ὠὡ В ‘Ὠὔ       (1.16) 

and TdS term indicates heat transfer 

   Ὠὗ ὝὨὛ            (1.17)  If these equavalent terms are substituted into the equation, equation 

becomes: 

dU=dQ+dWM+dWc     (1.18) this form of the equation is called first law of thermodynamics 

of conservation of energy laws in classical thermodynamics. 

In this differential form, three new thermodynamic properties are defined. These properties 

can also be used to define equation of states in the following forms: 

T=T(S,V,N1,N2,..)          (1.19) 

P=P(S,V,N1,N2,..)          (1.20) 

mj= mj (S,V,N1,N2,..)      (1.21) 

Intensive parameters can also be defined by using derivatives of the entropy equation of state: 

ὨὛ
ȟ ȟȣȟ

ὨὟ
ȟ ȟȣȟ

Ὠὠ В
ȟ ȟȣȟ

Ὠὔ     (1.22)  

But In this case intensive parameters will be : 

ȟ ȟȣȟ
    (1.23) 

ȟ ȟȣȟ
    (1.24) 

ȟȟ ȟ ȢȢȟ

   (1.25) 

A relation among intensive and extensive properties such as eqn 1.5,1.6,1.19,1.20,1.21 is 

called equation state. As an example let us introduce the fundamental equation of a perfect 

monatomic gas[77] 

Ὓ ὛὟȟὠȟὔ
ὔ

ὔ
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Ὗ
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ὔ

ὔ
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Where subscript 0 refers to a reference state and R=8314.5 J/kmolK is the universal gas 

constant. 
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This equations can be arranged as: 



Ὗ
σ

ς
ὔὙὝ   ρȢσπ 

ὖὠ ὔὙὝ  ρȢσρ 

‘ ὙὝ
υ

ς

Ὓ

Ὑὔ
ὰὲ
ὔὙὝ

ὠὝ

ÌÎ ὖ    ρȢσς 

 

In here, let us repeat the difference between extensive and intensive parameters. Extensive 

parameters are independent parameters and intensive parameters are defined as a derivative 

function of intensive parameters. In practical measurements properties like temperature, 

pressure and volume can be measured more easily by compare to properties like internal 

energy and entropy. For this reason these properties can be easily converted to each other, or 

integration as well as derivation of the properties should be used continously. Integration of 

the function is more difficult compare to derivation because integration requires additional 

properties to give a unique solution. Consider mathematical function 

Y=Y(X 0,X1,X2,..,Xt) and its derivative  ὖ    

In order to express thermodynamic properties as a function of Pk, We will utilise Legendre 

transforms. To understand process more easily let us consider a simpler function of Y=Y(X) . 

This equation can be shown in X-Y cartesian coordinate system 

 

 
Figure 1.2 Y(x) function  

If we consider derivative of this function ὖ , P is the tangent of the original function 

at the given function.  Now, we would like to use P instead of X in the equation  as 

independent variable so it will be in the form of that Y=Y(P). The mathematical process to 

achive this is the integration of the equation. But in the integration process we will obtain a 

family of equations, instead of a single equation. Additional knowledge is required to obtain 

a single equation. This problem can be overcome by defining  a seconday variable Y to 

express the equation. In this case conversion of equation will be  Y=Y(P) instead. In this 

equation Y is the crossing of tangent to Y axis (X=0) function Y is called Legendre 

transformation of Y. 



 

Figure 1.3 Y=Y(P)  and y=Y(X) functions.  

 

ὖ
Y

     (1.33) 

Y ὣ ὖὢ    (1.34)    can also be written.  Consider that Y=Y(X) equation is given. By 

using  derivative of this equation, derivative function P can be obtained. By using equation 

1.26 Y can be found and by eliminating X and Y Legendre transform can be completed as 

Y=Y(P)  . Similarly inverse Legendre transform can also be performed by taking derivative 

of Y=Y(P)  

ὨY Ὀὣ ὖὨὢὢὨὖ    (1.35) 

ὢ
Y

                          (1.36) 

If  Y and P elimined from this equation inverse equation can be obtained again.  

Y=Y(X)  

ὖ
‬ὣ

‬ὢ
 

Y ὣ ὖὢ 

Elimination of X and Y gives Y=Y(P)   

Y=Y(P) 

ὢ
ὨY

Ὠὖ
 

Y=XP+Y 

Elimination of P and Y gives  

Y=Y(X)  

 

Now Let us apply Legendre transform to the thermodynamic equation of states. If Ὗ

ὟὛȟὠȟὔ  is taken as the main equation of state and Legendre transform with respect to S is 

carried out 

Ὗ ὟὛȟὠȟὔ  

Ὕ
‬Ὗ

‬Ὓ
 

ὃ Ὗ ὝὛ 

Eliminating U and S gives 

ὃ ὃὝȟὠȟὔ  

ὃ ὃὝȟὠȟὔ  

Ὓ
‬ὃ

‬Ὕ
 

U=A+TS 

Elimination of A gives 

Ὗ ὟὛȟὠȟὔ  

 

This new Legendre transform function is called Helmholtz free energy function 



 
Hermann Ludwig Ferdinand von Helmholtz, 1821-1894 

 

Now the main equation of state is again Ὗ ὟὛȟὠȟὔ  and now Legendre transform with 

respect to  V is taken  

Ὗ ὟὛȟὠȟὔ  

ὖ
‬Ὗ

‬ὠ
 

Ὄ Ὗ ὖὠ 

If U and V is eliminated  

Ὄ ὌὛȟὖȟὔ  

Ὄ ὌὛȟὖȟὔ  

ὠ
‬Ὄ

‬ὖ
 

U=H-PV 

If H ve P is eliminated  

Ὗ ὟὛȟὠȟὔ  

This new Legendre transform function is called enthalpy  function 

Again the main equation of state is Ὗ ὟὛȟὠȟὔ  , but in this case Legendre transform with 

respect to both T and V is taken 

Ὗ ὟὛȟὠȟὔ  

Ὕ
‬Ὗ

‬Ὓ
 

ὖ
‬Ὗ

‬ὠ
 

Ὃ Ὗ ὝὛ ὖὠ 

U , T and V is eliminated 

Ὃ ὋὝȟὖȟὔ  

Ὃ ὋὝȟὖȟὔ  

Ὓ
‬Ὃ

‬Ὕ
 

ὠ
‬Ὃ

‬ὖ
 

U=G+TS-PV 

G, T and P is eliminated 

Ὗ ὟὛȟὠȟὔ  

 

This new Legendre transform function is called Gibbs free energy function 

 
Josiah Willard Gibbs, 1839-1903 

 



This transfers can also be carried out for chemical potentials. Legendre transform for T and  

m becomes 

 

Ὗ ὟὛȟὠȟὔ  

Ὕ
‬Ὗ

‬Ὓ
 

‘
‬Ὗ

‬ὔ
 

ὟὝȟ‘ Ὗ ὝὛ ‘ὔ 

U , S and N eliminated 

ὟὝȟ‘ ὟὝȟ‘ Ὕȟὠȟ‘ 

 

ὟὝȟ‘ ὟὝȟ‘ Ὕȟὠȟ‘ 

Ὓ
‬ὟὝȟ‘

‬Ὕ
 

ὔ
‬ὟὝȟ‘

‬‘
 

U=U[T,m]+TS+mN 

U[T,m], T and m is eliminated 

Ὗ ὟὛȟὠȟὔ  

 

This Legendre transformation function does not have any specific name so it is remained as 

U[T,m]. If Entropy equation of state is taken and Legendre transforms are taken, these set of 

functions are called Mathieu functions.  

Ὓ ὛὟȟὠȟὔ  

ρ

Ὕ

‬Ὓ

‬Ὗ
 

ὛρȾὝ Ὓ
ρ

Ὕ
Ὗ

ὃ

Ὕ
 

U  and S eliminated  

ὛρȾὝ ὛρȾὝ Ὕȟὠȟὔ  

 

ὛρȾὝ ὛρȾὝ Ὕȟὠȟὔ  

ρ

Ὕ
Ὗ

‬ὛρȾὝ

‬Ὕ
 

S=S[T,m]+ Ὗ 

S[T,m], T is eliminated 

Ὓ ὛὟȟὠȟὔ  

 

Before going any further in thermodynamic definitions some additional definitions of some 

partial derivatives are given below: 

‌          (1.37) 

This function is called as thermal expansion coefficient: 

k     (1.38) 

This function is called as isothermal compressibility: 

ὅ         (1.39)  This function is called specific heat at constant pressure 

definition at eqn 1.8c is utilized then equation becomes:  

ὅ Ὕ        (1.39a) If the equation is written for specific enthapy 

 

ὅ        (1.40) This function is called  specific heat at constant volume If  specific 

enthapy definition at eqn 1.8c is utilized then equation becomes:  

 ὅ Ὕ   (1.40a) 

Now let us went back to the differential form of the internal energy equation of state 

ὨὟ
ȟ
ὨὛ

ȟ
Ὠὠ

ȟ
Ὠὔ           (1.10) 

ὨὟ ὝὨὛὖὨὠ‘Ὠὔ                                            (1.12) 

If the second derivatives of the dU equation of state is taken , the following relations are 

formed  



        
ȟ ȟ

         O    
ȟ ȟ

  (1.34) 

As it is seen from the equations second derivatives will be equal to each other. The same rule 

of second derivatives can also apply to any Legendre transformation functions. 

 

For Helmholtz free energy functions :    ὃ ὃὝȟὠȟὔ   

Ὠὃ
ȟ
ὨὝ

ȟ
Ὠὠ

ȟ
Ὠὔ  (1.41) 

Ὠὃ ὛὨὝὖὨὠ‘Ὠὔ (1.42) 

ȟ ȟ
         O        

ȟ ȟ
    (1.43) 

 

Entalpy equation : H=H(S,P,N) 

ὨὌ
ȟ
ὨὛ

ȟ
Ὠὖ

ȟ
Ὠὔ      (1.44) 

ὨὌ ὝὨὛὠὨὖ‘Ὠὔ       (1.45) 

ȟ ȟ
         O       

ȟ ȟ
    (1.46) 

 

Gibbs free energy equation   : G=G(T,P,N) 

 

ὨὋ
ȟ
ὨὝ

ȟ
Ὠὖ

ȟ
Ὠὔ      (1.47) 

ὨὋ ὛὨὝὠὨὖ‘Ὠὔ       (1.48) 

ȟ ȟ
         O       

ȟ ȟ
    (1.49) 

 

This set of equations of second derivatives of Equation of states are called Maxwell 

relations, and by using these relations variables of equations of states can be converted into 

equations of known variables such as T,P and V. Addition to Maxwell relations, 

mathematical relations can be applied as well                       (1.50)  and 

ρ            (1.51)  

If an equation of state is given then all thermodynamic properties can be calculated by 

Consider an equation of state in the form of P(T,V) 

Ὠί ὨὝ Ὠὺ   (1.52)          where      ὺ        ί     can be written. If 

equation ὅ ὅ Ὕ   (1.40a)    and Maxwel relation eqn 
ȟ ȟ

    (1.43) 

is used, equation becomes 

Ὠί ὨὝ Ὠὺ       (1.53)   

ί ί ᷿ ὨὝ ᷿ Ὠὺ   (1.53a) 

u equation of state 1.14 rewritten as  Ὠό ὝὨίὖὨὺ and above equation is substituted for 

ds 

Ὠό Ὕ ὨὝ Ὠὺ ɀὖὨὺ  

Ὠό ὅὨὝ Ὕ ὖὨὺ      (1.54) integration of the equation gives 

ό ό ᷿ὅὨὝ ᷿ Ὕ ὖὨὺ      (1.54a)  



As it is seen, an equation of state of  P(T,V) is suitable to calculate internal energy and 

entropy. Of course function like enthalpy can easily be evaluated from these equations by 

using h=u+pv equation. As a common equation of state Helmholts free energy equation is 

also used quite commonly. Advantages of Helmholts equation is that you can express all the 

thermodynamic functions in derivative forms. 

Ὠὃ ὛὨὝὖὨὠ    (1.36a) 

Ὓ     (1.55) 

ὖ    (1.56) 

ὨὟ ὝὨὛὖὨὠ  

When thermodynamic properties are considered, phase change region is always considered 

as additional important region. The same equations are developed so far can be adopted to 

phase change region. Consider the equation 

ὨὬ ὝὨίὺὨὖ   (1.39 a). In the phase change of pure substances pressure remains 

constant for a given temperature. So the equation becomes: ὨὬ ὝὨί (1.39b) . This 

equation can be written as 

Ὤ Ὤ Ὕί ί    (1.39c) In this equation hg entalphy of saturated vapour and hf is 

the enthalpy of saturated liquid. Similarly,  sg entropy of saturated vapour and sf is the 

entropy of saturated liquid.  If equation  1.37 is applied to this region  

  

    (1.57a) If this equation merge with equation  1.39c it becomes 

  (1.57b). This equation is called Classius ïClapeyron equation. 

 

 

Benoit Paul Emile Clapeyron, 1799-1864 

 

Rudolf Julius Emmanuael Classius, 1822-

1888 

As it is seen from here if P(T) relation in the region is known enthapy and entropy 

knowledge can be derived from enthalpy information, but additional saturated vapor and 

liquid specific volume knowledge is required. This values can be obtain from equation of 

states or be given as separate relations. 

 

1.2 ROOT FINDING METHODS  
Basic equation of states are usually given as P(T,v) or A(v,T) or G(v,T) form. Then other 

properties such as enthalphy, entropy etc. can also be calculated from these properties as 



h(T,v), s(T,v). If any other property set is required, such as v(T,P), P(h,v) .. a root finding 

method should be employed. For example to find v(T,P)  following root function equation 

should be solved 

ὖὝȟὺ ὖ π     ρȢς ρ 

If a given thermodynamic set is (P,s) or (P,h) , then basic independent parameters of T and 

v(or r)  both is not existed in the equation. In this case A system of non-linear equation 

should be solved such as:  

ὖὝȟὺ ὖ π     ρȢς ςὥ   

ίὝȟὺ ί π      ρȢςȢςὦ 

Or 

ὖὝȟὺ ὖ π  ρȢς σὥ 

ὬὝȟὺ Ὤ π  ρȢςȢσὦ 

 

Root finding is such a main part of thermodynamic equation of state calculations, as a 

primary information we would like to give more information about non-linear root finding 

methods of equations.  

 

1.2.1 BISECTION METHOD  
In the bisection method root of the functions is searched in a given region  a <= x <= b If a single root 

is existed in the given region equation  

ὪὥὪὦ π   (1.2.4) 

will be satisfied. If this condition is not satisfied, it can be assumed that there is no root in the given 

region. If the root existed region is divide to two equal parts as p=(a+b)/2 and function is evaluated in 

the middle. If  

f(a)*f(p) < 0 root should be located in a-p else it is located in p-b region. Rarely it is also possible that 

f(a)*f(p)=0 can happen, that will indicate the root. The new root region is used in further iterations. In 

order to use iterative process an exceptible criteria for error limit can be assumed 

ὦ ὥ

ὦ ὥ
‐   ρȢςȢυ 

 

 
Figure 1.2.1 Convergence of bisection Method 

 

An empty function shell called function interface is given below and as submethod of this 

interface all the root finding functions are embedded inside. 

Program 1.2.1-1A function interface if_x 
 import static java.lang.Math.*; 

import java.io.*; 

import java.util.*; 

import javax.swing.*; 



import javax.swing.table.*; 

import java.awt.*; 

import static java.lang.Math.*; 

  // single function single independent variable 

  // example f=x*x 

  // includes full set of derivatives 

  // Reference :"Generation of Finite Difference Formulas on Arbitrary Spaced Grids",  

  // Bength Fornberg, Mathematics of Computation, Volume 51, Number 184, October 1988 

  // pages 699-706 

  //interface (empty function) version 

@FunctionalInterface 

interface if_x extends iMathd 

{  public double func(double x); 

//first order derivative 

default double dfunc(double x) 

{double h=1.0e-4; 

 int n=1; 

 int M=10; 

 return dfunc(x,n,M,h); 

}  

//second order derivative 

default double dfunc2(double x) 

{double h=1.0e-3; 

 int n=2; 

 int M=10; 

 return dfunc(x,n,M,h); 

}  

default double dfunc(double x,int N,int Mi,double hi) 

{// order of the maximum derivative 

 // N order of derivative 

 // M degree of difference formula 

double c[][][]; 

double alpha[]; 

double h; 

int M=Mi;  

double a[]=new double[0]; 

h=0.01; 

double x0=0; 

double alphai[]={0,1,-1,2,-2,3,-3,4,-4,5,-5,6,-6,7,-7,8,-8,9,-9,10,-10,11,-11,12,-12,13,-13,14,-14,15, 

-15,16,-16,17,-17,18,-18,19,-19,20,-20,21,-21,22,-22,23,-23,24,-24,25,-25,26,-26,27,-27,28,-28,29,-

29,30,-30, 

31,-31,32,-32,33,-33,34,-34,35,-35,36,-36,37,-37,38,-38,39,-39,40,-40,41,-41,42,-42,43,-43,44,-44,45,-

45,46, 

-46,47,-47,48,-48,49,-49,50,-50,51,-51,52,-52,53,-53,54,-54,55,-55,56,-56,57,-57,58,-58,59,-59,60,-60, 

-61,61,-62,62,-63,63,-64,64,-65,65,-66,66,-67,67,-68,68,-70,70,-71,71,-72,72,-73,73,-74,74,-75,75, 

-76,76,-77,77,-78,78,-79,79,-80,80,-81,81,-82,82,-83,83,-84,84,-85,85,-86,86,-87,87, 

-88,88,-89,89,-90,90,-91,91,-92,92,-93,93,-94,94,-95,95,-96,96,-97,97,-98,98,-99,99,-100,100}; 

alpha=alphai; 

int N1=alpha.length-1; 

// M   degree of highest derivative 

// N+1 number of coefficients  

double delta[][][]=new double[N1+1][N1+1][M+1]; 

double c1,c2,c3; 

delta[0][0][0]=1.0; 

c1=1.0; 

for(int n=1;n<=N1;n++) 

{  c2=1; 

   for(int nu=0;nu<=(n-1);nu++) 



   {c3=alpha[n]-alpha[nu]; 

    c2=c2*c3; 

    if(n<=M) delta[n-1][nu][n]=0.0; 

    for(int m=0;m<=Math.min(n,M);m++) 

    {    

        if(m==0) 

        { delta[n][nu][m]=((alpha[n]-x0)*delta[n-1][nu][m])/c3;} 

        else 

        {delta[n][nu][m]=((alpha[n]-x0)*delta[n-1][nu][m]-m*delta[n-1][nu][m-1])/c3;} 

    }//next m 

   }//next nu 

   for(int m=0;m<=Math.min(n,M);m++) 

   {   if(m==0) 

    {delta[n][n][m]=c1/c2*(-(alpha[n-1]-x0)*delta[n-1][n-1][m]);}  

    else 

    {delta[n][n][m]=c1/c2*(m*delta[n-1][n-1][m-1]-(alpha[n-1]-x0)*delta[n-1][n-1][m]);}    

   }//next m 

   c1=c2; 

}//next n 

c=delta; 

  if(Mi<N) M=N;  

  else M=Mi; 

  h=hi; 

  double deriv=0; 

  double h1=1/h; 

  double h2=1; 

  for(int j=0;j<N;j++) 

  {h2*=h1;}  

  for(int i=0;i<c[0].length;i++) 

  {   deriv+=c[M][i][N]*func(x+alpha[i]*h);}  

  return deriv*h2;} 

default double dfunc(double x,int N) 

{int M=30;double h=0.01*N*N;return dfunc(x,N,M,h);} 

default double[][] gauss_legendre_coefficients(double x1,double x2,int n) 

{   //calculates legendre gauss-coefficients as coefficients of the integral 

 //for n terms 

 double EPS=3.0e-8; 

 int m,j,i; 

 double z1,z,xm,xl,pp,p3,p2,p1; 

    //double x[]=new double[n]; 

    //double w[]=new double[n]; 

    double a[][]=new double[2][n];//a[0][i]=x[i]   a[1][i]=w[i] 

 m=(n+1)/2; 

 xm=0.5*(x2+x1); 

 xl=0.5*(x2-x1); 

 for (i=1;i<=m;i++)   

 { z=Math.cos(Math.PI*((i-0.25)/(n+0.5))); 

  do { 

   p1=1.0; 

   p2=0.0; 

   for (j=1;j<=n;j++) { 

    p3=p2; 

    p2=p1; 

    p1=((2.0*j-1.0)*z*p2-(j-1.0)*p3)/j; 

   }  

   pp=n*(z*p1-p2)/(z*z-1.0); 

   z1=z; 

   z=z1-p1/pp; 



  } while (Math.abs(z-z1) > EPS); 

  a[0][i-1]=xm-xl*z;  

  a[0][n-i]=xm+xl*z;  

  a[1][i-1]=2.0*xl/((1.0-z*z)*pp*pp); 

  a[1][n-i]=a[1][i -1]; 

 }  

return a; 

}  

default double integral(double x1,double x2) 

{ int n=10; 

  return integral(x1,x2,n); 

}   

default double integral(double x1,double x2,int n) 

{  

//n : number of integral coefficients 

// this routine first generates gauss legendre coefficients 

// for [x1,x2] band  

// then calculates gauss legendre integral 

double a[][]=new double[2][n]; 

a=gauss_legendre_coefficients(x1,x2,n); 

double z=0; 

for(int i=0;i<n;i++) 

{ z+=a[1][i]*func(a[0][i]);  

}  

return z; 

}  

default double bisection(double a,double b) 

  {double b1=1.1*b; 

   double r=(a+b)/2.0; 

   double eps=1.0e-6; 

   int nmax=100; 

   int i=1; 

   while(Math.abs(func(r))>eps && i<nmax) 

   {if(func(a)*func(r)<0) b=r; 

    else a=r; 

    r=(a+b)/2.0;; 

    i++; 

   }  

   if(i>=nmax) r=bisection(a,b1); 

   return r; 

  }  

default double secant(double x) 

{ double eps=1.0e-10; 

  double y=1.0; 

  double dy=0.0; 

  int miter=100; 

  int i=0; 

  while(abs(y)>eps && i<miter) 

  {y=func(x); 

   dy=dfunc(x); 

   x=x-y/dy; 

   i++; 

  }  

  if (i>=miter) 

    System.out.println("i="+i+"results may not be valid"); 

  return x; 

}  

default double illinois(double xa,double xu) 



{  

//Modified False position root finding: Illinois method 

double test; 

double p=0; 

double es,ea; 

double fa,fp,fu; 

int maxit=100,iter=0; 

es=0.000001; 

ea=1.1*es; 

double xold; 

int ia=0,iu=0; 

fa=func(xa); 

fu=func(xu); 

p=xu; 

double xpold; 

while(iter<maxit && ea>es) 

{  

xpold=p;  

p=xu-fu*(xa-xu)/(fa-fu); 

fp=func(p); 

if(signum(fp)!=signum(fu)) 

{xa=xu;fa=fu;} 

else 

{fa=fa/2;}  

xu=p;fu=fp; 

iter++; 

if(p!=0) ea=abs((p-xpold)/p)*100.0; 

}  

if(iter>=maxit) System.out.println("Maximum number of iteration is exceeded ");  

return p; 

}  

default double newton_bisection(double x1, double x2) 

{  

double xacc=1.0e-10; //accuracy 

double h=0.0001; //derivative function step 

int MAXIT=100;  //Maximum number of iterations 

int j; 

double dfr,dx,dxold,fr,fh,fl; 

double temp,b,a,r; 

fl=func(x1); 

fh=func(x2); 

//Check if a root is existed in the given region 

if ((fl > 0.0 && fh > 0.0) || (fl < 0.0 && fh < 0.0)) 

System.out.println("There are no root in the given region or double root?"); 

if (fl == 0.0) return x1; 

if (fh == 0.0) return x2; 

if (fl < 0.0)   { a=x1;b=x2;}  

else            { b=x1;a=x2;} 

r=0.5*(x1+x2); //midpoint value 

dxold=Math.abs(x2-x1);  

dx=dxold;  

fr=func(r);   //function value at midpoint 

dfr=dfunc(r); //derivative of function value at midpoint  

for (j=1;j<=MAXIT;j++)  

{  

if ((((r-b)*dfr-fr)*((r -a)*dfr-fr) > 0.0) || (Math.abs(2.0*fr) > Math.abs(dxold*dfr)))  

    { //bisection step 

   dxold=dx; 



      dx=0.5*(b-a); 

      r=a+dx; 

      if (a == r) return r; //­ºz¿m!!!! 

    }  

else{ //Newton-Raphson (Secant) step 

   dxold=dx; 

      dx=fr/dfr; 

      temp=r; 

      r -= dx; 

      if (temp == r) return r;  //solution!!!!! 

    }  

if (Math.abs(dx) < xacc) return r; //solution!!!!! 

fr=func(r); 

dfr=dfunc(r); 

if (fr < 0.0)  

a=r; 

else 

b=r; 

}  

System.out.println("Maximum number of iterations are exceeded"); 

return 0.0; //program should never reach here 

            //dummy return 

}  

default double brent(double a,double b) 

{  

double test; 

double p=0; 

double es,ea; 

double f1,f2,f3,fp; 

int maxit=500,iter=0; 

double tol=1.0e-15; 

es=0.0000001; 

double x1=a;f1=func(x1); 

double x2=b;f2=func(x2); 

double x3=(x1+x2)/2.0;f3=func(x3); 

if(f1==0) return x1; 

else if(f2==0) return x2; 

else if(f3==0) return x3;  

if(f1*f2>0) System.out.println("No root is existed in the given region"); 

p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2 -f3)*(f3 -f1)); 

fp=func(p); 

ea=Math.abs(x3-p); 

while((ea>es)&&(iter<maxit)) 

{  if(Math.abs(f3)<tol) return x3;  

    if((p<x1) && (p>x2))  

    {p=(x1+x2)/2.0;     

     if(p>x3) {x1=x3;f1=f3;x3=p;f3=fp;}  

     else if(p<x3) {x2=x3;f2=f3;x3=p;f3=fp;} 

    }  

    else 

    {         

    if(p>x3) {x1=x3;f1=f3;x3=p;f3=fp;} 

    else if(p<x3) {x2=x3;f2=f3;x3=p;f3=fp;} 

    p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2 -f3)*(f3 -f1)); 

    fp=func(p); 

    ea=Math.abs(x3-p); 

    }  

    iter++; 



}  

if(iter>=maxit) JOptionPane.showMessageDialog(null,"Warning : MAximum number of iteration is 

exceeded \n"+ 

   " result may not be valid","MAXIMUM ITERATION NUMBER 

WARNING",JOptionPane.WARNING_MESSAGE); 

return p; 

}  

default double enlarge(double x0,double dx) 

{  //enlarge region untill a root is existed 

 double x1=x0; 

 double x2=x1+dx; 

 int NTRY=200; 

 double a[]=new double[2]; 

 double FACTOR=1.001; 

 int j; 

 double f1,f2; 

 if (x1 == x2) System.out.println("Giriĸ deĵerleri yanlēĸ verildi"); 

 f1=func(x1); 

 f2=func(x2); 

 for (j=1;j<=NTRY;j++)  

 { if (f1*f2 < 0.0) {break;} 

   else {x2+=dx;f2=func(x2);} 

 }  

 return x2; 

}  

default void plot(double x1,double x2) 

    {Plot p=new Plot(this,x1,x2); 

     double x[]={x1,x2}; 

     double y[]={0,0}; 

     p.addData(x,y); 

     p.plot();}  

}  

 
An example code is created for the Bisection method.  

Program 1.2.1-1 Bisection method NA1 

public class bisectiontest 

{ //Bisection root finding method 

  public static void main(String arg[]) 

  { if_x f1=x ->x*x-2.0; 

   double a=0;double b=3; 

   double x=f1.bisection(a,b); 

   System.out.println("x="+x); 

   f1.plot(a,b); 

  }  

}  

 
---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" bisectiontest 

x=1.4142136573791504 

> Terminated with exit code 0. 

 

1.2.2  NEWTON-RAPHSON METHOD 

Taylor Formula can be written as 

Ὢὼ Ὢὼ Ὢ ὼ ὼ ὼ Ὢͼ
ὼ ὼ

ςȦ
Ὢ

ὼ ὼ

σȦ
Ễ ρȢςȢφ 

We would like to find f(xn+1) = 0. If We substitude it into the Taylor Formula, and also cancel out 

terms above the first degree , The equation becomes 

π Ὢὼ Ὢ ὼ ὼ ὼ   ρȢςȢχ 



If  ὼ  taken to left hand side Newton-Raphson Formula is obtained 

ὼ ὼ
Ὢὼ

Ὢ ὼ
  ρȢςȢψ 

We can find the root iteratively starting from a first guess. Newton Formula aproached to the root 

quickly if the first guess is close to the actual root. But if the first gues is far away from the root, it 

might take longer or it might fail to reach to the root. Another difficulty in Newton-Raphson Formula 

is the requirement of knowing the actual derivative of the function 

 
Figure 1.2.1-1 Convergence of the Newton-Raphson Method 

 

1.2.3  SECANT METHOD 

One of the difficulty of the Newton-Raphson method is the requirement  to find the second 

derivative. If difference equation (Numerical derivative) is used instead of derivative 

(tangent  to the function), a secant to the function is drawn to the function, so the method is 

called secant method. If derivative is approximated with a first degree difference equation 

Ὢ ὼ ḙ      (1.2.9) 

Newton ïRaphson Formula is converted to 
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Two first estimation is needed to start iteration by using this formula Ὢὼ  and Ὢὼ  

If we would like to establish a one estimation secant Formula, the previous difference 

equation can be written for a smallxD as (central difference Formula) 
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Second equation becomes: 
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In order to minimize error Ўὼ should be relatively small, to have a further approximation a 

second or higher order derivative (difference) Formulas can also be used 
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Figure 1.2.3-1 : Second method approximation with linear difference 

PROBLEM  1.2.3-1 NA8 : Secant method with one initial root estimation, lineer 

difference Formula 

 public class bisectiontest 

{ //Bisection root finding method 

  public static void main(String arg[]) 

  { if_x f1=x ->x*x-2.0; 

   double a=1; 

   double x=f1.secant(a); 

   System.out.println("x="+x); 

   f1.plot(0.0,3.0); 

  }  

}  

 
---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" bisectiontest 

x=1.4142135623730951 

 

1.2.4 NEWTON-RAPHSON (SECANT) ï BISECTI ON COMBINED METHOD  

 

Bisection method is good in getting closer to the root. But when it get close to root it takes a 

long time to achive the final accuracy. On the other hand, Newton-Raphson method is very 

efficient when the estimation is close to the actual root but rather poor performer when the 

root estimation is not very close to the actual root. By combining two methods advantages of 

both methods will be maximized while inefficiencies will be eliminated. Therefore a 

combine method is a good candidate for  an efficient algorithm. 

 

Program  1.2.4-1   NA11 : Newton-Raphson (Secant)-Bisection combined method 

 public class bisectiontest 

{ //Bisection root finding method 

  public static void main(String arg[]) 

  { if_x f1=x ->x*x-2.0; 

   double a=0;double b=3; 

   double x=f1.newton_bisection(a,b); 

   System.out.println("x="+x); 

   f1.plot(a,b); 

  } }  

 

When two equations are given a system of equation solution method should be used. 

1.2.5 SECANT METHOD FOR SYSTEM OF NONLINEAR EQUATIONS  

One dimensional Newton-Raphson Formula was:  



ὼ ὼ                                          (1.216) 

If the equation format changed a little, it can be written in the form of 

Ўὼ ὼ ὼ                               (1.217) 
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Now the same equation can be considered for a system of non-linear equation 
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So multidimensional Newton-Raphson equation becomes 

ὪɳЎὼ Ὢ      (1.2.21)  

If derivatives taken numercally (by using difference formulations defined above secant 

method section), it becomes secant method. 

Program  1.2.5-1   Interface ifi_xj.java function interface for system of equations 
@FunctionalInterface 

interface  ifi_xj  

{  

  // multifunction multi independent variable 

  // vector of dependent variables are returned 

  // example f[0]=x[0]+sin(x[1]) 

  //         f[1]=x[0]*x[1]-x[1] 

  // func(x) returns the value of f[0] and f[1] 

  // as a two dimensional vector  

  public double[] func(double x[]); 

 

default  double[] xp(double x[],double j,double m,double h) 

{  

//h = dx  

//j=-4..4 multiplication factor 

//m derivative taken value 

int k=x.length; 

double xx[]=new double[k]; 

for(int i=0;i<k;i++) 

{  if(i==m) xx[i]=x[i]+j*h;  

    else     xx[i]=x[i]; 

}  

return xx;  

}  

default double[][] dfunc(double x[]) 

{  

double h=1.0e-12; 

return dfunc(x,1,h); 

}  

default double[][] dfunc(double x[],int n) 

{  

double h=1.0e-12; 

return dfunc(x,n,h); 

}  

 

default double[][] dfunc(double x[],int n,double h) 

{  

int k=x.length; //number of x values (dimension) 

double df[][]=new double[k][k];  

for(int i=0;i<k;i++) 

{ for(int j=0;j<k;j++)  

  {df[i][j]=dfunc(x,n,i,j,h);}  

}  

return df; 



}  

 

default double dfunc(double x[],int n,int j,int m) 

{  

double h=1.0e-12; 

return dfunc(x,n,j,m,h); 

}  

   

default double dfunc(double x[],int n,int j,int m,double h) 

{ // derivative of x[m] 

  //m derivative taken value 

  //jth equation 

  //nth derivative of the equation (n=0) function value 

  //n=1 first derivative n=2 second derivative.. 

int k=x.length; //number of x values (dimension) 

double hh=1/h; 

double ff[][]=new double[9][3]; 

double xp[][]=new double[9][3]; 

double df; 

int j1; 

double x1=0; 

x1=x[m]; 

    for(int jj=-4;jj<=4;jj++) 

    {  j1=jj+4;  

    xp[j1]=xp(x,jj,m,h); 

       ff[j1]=func(xp[j1]);  

    }  

if(n==0)  

{df=ff[4][j];}  

else if(n==1) 

{ df=(3.0*ff[0][j] -32.0*ff[1][j]+168.0*ff[2][j] -672.0*ff[3][j]+672.0*ff[5][j] -168.0*ff[6][j]+32.0*ff[7][j] -

3.0*ff[8][j])/840.0*hh;}  

else if(n==2) 

{df=( -14350.0*ff[4][j]-9.0*ff[0][j]+128*ff[1][j] -1008*ff[2][j]+8064*ff[3][j]+8064.0*ff[5][j] -

1008.0*ff[6][j]+128.0*ff[7][j] -9.0*ff[8][j])/5040.0*hh*hh;}  

else if(n==3) 

{df=( -7.0*ff[0][j]+72.0*ff[1][j] -338.0*ff[2][j]+488.0*ff[3][j] -488.0*ff[5][j]+338.0*ff[6][j] -

72.0*ff[7][j]+7.0*ff[8][j])/240.0*hh*hh*hh;}  

else if(n==4) 

{df=(2730.0*ff[4][j]+7.0*ff[0][j] -96.0*ff[1][j]+6 76.0*ff[2][j] -1952.0*ff[3][j] -1952.0*ff[5][j]+676.0*ff[6][j] -

96.0*ff[7][j]+7.0*ff[8][j])/240.0*hh*hh*hh*hh;}  

else if(n==5) 

{df=(ff[0][j] -9.0*ff[1][j]+26.0*ff[2][j] -29.0*ff[3][j]+29.0*ff[5][j] -26.0*ff[6][j]+9.0*ff[7][j] -

ff[8][j])/6.0*hh*hh*hh*hh*hh;}  

else if(n==6) 

{df=( -150.0*ff[4][j] -ff[0][j]+12.0*ff[1][j] -52.0*ff[2][j]+116.0*ff[3][j]+116.0*ff[5][j] -52.0*ff[6][j]+12.0*ff[7][j] -

ff[8][j])/4.0*hh*hh*hh*hh*hh*hh;}  

else if(n==7) 

{df=( -ff[0][j]+6.0*ff[1][j] -14.0*ff[2][j]+14.0*ff[3][j] -14.0*ff[5][j]+14.0*ff[6][j] -

6.0*ff[7][j]+ff[8][j])/2.0*hh*hh*hh*hh*hh*hh*hh;}  

else if(n==8) 

{df=(70.0*ff[4][j]+ff[0][j] -8.0*ff[1][j]+28.0*ff[2][j] -56.0*ff[3][j] -56.0*ff[5][j]+28.0*ff[6][j] -

8.0*ff[7][j]+ff[8][j])*hh*hh*hh*hh*hh*hh*hh*hh;}  

else df=0; 

return df; 

}  

default double[] secant2(double x[]) 

{  

// Roots of nonlinear system of equations secant method 

//ti : weight function 

//x vector of independent variables 

//y vector of dependent variables 

//dy derivative vector of dependent variables 

double ti=1.0; 

int i; 

int nmax=20; 



double tolerance=1.0e-5; 

int n=x.length; 

double b[]; 

b=new double[n]; 

for(i=0;i<n;i++) 

{  

b[i]=1.0; 

}  

i=0; 

while( i++ < nmax && Matrix.abs(b) > tolerance ) 

{ b=Matrix.multiply(Matrix.divide(func(x),dfunc(x)),-ti);  

  x=Matrix.add(x,b); 

}  

if(i >= nmax) System.out.println("Warning : Maximum number of iterations are exceeded \nResults may not be valid"); 

return x; 

}  

}  

 

Program  1.2.5-2   Secant method example for system of equations 
public class secant2test 

{ //Bisection root finding method 

  public static void main(String arg[]) 

  {  ifi_xj f2=(double x[]) -> 

   {  double ff[]=new double[2]; 

         ff[0]=x[0]*x[0]+x[1]*x[1] -8; 

         ff[1]=x[0] -x[1];  

         return ff;  

      };  

   double a=0;double b=3; 

   double c[]={a,b}; 

   double x[]=f2.secant2(c); 

   System.out.println("x="+x[0]+"y="+x[1]); 

  }}  

 

---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" secant2test 

x=2.000000000192567y=2.000000000192567 

> Terminated with exit code 0. 

 

2.0 EQUATION OF STATES 

In this section,  several equation of states will be investigated and approaches to prepare 

mathematical models of the equation of state will be introduced, a full working model of 

equation of states will be given in java programming language codes. We will start from a 

relatively easier model of equation of state called ñideal gas equation of stateò 

 

2.1 IDEAL GAS EQUATION OF STATE  

Ideal gas equation of state is given as 

 

ὖὝȟὠ      (2.1.1) 

 

In this equation N is mole number of the chemical components. In this equation a single 

component is considered and eqution will be used only for gases. Ru term in the equation is 

called universal gas constant and the value Ru=8.3145 kJ/(kmol K) can be taken as constant. 

It is a common practice to use m , mass in kg, in the equation instead of N, in that case it 

should be converted by using basic relation between mass and mole numbers as: 

 



ὔ    (2.1.2) 

 

In this equation m is mass in kg, N is molar mass in kmol, and M is called molar mass in 

kg/kmol. Molar mass is a constant property for each pure gas. Therefore ideal gas equation 

can also be used as: 

 

ὖὝȟὠ   (2.1.3) 

 

in this form of the equation R=Ru/M is simply called gas constant. In practice equation can 

will be used with the specific volume form as well 

 

ὖὝȟὺ  (2.1.4) 

 

in this form v is in m3/kmol unit. Now that basic form of ideal gas equation of state is 

defined, the remaining thermodynamic properties can be formed from the basic equations 

defined in previous chapter 

Ὠί ὨὝ Ὠὺ       (1.47) 

Ὠό ὅὨὝ Ὕ ὖὨὺ         (1.48) 

was given before. As an additional relations 

 

ὅ ὅ Ὑ   (2.1.5) 

 

can be defined. It is a common practice to use Cp in the equations in most of the equation of 

states, but as it is seen from eqn (2.1.5) they can be converted as  ὅ ὅ Ὑ  (2.1.4) so 

we will write out equations as a function of Cp 

 

Ὠί
 
ὨὝ Ὠὺ    (1.47b) 

Ὠό ὅ Ὑ ὨὝ Ὕ ὖ Ὠὺ    (1.48b) 

 

If ideal gas equation of states are substituted into the equations: 

 

   (2.1.5) 
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Ὠό ὅ Ὑ ὨὝ ὅὨὝ    (2.17) 

 



As it is seen from equations for the ideal gas equation of state internal energy is not function 

of volume change and only function of temperature specific heat Cp is also only function of 

temperature and can easily be calculated from experimental data obtained for the gases. 

Entalpy from its definition 

 

Ὤ ό ὖὺ ό ὙὝ    (2.1.8) 

ὨὬ Ὠό ὙὨὝ ὅ Ὑ Ὑ ὨὝ ὅὨὝ     (2.18a) 

 

can also be obtained. Integration of equations gives us 

 

ί ί ᷿
 
ὨὝ Ὑὰὲ     (2.1.9) 

ό ό ᷿ ὅ Ὑ ὨὝ         (2.1.10) 

Ὤ Ὤ ᷿ὅὨὝ       (2.1.11) 

 

In here 0 is the reference point taken to calculate the equations. Absulute values of the 

thermodynamic properties are depends on the reference values. Common referance 

temperatures taken in the ideal gas tables are 0K, 273.15 K, 233.15 K and 293.15 K. 

Thermodynamic is and old science therefore a common standart for the references is not 

established, but the difference will remain the same. 233.15 K reference is chosen due to 

simplicity of converting degree Rankine to degree Kelvin. 293.15 K is usually used in 

chemical thermodynamics as a close approximation to room temperature. 

Now let us give our attention to calculation of specific heat , Cp, value. It is a key component 

in not only ideal gas equation of state but also most of the other equation of states that we 

will be defining. Data on specific heat of gases can be found in two excellent boks, JANAF 

Thermochemical Tables[1], and Ihsan Barin Thermochemical Data of Pure Substances[2]. 

Nowadays JANAF tables can be accessed through internet as well. JANAF table list through 

internet adress   https://janaf.nist.gov/. It is shown In figure 2.1.1.  

Another good data source for Cp values is http://www.chem.msu.su/rus/handbook/ivtan/ 

Another source for Cp data is ñThermochemical data of Elements and Compoundsò[83],  

 

Knowing the table values Cp(T) data can be created by using curve fitting methods. Some of 

the common equations used can be summerized as follows: 

Polynomial curve fitting equations: 

ὅ Ὕ ὥὝ    ςȢρȢρς 

This type of coefficient of equations are listed for approximately 600 species in ñThe 

properties of Gases and Liquidsò[4]. It should be note that taking Cp value constant (only 

first term of the polynomial) are also used commonly in thermodynamics. Polynomial 

coefficients and table values of Cp of most common gases are usually given in most of the 

thermodynamic text books.  We can work an example. If a polynomial least square curve 

fitting equation for nitrogen data is required to be created  

 

Figure 2.1.1 JANAF Tables at internet adress kinetics.nist.gov/janaf 

https://janaf.nist.gov/
http://www.chem.msu.su/rus/handbook/ivtan/


 
 

Input data 2.1 Least square curve fittinginput data , Nitrogen Cp(T), source : NIST Janaf Tables 

T Cp T Cp T Cp T Cp T Cp 

100 29.104 1100 33.241 2500 36.616 3900 37.508 5300 38.013 

200 29.107 1200 33.723 2600 36.713 4000 37.55 5400 38.046 

250 29.111 1300 34.147 2700 36.801 4100 37.59 5500 38.08 

298.15 29.124 1400 34.518 2800 36.883 4200 37.629 5600 38.116 

300 29.125 1500 34.843 2900 36.959 4300 37.666 5700 38.154 

350 29.165 1600 35.128 3000 37.03 4400 37.702 5800 38.193 

400 29.249 1700 35.378 3100 37.096 4500 37.738 5900 38.234 

450 29.387 1800 35.6 3200 37.158 4600 37.773 6000 38.276 

500 29.58 1900 35.796 3300 37.216 4700 37.808     

600 30.11 2000 35.971 3400 37.271 4800 37.843     

700 30.754 2100 36.126 3500 37.323 4900 37.878     

800 31.433 2200 36.268 3600 37.373 5000 37.912     

900 32.09 2300 36.395 3700 37.42 5100 37.947     

1000 32.697 2400 36.511 3800 37.465 5200 37.981     
 

 

Now by using a least suare curve fitting program we can create a curve fitting equation. 

 

Program 2.1.1 Least square curve fitting program 

import java.io.*; 

import java.util.*; 

import javax.swing.*; 

import java.awt.Color; 

 

class SCO11B4 

{  



//en kucuk kareler metodu  

  public static double[] pivotlugauss(double a[][],double b[]) 

  { //kēsmi pivotlu gauss eleme yºntemi 

  int n=b.length;    

  double x[]=new double[n]; 

  double carpan=0; 

  double toplam=0; 

  double buyuk; 

  double dummy=0; 

  //gauss eleme 

  int i,j,k,p,ii,jj;  

  for(k=0;k<(n-1);k++) 

  { //pivotlama 

 p=k; 

 buyuk=Math.abs(a[k][k]); 

 for(ii=k+1;ii<n;ii++)  

 {  dummy=Math.abs(a[ii][k]); 

    if(dummy > buyuk) {buyuk=dummy;p=ii;} 

 }  

 if(p!=k) 

 { for(jj=k;jj<n;jj++)  

   { dummy=a[p][jj]; 

     a[p][jj]=a[k][jj];  

     a[k][jj]=dummy; 

   }  

   dummy=b[p]; 

   b[p]=b[k]; 

   b[k]=dummy; 

 }  

 //gauss elemeyi ­ºzme   

    for(i=k+1;i<n;i++) 

    {  carpan=a[i][k]/a[k][k];  

       a[i][k]=0; 

       for(j=k+1;j<n;j++) 

       {   a[i][j] -=carpan*a[k][j]; } 

           b[i]   =b[i]   -carpan*b[k]; 

 }  

  }  

  //geriye doĵru yerine koyma 

  x[n-1]=b[n-1]/a[n-1][n-1]; 

  for(i=n-2;i>=0;i--) 

  {  

    toplam=0; 

    for(j=i+1;j<n;j++) 

    {  toplam+=a[i][j]*x[j];}  

    x[i]=(b[i] -toplam)/a[i][i]; 

  }  

  return x; 

}  

   

public static double[] EKK(double xi[],double yi[],int n) 

{  

int l=xi.length; 

int i,j,k; 

int np1=n+1; 

double A[][]; 

A=new double[np1][np1]; 

double B[]; 



B=new double[np1]; 

double X[]; 

X=new double[np1]; 

for(i=0;i<n+1;i++) 

  {  for(j=0;j<n+1;j++) 

     {if(i==0 && j==0) A[i][j]=l;  

     else  for(k=0;k<l;k++) A[i][j] += Math.pow(xi[k],(i+j)); 

     }  

     for(k=0;k<l;k++) { if(i==0)  B[i]+= yi[k];  

                       else      B[i] += Math.pow(xi[k],i)*yi[k];} 

  }  

//System.out.println(Matrix.toString(A)); 

//System.out.println(Matrix.toStringT(B));   

X=pivotlugauss(A,B); 

//X=B/A; 

double max=0; 

for(i=0;i<n+1;i++) 

 if(Math.abs(X[i]) > max) max = Math.abs(X[i]); 

for(i=0;i<n+1;i++) 

 if((Math.abs(X[i]/max) > 0) && (Math.abs(X[i]/max) < 1.0e-100)) X[i]=0; 

Text.printT(X); 

 return X; 

}  

 

public static double funcEKK(double e[],double x) 

{  

// this function calculates the value of 

// least square curve fitting function 

int n=e.length; 

double ff; 

if(n!=0.0) 

  { ff=e[n-1]; 

  for(int i=n-2;i>=0;i--) 

   { ff=ff*x+e[i]; }  

  }  

else 

  ff=0; 

return ff; 

}  

 

public static double hata(double x[],double y[],double e[]) 

{  

//calculates absolute square root error of a least square approach 

double n=x.length; 

 int k; 

 double total=0; 

 for(k=0;k<n;k++) 

 {  

 total+=(y[k]-funcEKK(e,x[k]))*(y[k] -funcEKK(e,x[k])); 

 }  

total=Math.sqrt(total); 

return total; 

}  

 

public static double[][]  funcEKK(double xi[],double yi[],int polinomkatsayisi,int aradegersayisi) 

 {  

 //aradegersayisi:  x--o--o--x--o--o--x zincirinde x deneysel noktalar ise 

 // ara deĵer sayēsē 2 dir 



  int n=xi.length; 

 int nn=(n-1)*(aradegersayisi+1)+1; 

 double z[][]=new double[2][nn]; 

    double E[]=EKK(xi,yi,polinomkatsayisi);  

    double hata=hata(xi,yi,E); 

    //System.out.println("hata="+hata+"\nkatsayēlar :\n"+Matrix.toStringT(E)); 

    double dx=0; 

    int k=0; 

    int i; 

    for(i=0;i<(n-1);i++) 

       {z[0][k]=xi[i];z[1][k]=funcEKK(E,z[0][k]);k++;  

       for(int j=0;j<aradegersayisi;j++)  

       {dx=(xi[i+1] -xi[i])/((double)aradegersayisi+1.0); 

       z[0][k]=z[0][k -1]+dx;z[1][k]=funcEKK(E,z[0][k]);k++;} 

       }  

       z[0][k]=xi[i];z[1][k]=func EKK(E,z[0][k]); 

    return z; 

 }  

 public static double yavg(double y[]) 

 {  

 int n=y.length; 

 double total=0; 

 for(int i=0;i<n;i++) total+=y[i]; 

 return total/n;   

 }  

 public static double R2(double y[],double f[]) 

 {  

 double yavg=yavg(y); 

 int n=y.length; 

 double SStot=0; 

 double SSerr=0; 

 for(int i=0;i<n;i++) 

 {SStot=(y[i]-yavg)*(y[i] -yavg); 

  SSerr=(y[i]-f[i])*(y[i] -f[i]);  

 }  

 return (1-SSerr/SStot);   

 }  

  

 public static double R2(double x[],double y[],double e[]) 

 { int n=y.length; 

 double f[]=new double[n]; 

   for(int k=0;k<n;k++) 

    {f[k]=funcEKK(e,x[k]);}  

   return R2(y,f);   

 }  

  

  public static void main(String args[]) throws IOException 

  {  

  double x[];  

  double y[]; 

  String s1=JOptionPane.showInputDialog("dosya adē (R134a_Cp.txt)"); 

  //JFileChooser fc=new JFileChooser(); 

  //if (fc.showOpenDialog(null) == JFileChooser.APPROVE_OPTION) {File file = 

fc.getSelectedFile();s1=file.getName(); } 

  double a[][]=Text.readDoubleT(s1); 

  x=a[0]; 

  y=a[1]; 

  int n=Integer.parseInt(JOptionPane.showInputDialog("polinom derecesi n:")); 



  double z[][]=funcEKK(x,y,n,10); 

  Text.printT(z); 

  System.out.println("E.K.K.\n"+Matrix.toStringT(z));  

  Plot pp=new Plot(a[0],a[1]); 

  pp.setPlabel("Cp kJ/(kmolK) for nitrogen 4th degree Least square CF"); 

  pp.setXlabel("T degree C"); 

  pp.setYlabel("Cp kJ/(kmolK)"); 

  pp.setPlotType(0,23);  

  pp.addData(z[0],z[1]); 

  pp.setGrid(1,1); 

  pp.setColor(0,Color.BLUE);  

  pp.plot(); 

  }  

}  

 

The program output: 

 

Cp(T)= 27.19872924529033+0.006943211110342824*T-1.568881107785314E-

6*T2+1.211840254124337E-10*T3-7.162042075128584E-17*T4 

Fitted data into the curve: 
100 27.8775 750 31.5747 1800 35.3193 2850 37.0442 3900 37.5865 4950 37.7812 

150 28.2053 800 31.8112 1850 35.4406 2900 37.0902 3950 37.5971 5000 37.796 

200 28.5256 850 32.0413 1900 35.5574 2950 37.1337 4000 37.6069 5050 37.812 

225 28.6829 900 32.2651 1950 35.6698 3000 37.1746 4050 37.6162 5100 37.8292 

250 28.8384 950 32.4827 2000 35.778 3050 37.2131 4100 37.6249 5150 37.8479 

274.1 28.9863 1000 32.6942 2050 35.8818 3100 37.2493 4150 37.6332 5200 37.868 

298.2 29.1326 1050 32.8996 2100 35.9816 3150 37.2833 4200 37.6411 5250 37.8896 

299.1 29.1382 1100 33.0991 2150 36.0773 3200 37.3151 4250 37.6489 5300 37.9129 

300 29.1438 1150 33.2928 2200 36.1691 3250 37.3449 4300 37.6564 5350 37.9379 

325 29.2937 1200 33.4807 2250 36.257 3300 37.3727 4350 37.6639 5400 37.9647 

350 29.4419 1250 33.6629 2300 36.3412 3350 37.3987 4400 37.6714 5450 37.9935 

375 29.5882 1300 33.8395 2350 36.4217 3400 37.4228 4450 37.679 5500 38.0242 

400 29.7327 1350 34.0107 2400 36.4986 3450 37.4453 4500 37.6869 5550 38.057 

425 29.8755 1400 34.1765 2450 36.572 3500 37.4662 4550 37.695 5600 38.092 

450 30.0165 1450 34.3369 2500 36.642 3550 37.4856 4600 37.7035 5650 38.1293 

475 30.1558 1500 34.4922 2550 36.7086 3600 37.5035 4650 37.7124 5700 38.1689 

500 30.2933 1550 34.6423 2600 36.7721 3650 37.5202 4700 37.722 5750 38.211 

550 30.5631 1600 34.7874 2650 36.8324 3700 37.5355 4750 37.7322 5800 38.2556 

600 30.826 1650 34.9276 2700 36.8897 3750 37.5498 4800 37.7431 5850 38.3028 

650 31.0822 1700 35.0629 2750 36.944 3800 37.563 4850 37.7548 5900 38.3528 

700 31.3318 1750 35.1934 2800 36.9955 3850 37.5752 4900 37.7675 5950 38.4056 

                    6000 38.4612 
 

 



As it is seen from the least square cure fitting results, using a single equation is always cause 

errors, and error grows even further close to the critical point of gases. In this context, a 

more accurate partially continious curve fitting method will be utilized in our modelling of 

ideal gas Cp 

Cpi(T) = Ai + Bi*10-3*T+ Ci*105/T2+Di*10-6*T 2          TLi  >= T   >  THi         KJ/kmol K        

(2.1.13) 

By using this type of partially continuous equation gives us oppurtunity to adjust error range 

of the equations. In order to find coefficients of equation Least square curve fitting method 

will be applied. Let us define the method of Least square It is assumed that Ti, Cpi  i=0...(n-1) 

data is divided into L data region and data for each set becomes Ti,Cpi  i=(n-1)/L*k...(n-

1)/L*(k+1)     k=0é(L-1). If a curve fitting function  

ὅ Ὕ В ὥ f Ὕȟ         Ὕ Ὕ Ὕ      Ὧ πȣ ὒ ρ   (2.1.14)  

general linear function is defined with multiplication functions fj(T)  for each linear coefficient 

of equation. For the equation 2.1.13 this coefficients will be: f0=1, f1=10-3*T, f2=105/T2, 

f3=10-6*T 2  

In order to apply least square curve fitting minimisation of the following function will be 

carried out. 
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wk(T) is called the weight function. The value of the weight function can be assumed to be 

equal to unity to simplify the process. The minimum of the function is the roots of its 

derivatives with respect to coefficients of the equation.. 
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This equation is m+1 linear system of equation and can be solved by using any system of 

equation solving methods, such as Gauss elimination process. For  weight function ( )iw x =1, 

general least square equation becomes: 
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(2.1.17) 

A curve fitting program is developed in Java language to carry out this procedure. The list of 

the program is given below. 

Program 2.1.2 Partially continuous curve fitting program 
import java.io.*; 

import java.util.*; 

import javax.swing.*; 



abstract class f_xr 

{abstract double func(double x,int equation_ref);} 

 

class fh extends f_xr 

{  

 double func(double t,int i) 

 {   

      double T=t+273.15; 

   double xx=0.0; 

      if(i==0) xx=T;  

      else if(i==1) xx=1.0e-3/2.0*T*T; 

      else if(i==2) xx=-1.0e5/T;  

      else if(i==3) xx=1.0e-6/3.0*T*T*T;  

      return xx; 

 }      }     

class fcp extends f_xr 

{double func(double t,int i) 

 { // Cp(T) = xa[i]+xb[i]*1e -3*T+xc[i]*1.0e5/T^2+xd[i]*1e -6*T^2   

      double T=t; 

   double xx=0.0; 

      if(i==0) xx=1.0;  

      else if(i==1) xx=1.0e-3*T;  

      else if(i==2) xx=1.0e5/(T*T);  

      else if(i==3) xx=1.0e-6*T*T;  

      return xx;  

 }      }  

class Gas_GEN_Data 

{  

//this class reads and store and proses ideal gas data  

public double M;        // kg/kmol 

public double h0;       // KJ/kmol at temperature a[0][0]=Tref 

public double s0;       // KJ/kmolK at temperature a[0][0]=Tref 

public double hf;       // KJ/kmol at 298 K 

public double R=8.3145; // KJ/kgmolK 

public double a[][]; 

public String GasName; 

public String openName; 

public String ekbilgi; 

int fitoption; 

f_xr f1; 

f_xr f2; 

public double cpl[][];  // ideal gas heat capacitiy 

public double visl[][]; // saturated liquid viscosity 

public double kl[][]; // saturated liquid thermal conductivity 

 

//General partial continious least square method 

   public Gas_GEN_Data(int fitoptioni,String GasNamei,String openNamei,double ai[][],int ngroup,double Mi, double 

h0i,double s0i,double hfi) 

   {  

   //fitoption : 0   Cp 

   //other           h     

   fitoption=fitoptioni; 

   GasName=GasNamei; 

   a=ai; 

   ekbilgi=" "; 

   openName=openNamei; 

   int n=a.length; 

   int i,j; 

   if(fitoption==0) {f1=new fcp(); }  

   else             {f1=new fh(); } 

   f2=new fcp();  

   cpl=EKKgeneral(f1,a[0],a[2],ngroup); 

   visl=EKKgeneral(f2,a[0],a[3],ngroup);    

   kl=EKKgeneral(f2,a[0],a[4],ngroup); 

   M=Mi;  

   h0=h0i; 



   s0=s0i;       

   hf=hfi;     

   }     

  public static double[] pivotlugauss(double a[][],double b[]) 

  { //gauss eliminiation with partial pivoting 

  int n=b.length;    

  double x[]=new double[n]; 

  double carpan=0; 

  double toplam=0; 

  double buyuk; 

  double dummy=0; 

  //gausselimination 

  int i,j,k,p,ii,jj;  

  for(k=0;k<(n-1);k++) 

  { //pivoting 

 p=k; 

 buyuk=Math.abs(a[k][k]); 

 for(ii=k+1;ii<n;ii++)  

 {  dummy=Math.abs(a[ii][k]); 

    if(dummy > buyuk) {buyuk=dummy;p=ii;} 

 }  

 if(p!=k) 

 { for(jj=k;jj<n;jj++)  

   { dummy=a[p][jj]; 

     a[p][jj]=a[k][jj];  

     a[k][jj]=dummy; 

   }  

   dummy=b[p]; 

   b[p]=b[k]; 

   b[k]=dummy; 

 }  

 //solving of gauss elimination  

    for(i=k+1;i<n;i++) 

    {   carpan=a[i][k]/a[k][k]; 

       a[i][k]=0; 

       for(j=k+1;j<n;j++) 

       {   a[i][j] -=carpan*a[k][j]; } 

           b[i]   =b[i]   -carpan*b[k]; 

 }  

  }  

  //back substitution 

  x[n-1]=b[n-1]/a[n-1][n-1]; 

  for(i=n-2;i>=0;i--) 

  {  

    toplam=0; 

    for(j=i+1;j<n;j++) 

    {  toplam+=a[i][j]*x[j];}  

    x[i]=(b[i] -toplam)/a[i][i]; 

  }  

  return x; 

}  

   

public static double[][] EKKgeneral(f_xr f, double xi[],double yi[],int ngroup) 

{  

 //ngroup : number of data in each group 

 //negri  : degree of curve fitting 

 //groupnumber : number of group 

 int negri=3; 

 int n=negri; 

 double y[]=new double[xi.length]; 

 for(int i=0;i<xi.length;i++) 

    {y[i]=yi[i];}  

if(ngroup<negri) ngroup=negri; 

int Nxi=xi.length; //total number of data 

int groupnumber=Nxi/ngroup; 

int ngroup1=ngroup+Nxi%ngroup; 



// 

int i,j,k; 

int np1=4; 

int np5=np1+2; 

double A[][]; 

A=new double[np1][np1]; 

double B[]; 

B=new double[np1]; 

double X[][]; 

X=new double[groupnumber][np5]; 

System.out.println("group number = "+ groupnumber); 

double Y[]=new double[np1]; 

int l=0; 

double max=0; 

// 

for(l=0;l<groupnumber-1;l++) 

{  

for(i=0;i<np1;i++) 

  {  B[i]=0;  

  for(j=0;j<np1;j++) 

     {  

  A[i][j]=0.0;     

     for(k=l*ngroup;k<=(l+1)*ngroup;k++) {A[i][j]+=f.func(xi[k],i)*f.func(xi[k ],j);}  

     }  

     for(k=l*ngroup;k<=(l+1)*ngroup;k++) B[i]+= f.func(xi[k],i)*y[k]; 

  }  

Y=pivotlugauss(A,B);//pivotlugauss(A,B); 

 

int ii; 

for(ii=0;ii<Y.length;ii++) {X[l][ii]=Y[ii];}  

X[l][ii]=xi[l*ngroup];  

X[l][ii+1]=xi[(l+1)*ngroup];  

for(i=0;i<n+1;i++) 

 if(Math.abs(X[l][i]) > max) max = Math.abs(X[l][i]); 

for(i=0;i<n+1;i++) 

 if((Math.abs(X[l][i]/max) > 0) && (Math.abs(X[l][i]/max) < 1.0e-100))X[l][i]=0;  

}  

l=groupnumber-1; 

int k1=l*ngroup; 

int k2=(l+1)*ngroup+Nxi%ngroup; 

for(i=0;i<np1;i++) 

  {  B[i]=0;  

  for(j=0;j<np1;j++) 

     {  

  A[i][j]=0.0;    

     for(k=k1;k<k2;k++) {A[i][j]+=f.func(xi[k],i)*f.func(xi[k],j);}  

     }  

     for(k=k1;k<k2;k++) {B[i]+= f.func(xi[k],i)*y[k];}  

  }  

Y=pivotlugauss(A,B); 

int ii; 

for(ii=0;ii<Y.length;ii++) {X[l][ii]=Y[ii];}  

X[l][ii]=xi[k1];  

X[l][ii+1]=xi[k2 -1]; 

 

return X; 

}  

 

public static double funcEKKgeneral(f_xr f,double e[][],double x) 

{  

// this function calculates the value of 

// least square curve fitting function 

int n1=e.length; 

int n2=e[0].length; 

int n3=n2-2; 

System.out.println("n1="+n1+"n2="+n2+"n3="+n3); 



double ff=0; 

double xlow,xhigh; 

for(int j=0;j<n1;j++) 

{  

xlow=e[j][n3]; 

xhigh=e[j][n3+1]; 

System.out.println("xlow="+xlow+"xhigh="+xhigh); 

if((x>=xlow) && (x<=xhig h)) 

{   

ff=0; 

for(int i=0;i<n3;i++) 

  {ff+=e[j][i]*f.func(x,i);System.out.println("ff="+ff+"i="+i);}  

break; 

}  

}    

return ff; 

}  

 

public static double[][] xyfit(f_xr f,double x[],double yi[],double e[][]) 

{  

//calculates absolute square root error of a least square approach 

double n=x.length; 

 int k; 

 double total=0; 

 double yy=0; 

 double z[][]=new double[2][x.length]; 

 for(k=0;k<n;k++) 

 {   z[0][k]=x[k];  

  z[1][k]=funcEKKgeneral(f,e,x[k]); 

 }  

return z; 

}  

 

 

public static double[][] dxyfit(f_xr f,double x[],double yi[],double e[][]) 

{  

//calculates absolute square root error of a least square approach 

double n=x.length; 

 int k; 

 double total=0; 

 double yy=0; 

 double z[][]=new double[2][x.length]; 

 for(k=0;k<n;k++) 

 {   z[0][k]=x[k];  

  z[1][k]=yi[k] -funcEKKgeneral(f,e,x[k]); 

 }  

return z; 

}  

 

public static double error(f_xr f,double x[],double yi[],double e[][]) 

{  

//calculates absolute square root error of a least square approach 

double n=x.length; 

 int k; 

 double total=0; 

 double yy=0; 

 for(k=0;k<n;k++) 

 {  

  yy=yi[k] -funcEKKgeneral(f,e,x[k]); 

 total+=yy*yy; 

 }  

total=Math.sqrt(total/(n-1)); 

return total; 

}  

 public static double[][]  errorEKKPlot(f_xr f,double xi[],double yi[],int ngroup) 

 {   



 //ngroup : Number of data in each group 

 int n=xi.length; 

 int l; 

 double z[][]; 

    double E[][];//=EKKgeneral(xi,yi,polinomkatnumber,ngroup);  

    double dx=0; 

    int k=0; 

    int i;  

 E=EKKgeneral(f,xi,yi,ngroup);       

    z=dxyfit(f,xi,yi,E); 

    Plot pp=new Plot(z[0],z[1]); 

    pp.setPlabel("Cp=a0+a1*1e-3*T+a2*1e5/T^2+a3*1e-5*T^2  Tl<=T<=Th"); 

    pp.setXlabel("T degree K"); 

    pp.setYlabel("Error Cp KJ/kmolK");     

    pp.plot(); 

    return z; 

 }  

  

 public static double[][]  funcEKKPlot(f_xr f,double xi[],double yi[],int ngroup) 

 {   

 int n=xi.length; 

 int l; 

 double z[][]; 

    double E[][]; 

    double dx=0; 

    int k=0; 

    int i;  

 E=EKKgeneral(f,xi,yi,ngroup);       

    z=xyfit(f,xi,yi,E); 

    Plot pp=new Plot(z[0],z[1]); 

       pp.setPlabel("Cp=a0+a1*1e-3*T+a2*1e5/T^2+a3*1e-5*T^2  Tl<=T<=Th"); 

       pp.setXlabel("T temperature degree K"); 

       pp.setYlabel("Cp specific heat KJ/kmolK");       

     pp.addData(xi,yi,1);   

    pp.plot(); 

    return z; 

 }  

  

 public static double[][]  funcEKKgeneral(f_xr f,double xi[],double yi[],int ngroup,int subintervalnumber) 

 {  

 int n=xi.length; 

 int nn=(n-1)*(subintervalnumber+1)+1; 

 double z[][]=new double[2][nn]; 

    double E[][]=EKKgeneral(f,xi,yi,ngroup);  

    Text.print(E,"EfuncEKK"); 

    double dx=0; 

    int k=0; 

    int i; 

    for(i=0;i<(n-1);i++) 

       {z[0][k]=xi[i];z[1][k]=funcEKKgeneral(f,E,z[0][k]);  

       for(int j=0;j<subintervalnumber;j++)  

       {dx=(xi[i+1] -xi[i])/((double)subintervalnumber+1.0); 

       k++; 

       z[0][k]=z[0][k -1]+dx;z[1][k]=funcEKKgeneral(f,E,z[0][k]);k++;} 

       }  

       z[0][k]=xi[i];z[1][k]=funcEKKgeneral(f,E,z[0][k]); 

    return z; 

 }  

 

   public double Cp_l(double t) 

   { return funcEKKgeneral(f2,cpl,t);}      

 

   public double viscosity_l(double t) 

   {return funcEKKgeneral(f2,visl,t);} 

 

   public double k_l(double t) 



   {return funcEKKgeneral(f2,kl,t);} 

  

    

  public static void main(String args[]) throws IOException 

  {  

  String s1=JOptionPane.showInputDialog("name of the input file : ");    

  double c[][]=Text.readDoubleT(s1); 

  int n=c[0].length; 

  Text.print(Text.T(c)); 

  double d[][]=EKKgeneral(new fcp(), c[0],c[1],n); 

  funcEKKPlot(new fcp(), c[0],c[1],n); 

  Text.print(d); 

  errorEKKPlot(new fcp(), c[0],c[1],n); 

  System.out.println(Matrix.toString(d)); 

  }  

 

}  

 

Output 2.1-1 Least square curve fitting, Nitrogen Cp(T) one equation for the full range (n=1) 

 

 

 
 

Output 2. 1-2 Least square curve fitting, Nitrogen Cp(T) one equation for the full range (n=2) 



 

 

 
 

 

Output 2. 1-2 Least square curve fitting, Nitrogen Cp(T) one equation for the full range (n=4) 

 



 

 
 

 

Output 2. 1-2 Least square curve fitting, Nitrogen Cp(T) one equation for the full range (n=10) 

 

 



 
 

Program outputs clearly indicates how the error level of the equations can be improved with 

further division of the curve fitting data ranges. In table 2.1 coefficients calculates for most 

common gases are given. 

 

Table  2. 1 Cp specific energy at constant pressure coefficients for partially continuous equation 

2.23 for some selected gases (KJ/kmol K)  
 O2(OXYGEN)  

 
 

A i Bi Ci Di TLi THi 

22.2733042 20.09559 1.5767767 -7.443438 298 600 

26.2330328 13.48713 -2.0281281 -4.647975 600 1000 

35.7634821 0.5428001 -17.710825 0.3348063 1000 1400 

34.5568094 1.5534385 -12.681988 0.097656 1400 1800 

32.682339 2.7805744 -0.2328397 -0.124124 1800 2200 

34.1893024 2.0032457 -16.591274 -0.012322 2200 2600 

23.1341719 7.7683414 105.06076 -0.860499 2600 3000 

35.3620341 2.1744887 -71.654038 -0.136367 3000 3400 

37.7138695 1.3732901 -128.8807 -0.061344 3400 3800 

49.4863253 -2.649491 -428.22144 0.3255739 3800 4200 

57.8026664 -5.225491 -684.17715 0.5497138 4200 4600 

67.3497053 -7.837178 -1057.8244 0.7497392 4600 5000 

      
 O(OXYGEN)  

 
 

A i Bi Ci Di TLi THi 

21.671447 -2.000487 0.6392959 1.3201975 298.2 600 

20.9035553 -0.139446 1.0331238 0.0475465 600 1000 

20.4553758 0.3849957 1.9839752 -0.123782 1000 1400 

21.6687811 -0.766509 -2.1607524 0.1875427 1400 1800 

17.6656043 1.9100293 24.481016 -0.317612 1800 2200 

24.9178388 -2.537163 -32.696431 0.4494757 2200 2600 

21.487001 -0.625 -1.33E-05 0.1500001 2600 3000 

17.0117402 1.3203316 70.107043 -0.087746 3000 3400 

8.95294307 4.2042415 252.79664 -0.375537 3400 3800 

20.0977517 0.1079969 7.5767905 0.0482227 3800 4200 

-1.3420264 6.7095788 678.62469 -0.523824 4200 4600 

724.70512 -195.5212 -26984.851 15.305527 4600 5000 

      
 CH4 (METHANE)  

 

 

  

 
 

A i Bi Ci Di TLi THi 

0.26362115 103.39063 6.665204 -33.10402 298 600 

6.78991069 89.603901 2.2331944 -24.83552 600 1000 

27.7451351 61.806127 -33.708994 -14.39854 1000 1400 

80.8115508 12.886412 -220.78185 -1.66196 1400 2000 

      

      
 CO2  (CARBONDIOXIDE)   

 

A i Bi Ci Di TLi THi 

25.4671973 51.023411 -1.3120972 -23.31607 298.2 600 

34.6006273 30.277362 -6.7786053 -9.892535 600 1000 



48.1290242 11.835579 -28.908503 -2.765834 1000 1400 

54.2079272 5.7117773 -46.594799 -1.032728 1400 1800 

59.0590366 2.0250122 -71.9214 -0.240514 1800 2200 

62.0435167 0.2785119 -98.089295 0.0484271 2200 2600 

65.5225099 -1.394249 -142.79412 0.2749848 2600 3000 

      

 C2H6 (ETHANE)     
A i Bi Ci Di TLi THi 

7.22082458 169.49999 -0.310051 -54.76307 298.1 600 

15.8323038 151.00556 -6.0042494 -43.46719 600 1000 

      
 C4H10(BUTHANE)  

 
 

A i Bi Ci Di TLi THi 

8.84111125 333.98478 0.1153296 -115.5945 298.1 600 

6.01218614 339.97468 2.0345276 -119.2002 600 1000 

-3.8865264 352.83922 19.725427 -123.9349 1000 1500 

      
 C6H6(BENZENE)  

 
 

A i Bi Ci Di TLi THi 

-18.481746 402.83801 -2.687926 -180.804 298.1 600 

53.4042651 249.95242 -51.078552 -88.3468 600 1000 

302.997008 -74.83644 -496.35487 31.372196 1000 1500 

      
 C3H8(PROPANE)  

 
 

A i Bi Ci Di TLi THi 

2.7092291 274.00712 -1.2065294 -104.1566 298 600 

35.0742571 205.13062 -22.964953 -62.47967 600 1000 

147.689338 58.572903 -223.8476 -8.450814 1000 1500 

      
 C5H12(PENTANE)  

 
 

A i Bi Ci Di TLi THi 

7.82987398 434.08356 -1.9963999 -168.1041 298 600 

61.2821127 320.36074 -37.953456 -99.30518 600 1000 

      
 NO(NITROUX OXIDE)   

 
 

A i Bi Ci Di TLi THi 

26.0647325 6.3213237 1.472044 2.6988662 298 600 

22.8517346 16.355181 1.876206 -5.412385 600 1000 

30.8676094 5.6277872 -11.7589 -1.33654 1000 1400 

35.035619 1.6318768 -25.363977 -0.254688 1400 1800 

36.4013997 0.6632486 -33.453572 -0.061003 1800 2200 

34.6513029 1.6332455 -16.591279 -0.212322 2200 2600 

34.0190004 1.7499998 -5.73E-06 -0.2 2600 3000 

      
 NO2(NITROUSOXIDE)   

 
 

A i Bi Ci Di TLi THi 

35.7317582 22.766346 -4.715792 -6.218409 298 600 

35.771235 22.757046 -4.7810842 -6.262163 600 1000 

35.7679926 22.813891 -4.8874622 -6.305161 1000 1400 

177.159804 -96.36465 -581.69215 21.69875 1400 1800 

53.8006783 1.2561487 -0.4656812 0.0017521 1800 2200 

55.3567682 0.3959388 -15.619017 0.1359161 2200 2600 

53.8428231 1.2484724 -1.8087021 0.0017687 2600 3000 

      
 He(HELIUM)   

 
 

A i Bi Ci Di TLi THi 

20.786 0 0 0 298 3000 

      
 CO(KARBONMONOXIDE)   

 
 

A i Bi Ci Di TLi THi 

28.6560206 -2.085128 0.337893 8.1811747 298.2 600 



20.3829755 18.160934 4.52649 -5.81348 600 1000 

26.7303654 9.2194438 -4.8584718 -2.281008 1000 1400 

33.941026 2.1828711 -27.618905 -0.341279 1400 1800 

34.8280427 1.5459515 -32.522207 -0.214507 1800 2200 

33.3217675 2.2909392 -15.619011 -0.314084 2200 2600 

32.8390896 2.2832633 0.9043359 -0.275884 2600 3000 

      
 H2O(STEAM)  

 
 

A i Bi Ci Di TLi THi 

28.6877265 12.039738 1.1463393 0.25555 298.2 600 

27.3108165 14.029766 2.5637497 -0.329693 600 1000 

19.4614944 25.197732 14.032779 -4.795708 1000 1400 

26.780184 18.605935 -12.587814 -3.128211 1400 1800 

37.0771036 10.778625 -65.742941 -1.451386 1800 2200 

44.5695869 6.3876967 -130.29958 -0.727978 2200 2600 

46.3095925 5.3240178 -141.88969 -0.5509 2600 3000 

51.008483 3.1345329 -205.6806 -0.26442 3000 3400 

41.4946818 6.6320807 2.4818852 -0.625887 3400 3800 

59.8614036 0.0025212 -416.85494 0.0479064 3800 4200 

68.5382723 -2.651393 -689.72852 0.2756027 4200 4600 

50.0986401 2.6143779 -15.736572 -0.148221 4600 5000 

      
 H(HIDROGEN)   

 
 

A i Bi Ci Di TLi THi 

20.786 0.00E+00 0.00E+00 0.00E+00 298.2 5000 

      
 NH3(AMMONIA)   

 
 

A i Bi Ci Di TLi THi 

20.3177799 48.018943 1.8656171 -12.18994 298.2 600 

22.1735304 44.053981 0.6126955 -9.769835 600 1000 

26.5786168 38.208896 -6.8714374 -7.581379 1000 1400 

36.5302097 28.798806 -40.206718 -5.069489 1400 1800 

50.6669644 18.375459 -117.49906 -2.90565 1800 2200 

72.7680843 4.9328427 -295.24014 -0.602956 2200 2600 

108.872152 -13.48839 -707.63993 2.0437324 2600 3000 

      
 Ar(ARGON)   

 
 

A i Bi Ci Di TLi THi 

20.786 0 0 0 298.2 5000 
 

 

Another way for the interpolation process is to fit a different polynomial in between each 

two point. If a third degree polinomial is considered: 

ὶὼ ὥ ὼ ὼ ὦ ὼ ὼ ὧὼ ὼ ώ     ρ Ὧ ὲ     ςȢρȢρψ 

In the interpolation proses polinoms should be passing through all data points 

ὶὼ ώ    ρ Ὧ ὲ     ςȢρȢρω 

In the same time the first derivative of the polynomial should also be continious while 

passing from one polynomial to the next one at the data point 

ὶᴂ ὼ ὶᴂὼ      ρ Ὧ ὲ     ςȢρȢςπ 

For the  third degree polinomial second derivative of the polynomial should also be 

continious while passing from one polynomial to the next one at the data point 

ὶͼ ὼ ὶͼ ὼ      ρ Ὧ ὲ     ςȢρȢςρ 

All these conditions are not enough to solve the coefficients of the polinomials. Two more 

conditions are required. This two additional conditions (A and B of the following equation) 

can be given by user 

ὶͼὼ ὃ         ὶͼ ὼ ὄ   (2.1.22) 



They are the second derivatives at the both hand of the series of polinomials. If A and B 

values are taken equals to 0, it is called a natural cubic spline. Other end conditions such as 

the ones depends one the first derivatives can also be set to solve the system of equations. 

Defining Ὤ ὼ ὼ    ρ Ὧ ὲ     ςȢρȢςσ 

System of equations become: 

ὥὬ ὦὬ ὦὬ ώ ώ  ρ Ὧ ὲ     ςȢρȢςτ 

σὥ Ὤ ςὦ Ὤ ὧ ὧ π  

φὥ Ὤ ςὦ  ςὦ π  

σὦ π  

φὥ Ὤ ςὦ  π  

  

This set contains 3n-3 equations. This could  a considerable load to the system of equation 

solving programs. To make calculation load simpler a special third degree polinomial can be 

considered. If our cubic polinomial is in the form of:  

ί ὼ ὥ ὼ ὼ ὦ ὼ ὼ ὼ ὼ ὧ ὼ ὼ ὧ ȾφὬ     ρ Ὧ

ὲ    ςȢρȢςυ 

then derivative equations becomes 

ίᴂὼ ὥ ὦ ὼ ὼ ὧ ὼ ὼ ὧ ȾὬ   ρ Ὧ ὲ      (2.1.26) 

ίͼ ὼ ὼ ὼ ὧ ὼ ὼὧ ȾὬ                           ρ Ὧ ὲ  

ak ve bk  coefficients can be expressed as a function of ck 

ὦ
φώ Ὤὧ

φὬ
        ρ Ὧ ὲ       ςȢρȢςχ 

ὥ
φώ Ὤὧ

φὬ
        ρ Ὧ ὲ       ςȢρȢςψ 

In this case only ck terms left in the system of equations to be solved. 

Ὤ ὧ ςὬ Ὤ ὧ Ὤὧ ὧ φ
ώ ώ

Ὤ

ώ ώ

Ὤ
       ρ Ὧ

ὲ       ςȢρȢςω       

This system of equation has only n-2 terms to be solved. By making definition  

ύ ,      1¢ k ¢ n  (2.1.31) 

System of equation becomes 
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Where A and B are the second derivative end conditions. A and B should be defined by user. 

Another important property of the above matrix is that it is a band matrix, therefore less 

amount of calculation is required to solve it (by using band matrix algorithms such as 

Thomas algorithm). Now by using cubic spline, the same Nitrogen Cp data will be used for 

the curve fitting. 

 

Program 2.1.3 Cubic spline curve fitting program 
 //Cubic spline curve fitting 

import java.io.*; 

import javax.swing.*; 

 

class NA49 

{        



  public static double [] thomas(double f[],double e[],double g[],double r[]) 

  {  

  // 3 band matrix system of equation solving algorithm 

  int n=f.length; 

  double x[]=new double[n]; 

  for(int k=1;k<n;k++) 

     {e[k]=e[k]/f[k -1]; 

      f[k]=f[k] -e[k]*g[k -1]; 

     }  

  for(int k=1;k<n;k++) 

     {r[k]=r[k] -e[k]*r[k -1]; 

     }  

  x[n-1]=r[n-1]/f[n-1];    

  for(int k=(n-2);k>=0;k--) 

     {x[k]=(r[k] -g[k]*x[k+1])/f[k];}  

  return x;       

  }  

  public static double [][] cubic_spline(double xi[],double yi[],double c0,double cn) 

  {  

  int n=xi.length; 

  double h[]=new double[n]; 

  double w[]=new double[n]; 

  double f[]=new double[n]; 

  double e[]=new double[n]; 

  double g[]=new double[n]; 

  double d[]=new double[n]; 

  double x[]=new double[n]; 

  double S[][]=new double[4][n]; 

  int k;    

  for(k=0;k<(n-1);k++) 

     {h[k]=xi[k+1] -xi[k];  

      w[k]=(yi[k+1] -yi[k])/h[k];       

  }  

  d[0]=c0; 

  d[n-1]=cn; 

  for(k=1;k<(n-1);k++) 

     {d[k]=6.0*(w[k] -w[k-1]);}  

  f[0]=1.0; 

  f[n-1]=1.0; 

  g[0]=0.0; 

  g[n-1]=0.0; 

  e[0]=0.0; 

  e[n-1]=0.0; 

  for(k=1;k<(n-1);k++) 

  {f[k]=2.0*(h[k]+h[k -1]);e[k]=h[k-1];g[k]=h[k];}  

  S[2]=thomas(f,e,g,d); 

  S[3]=xi; 

  for(k=0;k<(n-1);k++) 

    {S[0][k]=(6.*yi[k+1] -h[k]*h[k]*S[2][k+1])/(6.0*h[k]);  

     S[1][k]=(6.*yi[k] -h[k]*h[k]*S[2][k])/(6.0*h[k]);  

    }  

  return S;               

  }  

  public static double funcSpline(double S[][],double x) 

  {  

  int n=S[0].length; 

  double xx1=0; 

  double xx2=0; 

  double y=0; 

  double hk=0; 

  for(int k=0;k<(n-1);k++) 

     {if(S[3][k]<=x && x<=S[3][k+1])  

      {hk=(S[3][k+1]-S[3][k]); 

       xx1=(x-S[3][k]);  

       xx2=(S[3][k+1]-x); 

       y=S[0][k]*xx1+S[1][k]*xx2+(xx1*xx1*xx1*S[2][k+1]+xx2*xx2*xx2*S[2][k])/(6.0*hk);  



       break; 

       }  

     }  

       if(y==0 && S[3][n -2]<=x ) 

       {     

    int k=n-2; 

    hk=(S[3][k+1]-S[3][k]); 

       xx1=(x-S[3][k]); 

       xx2=(S[3][k+1]-x); 

       y=S[0][k]*xx1+S[1][k]*xx2+(xx1*xx1*xx1*S[2][k+1]+xx2*xx2*xx2*S[2][k])/(6.0*hk);  

       }  

  return y; 

  }      

    

 public static double[][]  funcSpline(double xi[],double yi[],int numberofmidpoints) 

 {  

 //numberofmidpoints :  in x--o--o--x--o--o--x chain if x's are esxperimental points 

 // numberofmidpoints is 2 

 int n=xi.length; 

 int nn=(n-1)*(numberofmidpoints+1)+1; 

 double z[][]=new double[2][nn]; 

    double S[][]=cubic_spline(xi,yi,0,0);  

    double dx=0; 

    int k=0; 

    int i; 

    for(i=0;i<(n-1);i++) 

       {  z[0][k]=xi[i];z[1][k]=funcSpline(S,z[0][k]);k++;  

          for(int j=0;j<numberofmidpoints;j++)  

             {dx=(xi[i+1] -xi[i])/((double)numberofmidpoints+1.0); 

          z[0][k]=z[0][k -1]+dx;z[1][k]=funcSpline(S,z[0][k]);k++;} 

       }  

       z[0][k]=xi[i];z[1][k]=funcSpline(S,z[0][k]); 

    return z; 

 }  

  // T¿rev form¿lleri 

// =================        

  public static double dfSpline(double xi[],double yi[],double c0,double cn,double x) 

  { //k¿bik ĸerit t¿rev form¿l¿  

 double S[][]=cubic_spline(xi,yi,c0,cn);  

    return dfSpline(S,x); 

  }  

   

  public static double dfSpline(double S[][],double x) 

  {  

    //k¿bik ĸerit t¿rev form¿l¿  

  int n=S[0].length; 

  double xx1=0; 

  double xx2=0; 

  double y=0; 

  double hk=0; 

  for(int k=0;k<(n-1);k++) 

     {if(S[3][k]<=x && x<=S[3][k+1])  

      {hk=(S[3][k+1]-S[3][k]); 

       xx1=(x-S[3][k]); 

       xx2=(S[3][k+1]-x); 

       y=S[0][k]-S[1][k]+(xx1*xx1*S[2][k+1] -xx2*xx2*S[2][k])/(2.0*hk); 

       break; 

       }  

     }  

       if(y==0 && S[3][n -2]<=x ) 

       {     

    int k=n-2; 

    hk=(S[3][k+1]-S[3][k]); 

       xx1=(x-S[3][k]); 

       xx2=(S[3][k+1]-x); 

       y=S[0][k]*xx1+S[1][k]*xx2+(xx1*xx1*xx1*S[2][k+1]+xx2*xx2*xx2*S[2][k])/(6.0*hk);  



       }  

  return y; 

  }  

        

 public static double  dfSpline(double xi[],double yi[],double x) 

 {  

    //doĵal k¿bik ĸerit t¿rev form¿l¿  

 double S[][]=cubic_spline(xi,yi,0,0);  

    return dfSpline(S,x); 

 }  

 

  public static double intSpline(double S[][],double a,double b) 

  {  

    //k¿bik ĸerit integral[S(x)]dx  form¿l¿  

  int n=S[0].length; 

  double xx1=0; 

  double xx2=0; 

  double y1,y2; 

  double hk=0; 

  double toplam=0; 

  y1=0;y2=0; 

  for(int k=0;k<(n-1);k++) 

     { hk=(S[3][k+1]-S[3][k]); 

      if(a>S[3][k+1]) 

      {toplam=0; 

      }  

   else if(S[3][k]<=a && a<=S[3][k+1] && b>S[3][k+1])//ĸart 2  

       {  

       xx1=(a-S[3][k]); 

       xx2=(S[3][k+1]-a); 

       y1=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2*xx2*S[2][k])/(24.0*hk);  

       xx1=hk; 

       xx2=0; 

       y2=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2*xx2*S[2][k])/(24.0*hk);  

       toplam+=(y2-y1); 

       }  

       else if(S[3][k]<=a && a<=S[3][k+1] && S[3][k]<=b && b<=S[3][k+1])//ĸart 3  

       {  

       xx1=(a-S[3][k]); 

       xx2=(S[3][k+1]-a); 

       y1=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2*xx2*S[2][k])/(24.0*hk);  

       xx1=(b-S[3][k]); 

       xx2=(S[3][k+1]-b); 

       y2=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2*xx2* S[2][k])/(24.0*hk); 

       toplam+=(y2-y1); 

       }  

       else if(a<S[3][k] && b>=S[3][k+1]) //ĸart 4 

       {  

       xx1=0; 

       xx2=hk; 

       y1=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2*xx2*S[2][k])/(24.0*hk);  

       xx1=hk; 

       xx2=0; 

       y2=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2*xx2*S[2][k])/(24.0*hk);  

       toplam+=(y2-y1); 

       }  

       else if(S[3][k]<=b && b<=S[3][k+1])//ĸart 5 

       {xx1=0; 

        xx2=hk; 



        y1=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2*xx2*S[2][k])/(24.0*hk);  

        xx1=(b-S[3][k]); 

        xx2=(S[3][k+1]-b); 

        y2=S[0][k]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2][k+1] -

xx2*xx2*xx2* xx2*S[2][k])/(24.0*hk); 

        toplam+=(y2-y1); 

        }  

        else break; 

     }  

  return toplam; 

  }  

public static double golden(double S[][],double a,double b) 

{  

//  find the minimum of the function 

//  note  maximum f(x) = minimum (-f(x)) 

    double epsilon=1.0e-10; 

    double delta=1.0e-8; 

    int print=0; 

    double r1 = (Math.sqrt(5.0)-1.0)/2.0; // golden ratio 

    double r2 = r1*r1; 

    double h = b - a; 

    double ya = -funcSpline(S,a); 

    double yb = -funcSpline(S,b); 

    double c = a + r2*h; 

    double d = a + r1*h; 

    double yc = -funcSpline(S,c); 

    double yd = -funcSpline(S,d); 

    int k = 1; 

    double dp,dy,p,yp; 

    while ((Math.abs(yb-ya)>epsilon) || (h>delta)) 

    {  

      k++; 

      if (yc<yd) 

        {  

        b = d; 

        yb = yd; 

        d = c; 

        yd = yc; 

        h = b - a; 

        c = a + r2 * h; 

        yc = -funcSpline(S,c); 

        }  

      else 

       {  

         a = c; 

         ya = yc; 

         c = d; 

         yc = yd; 

         h = b - a; 

         d = a + r1 * h; 

         yd = -funcSpline(S,d); 

       }//end of if 

    }//end of while 

    dp = Math.abs(b-a); 

    dy = Math.abs(yb-ya); 

    p = a; 

    yp = ya; 

    if (yb<ya) 

    {  

      p = b; 

      yp = yb; 

    }  

    if(print==1) 

    {System.out.println("x min = "+p+"ymin = "+yp+"error of x ="+dp+"error of y"+dy); } 

    return p; 



}  

     

  public static void main(String args[]) throws IOException 

  {  

  String s1=JOptionPane.showInputDialog("file name : ");    

  double c[][]=Text.readDoubleT(s1); 

  double z3[][]=funcSpline(c[0],c[1],20); 

  System.out.println("Cubic spline \n"+Matrix.toStringT(z3)); 

  Text.print(Text.T(z3),"Curve fitting with cubic spline interpolation polinomials"); 

  Plot pp=new Plot(c[0],c[1]); 

  pp.setPlabel("Curve fitting with cubic spline interpolation polinomials"); 

  pp.setPlotType(0,20);  

  pp.addData(z3[0],z3[1]); 

  pp.plot(); 

  }  

}  

 

 
As it is seen from the graphic, cubic spline will give us almost perfect fitting. The only 

problem with this kind of fitting is that there are too many eqautions and coeficients for the 

curve fitting. But since computer programs can keep the coefficients in memory, it will not 

cause any problem. This format is not very suitable for hand calculations. 

 

We would like to investigate also how good single equations given by the reseachers would 

behave with respect to actual behaviors. Aly-Lee[41] equation, which is based on statistical 

thermodynamics has the form: 
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This equation is non-linear, so in order to curve-fit data into this equation non-linear 

equation fitting method is required. The following program utilises Nelder-Mead Curve 

fitting Method.  

Program 2.1.4 Non linear Nelder-Mead optimisation curve fitting program for Aly -Lee 

equation 
 import java.io.*; 

import javax.swing.*; 

 

      class yy implements if_xj 

      {   

   double xi[]; // independent variable data set 

      double yi[]; //dependent variable data set 

      double a[];  //fit function coefficient set 

      int nn; 



     public yy(String filename,double ia[]) 

      {  

        //read the data to curvefit 

        //get the data file and initial fit coefficient when class is defined 

     double[] Xi=new double[500]; 

        double[] Yi=new double[500]; 

        int n=ia.length; 

        a=new double[n]; 

        seta(ia); 

        int i=-1; 

        try{  

     BufferedReader fin=new BufferedReader(new FileReader(filename)); 

        try {  

        while(fin != null) 

        {  

        i++; 

        Xi[i]=Text.readDouble(fin); 

        Yi[i]=Text.readDouble(fin); 

        }  

        } catch(EOFException e_eof) {System.out.println("end of file"); } 

        }catch(IOException e_io) {System.out.println("dosya bulunamadē"); }         

      nn=i; 

      xi=new double[nn]; 

      yi=new double[nn]; 

      for(int j=0;j<nn;j++){xi[j]=Xi[j];yi[j]=Yi[j];}      

      a=ia; 

      }  

       

      public void seta(double ia[]) 

      {  

       //assign new fit coefficient set  

       for(int ii=0;ii<nn;ii++) 

              a[ii]=ia[ii];  

   }  

   public double[] geta() 

      {  

      // return fit coefficient set 

      return a; 

   }  

    

   double Cp(double T,double ai[]) 

      {a=ai; 

      double A1=ai[2]/T/Math.sinh(ai[2]/T); 

      double A2=a[3]/T/Math.cosh(ai[4]/T); 

      double cp=ai[0]+ai[1]*A1*A1+ai[3]*A2*A2; 

      return cp; //kJ/kgK 

      }       

       

      public double func(double ai[]) 

      {  

      double ff=0; 

      double w; 

      double yy; 

       for(int i=0;i<nn;i++) 

     {w= Cp(xi[i],ai) -yi[i];  

        ff+=w*w;  

     }  

      return ff; 

   }  

}  

public class nelderi 

{//2. Nelder ve Mead method(simpleks 

method)_______________________________________________________________ 

public static double[] nelder(if_xj fnelder,double a[],double da[],int maxiteration,double tolerance,int printlist) 

{  

double x[][]=new double[a.length+1][a.length]; 



for(int i=0;i<x.length;i++) 

   {for(int j=0;j<x[0].length;j++) 

     {if(i==j){x[i][j]=a[j]+da[j];}  

      else    {x[i][j]=a[j]; }  

     }  

   }  

   // Nelder mead multidimensional simplex minimisation method 

   //  Nelder & Mead 1965 Computer J, v.7, 308-313. 

 

   // Giriĸ deĵiĸkenleri tanēmlamasē 

   // fnelder : abstract ­ok boyutlu fonksiyon f(x) 

   // x : for n boyutlu n+1 simlex noktasēnē i­erir baĵēmsēz deĵiĸken seti 

   // maxiteration : maximum iterasyon sayēsē 

   // tolerance :  

         int NDIMS = x.length-1; 

         int NPTS = x.length; 

         int FUNC = NDIMS; 

         int ncalls = 0; 

            ////// baĸlangē­ simplexini oluĸtur ////////////////// 

            double p[][]=new double[NPTS][NPTS]; // [row][col] = [whichvx][coord,FUNC] 

            double z[]=new double[NDIMS]; 

            double best = 1E99; 

            //////////////// iilk fonksiyon deĵerlerini hesapla //////////////// 

            for (int i=0; i<NPTS; i++) 

            {  

              for (int j=0; j<NDIMS; j++) 

                  {p[i][j] = x[i][j];}  

              p[i][NDIMS] = fnelder.func(p[i]); 

            }  

            int iter=0; 

            for (iter=1; iter<maxiteration; iter++) 

            {  

                ///////////  lo, nhi, hi noktalarēnē tanēmla ////////////// 

                int  ilo=0, ihi=0, inhi = -1; // -1 means missing 

                double flo = p[0][FUNC]; 

                double fhi = flo; 

                double pavg,sterr; 

                for (int i=1; i<NPTS; i++) 

                {  

                   if (p[i][FUNC] < flo)  

                     {flo=p[i][FUNC]; ilo=i;}  

                   if (p[i][FUNC] > fhi)  

                     {fhi=p[i][FUNC]; ihi=i;}  

                }  

                double fnhi = flo; 

                inhi = ilo; 

                for (int i=0; i<NPTS; i++) 

                  if ((i != ihi) && (p[i][FUNC] > fnhi))  

                    {fnhi=p[i][FUNC]; inhi=i;}  

                ////////// ­ēkēĸ kriteri ////////////// 

                if ((iter % 4*NDIMS) == 0) 

                {  

                    //yi nin standart hata kriteri set deĵerinden (tolerance) 

                    // k¿­¿k olmalē 

                    // ortalama deĵeri hesapla (en b¿y¿k deĵer de dahil olmak ¿zere) 

                    pavg=0; 

                    for(int i=0;i<NPTS;i++) 

                      pavg+=p[i][FUNC]; 

                    pavg/=NPTS; 

                    double tot=0; 

                    if(printlist!=0) 

                    {  System.out.print(iter); 

                       for (int j=0; j<=NDIMS; j++) 

                          { System.out.print(p[ilo][j]+" ");} 

                       System.out.println(""); 

                    }  



                    for(int i=0;i<NPTS;i++) 

                    { tot=(p[i][FUNC] -pavg)*(p[i][FUNC]-pavg);} 

                    sterr=Math.sqrt(tot/NPTS); 

                    //if(sterr < tolerance) 

                      { for (int j=0; j<NDIMS; j++) 

                           { z[j]=p[ilo][j];}  

                        //break; 

                      }  

                    best = p[ilo][FUNC]; 

                }  

 

                ///// ave[] vektor¿n¿ en b¿y¿k deĵeri hari­ tutarak hesapla ////// 

 

                double ave[] = new double[NDIMS]; 

                for (int j=0; j<NDIMS; j++) 

                  ave[j] = 0; 

                for (int i=0; i<NPTS; i++) 

                  if (i != ihi)  

                    for (int j=0; j<NDIMS; j++) 

                       ave[j] += p[i][j];  

                for (int j=0; j<NDIMS; j++) 

                   ave[j] /= (NPTS-1); 

 

 

                ///////// yansēt //////////////// 

 

                double r[] = new double[NDIMS]; 

                for (int j=0; j<NDIMS; j++) 

                  r[j] = 2*ave[j] - p[ihi][j];  

                double fr = fnelder.func(r); 

 

                if ((flo <= fr) && (fr < fnhi))  // in zone: accept 

                {  

                    for (int j=0; j<NDIMS; j++) 

                      p[ihi][ j] = r[j];  

                    p[ihi][FUNC] = fr;  

                    continue; 

                }  

 

                if (fr < flo)  //// geniĸlet, else kabul et 

                {  

                    double e[] = new double[NDIMS]; 

                    for (int j=0; j<NDIMS; j++) 

                      e[j] = 3*ave[j] - 2*p[ihi][j];  

                    double fe = fnelder.func(e); 

                    if (fe < fr) 

                    {  

                       for (int j=0; j<NDIMS; j++) 

                         p[ihi][j] = e[j];  

                       p[ihi][FUNC] = fe; 

                       continue; 

                    }  

                    else 

                    {  

                       for (int j=0; j<NDIMS; j++) 

                         p[ihi][j] = r[j];  

                       p[ihi][FUNC] = fr;  

                       continue; 

                    }  

                }  

 

                ///////////// daralt: 

 

                if (fr < fhi)   

                {  

                    double c[] = new double[NDIMS]; 



                    for (int j=0; j<NDIMS; j++) 

                      c[j] = 1.5*ave[j] - 0.5*p[ihi][j];  

                    double fc = fnelder.func(c); 

                    if (fc <= fr) 

                    {  

                        for (int j=0; j<NDIMS; j++) 

                          p[ihi][j] = c[j];  

                        p[ihi][FUNC] = fc; 

                        continue; 

                    }  

                    else   /////// daralt 

                    {  

                        for (int i=0; i<NPTS; i++) 

                          if (i != ilo)  

                          {  

                              for (int j=0; j<NDIMS; j++) 

                                p[i][j] = 0.5*p[ilo][j] + 0.5*p[i][j];  

                              p[i][FUNC] = fnelder.func(p[i]); 

                          }  

                        continue; 

                    }  

                }  

 

                if (fr >= fhi)   ///  

                {  

                    double cc[] = new double[NDIMS]; 

                    for (int j=0; j<NDIMS; j++) 

                      cc[j] = 0.5*ave[j] + 0.5*p[ihi][j]; 

                    double fcc = fnelder.func(cc); 

                    if (fcc < fhi) 

                    {  

                        for (int j=0; j<NDIMS; j++) 

                          p[ihi][j] = cc[j];  

                        p[ihi][FUNC] = fcc; 

                        continue; 

                    }  

                    else    /////////  

                    {  

                        for (int i=0; i<NPTS; i++) 

                          if (i != ilo)  

                          {  

                              for (int j=0; j<NDIMS; j++) 

                                p[i][j] = 0.5*p[ilo][j] + 0.5*p[i][j];  

                              p[i][FUNC] = fnelder.func(p[i]); 

                          }  

                    }  

                }  

            }  

       return z; 

}  

      public static double[] nelder(if_xj fnelder,double a[],double da[],double tolerance) 

      {return nelder(fnelder,a,da,300,tolerance,0);} 

 

      public static double[] nelder(if_xj fnelder,double a[],double da[]) 

      {return nelder(fnelder,a,da,500,1.0e-20,0);} 

 

    public static void main(String args[]) throws IOException 

    {  

    String in_name=JOptionPane.showInputDialog(" veri dosyasēnēn ismini giriniz : "); 

    //String in_name="D1.txt"; 

    double a[]; 

    a=new double[5]; 

    a[0] = 1.0;  

    a[1] = 1.0; 

    a[2] = 1.0;  

    a[3] = 1.0;  



    a[4] = 1.0;    

    double da[]; 

    da=new double[5]; 

    da[0] =0.3; 

    da[1] =0.3; 

    da[2] =0.3; 

    da[3] =0.3; 

    da[4] =0.3; 

    yy f=new yy(in_name,a); 

    int i=0; 

    double p[]=nelder(f,a,da,1000,1e-15,0); 

    String s1=" optimisation value  : \n"+Matrix.toStringT(p)+"\n"; 

    s1+="original function value = "+f.func(a)+"\n"; 

    s1+="function value = "+f.func(p)+"\n"; 

    s1+="standard division= "+Math.sqrt(f.func(p)/(f.nn-1)); 

    System.out.println(s1); 

    Plot pp=new Plot(f.xi,f.yi); 

    pp.setPlotType(0,20);  

    double y[]=new double[f.xi.length]; 

    for(i=0;i<f.xi.length;i++) 

    {y[i]=f.Cp(f.xi[i],f.a);}  

    pp.addData(f.xi,y); 

    pp.plot(); 

    }  

}  

 

---------- Capture Output ---------- 

> "C:\java\bin\javaw.exe" nelder 

end of file 

 optimisation value  :  

       27.950645606873834 

       10.078840538226359 

     -400.883987151156600 

     -193.009818119868000 

      645.817054212756800 

 

original function value = 72086.49376191813 

function value = 8.585551215087992 

standard division= 0.3691593026264981 

> Terminated with exit code 0. 

 

 
PPDS equation is also widely used to define Cp values for ideal gas specific heat data for 

gases[40]. 
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This equation is also non-linear with respect to coefficients so the same Nelder-Mead 

nonlinear least square program is used. 

Program 2.1.5 Non linear Nelder-Mead optimisation curve fitting program for PPDS 

equation 

 import java.io.*; 

import javax.swing.*; 

      class yy implements if_xj 

      {   

   double xi[]; // independent variable data set 

      double yi[]; //dependent variable data set 

      double a[];  //fit function coefficient set 

      int nn; 

     public yy(String filename,double ia[]) 

      {  

        //read the data to curvefit 

        //get the data file and initial fit coefficient when class is defined 

     double[] Xi=new double[500]; 

        double[] Yi=new double[500]; 

        int n=ia.length; 

        a=new double[n]; 

        seta(ia); 

        int i=-1; 

        try{  

     BufferedReader fin=new BufferedReader(new FileReader(filename)); 

        try {  

        while(fin != null) 

        {  

        i++; 

        Xi[i]=Text.readDouble(fin); 

        Yi[i]=Text.readDouble(fin); 

        }  

        } catch(EOFException e_eof) {System.out.println("end of file"); } 

        }catch(IOException e_io) {System.out.println("dosya bulunamadē"); }         

      nn=i; 

      xi=new double[nn]; 

      yi=new double[nn]; 

      for(int j=0;j<nn;j++){xi[j]=Xi [j];yi[j]=Yi[j];}      

      a=ia; 

      }        

      public void seta(double ia[]) 

      {  

       //assign new fit coefficient set  

       for(int ii=0;ii<nn;ii++) 

              a[ii]=ia[ii];  

   }  

   public double[] geta() 

      {  

      // return fit coefficient set 

      return a; 

   }     

   double Cp(double T,double ai[]) 

      {a=ai; 



      double R=8.3145; 

      double A1=T/(ai[0]+T); 

      double A2=ai[0]/(ai[0]+T); 

      double cp=R*(ai[1]+(ai[2]-ai[1])*A1*A1*(1.0 -A2*(ai[3]+ai[4]*A1+ai[5]*A1*A1+ai[6]*A1*A1*A1)));  

      return cp; //kJ/kgK 

      }       

       

      public double func(double ai[]) 

      {  

      double ff=0; 

      double w; 

      double yy; 

       for(int i=0;i<nn;i++) 

     {w= Cp(xi[i],ai) -yi[i];  

        ff+=w*w;  

     }  

      return ff; 

   }  

}  

public class nelder1i 

{  

    public static void main(String args[]) throws IOException 

    {  

    String in_name=JOptionPane.showInputDialog(" veri dosyasēnēn ismini giriniz : "); 

    //String in_name="D1.txt"; 

    double a[]; 

    a=new double[7]; 

    a[0] = 1.0;  

    a[1] = 1.0; 

    a[2] = 1.0;  

    a[3] = 1.0;  

    a[4] = 1.0;  

    a[5] = 1.0;  

    a[6] = 1.0;     

    double da[]; 

    da=new double[7]; 

    da[0] =0.3; 

    da[1] =0.3; 

    da[2] =0.3; 

    da[3] =0.3; 

    da[4] =0.3; 

    da[5] =0.3; 

    da[6] =0.3; 

    yy f=new yy(in_name,a); 

    int i=0; 

    double p[]=nelderi.nelder(f,a,da,1000,1e-15,0); 

    String s1=" optimisation value  : \n"+Matrix.toStringT(p)+"\n"; 

    s1+="original function value = "+f.func(a)+"\n"; 

    s1+="function value = "+f.func(p)+"\n"; 

    s1+="standard division= "+Math.sqrt(f.func(p)/(f.nn-1)); 

    System.out.println(s1); 

    Plot pp=new Plot(f.xi,f.yi); 

    pp.setPlotType(0,20);  

    double y[]=new double[f.xi.length]; 

    for(i=0;i<f.xi.length;i++) 

    {y[i]=f.Cp(f.xi[i],f.a);}  

    pp.addData(f.xi,y); 

    pp.plot(); 



    }  

}  

 

---------- Capture Output ---------- 

> "C:\java\bin\javaw.exe" nelder1 

end of file 

 optimisation value  :  

      218.014481532370040 

        4.734899316748212 

        4.813940589168753 

      345.654306606462340 

     -534.657797593246000 

      239.168194745319400 

       26.384727444067180 

 

original function value = 47629.457639999986 

function value = 10.34871648952423 

standard division= 0.40529660879849366 

 

 
Now we can back to ideal gas equation of state. If we use a simple polynomial, Ideal gas 

equation of state can be modelled by using a simple excel program 

Consider equation Ὠί ὨὝ Ὠὺ (2.1.31) 

Also consider that for ideal gas equation of state: 

Ὕ    and ὨὝ     ςȢρȢσς     

substituting dT and T above equation gives: 

Ὠί
ὅ

Ὕ
ὨὝ

Ὑ

Ὕ
ὨὝ

Ὑ

ὺ
Ὠὺ

ὅ

Ὕ
ὨὝ Ὑ

ὖὨὺὺὨὖ

ὖὺ

Ὠὺ

ὺ
 ςȢρȢσσ 

Ὠί
ὅ

Ὕ
ὨὝ

Ὑ

ὖ
Ὠὖ  ςȢρȢστ 

ὨὬ ὝὨίὺὨὖὝ
ὅ

Ὕ
ὨὝ

Ὑ

ὖ
Ὠὖ ὺὨὖ 

ὨὬ ὅὨὝ
ὙὝ

ὖ
Ὠὖ ὺὨὖὅὨὝ ὺὨὖὺὨὖ  

ὨὬ ὅὨὝ  ςȢρȢσυ 

Furthermore, if a polynomial equation  



ὅ Ὕ ὥ ὥὝ ὥὝ ὥὝ ὥὝ   
Ὧὐ

Ὧάέὰ
     ςȢρȢσφ 

is taken into the account: 

ὬὝ Ὤ ὥ Ὕ Ὕ
ὥ

ς
Ὕ Ὕ

ὥ

σ
Ὕ Ὕ

ὥ

τ
Ὕ Ὕ

ὥ

υ
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ίὝ ί ὥὰὲ
Ὕ

Ὕ
ὥ Ὕ Ὕ

ὥ

ς
Ὕ Ὕ

ὥ

σ
Ὕ Ὕ

τ

τ
Ὕ Ὕ    ςȢρȢσψ 

Let us apply these equations in excel environment to calculate ideal gas properties: 

 Ideal gas properties       
N2  Cp=a0+a1T+a2*T^2+a3*T^3+a4*T^4    

a0 2.7198729E+01   T 3.0000000E+02 degree K 

a1 6.9432111E-03   P 100 kPa 

a2 -1.5688811E-06   Cp 2.9143765E+01 kJ/kmolK 

a3 1.2118403E-10   h 8.7239056E+03 kJ/kmol 

a4 -7.1620421E-17   s 1.9178924E+02 kJ/kmolK 

R 8.3144720E+00 kJ/kmolK  s0 1.9178924E+02 kJ/kmolK 

T0 2.9815000E+02 deg K  Cp 2.9143765E+01 kJ/kgK 

h0 8.6700000E+03    h 8.7239056E+03 kJ/kg 

s0 1.9160900E+02    s 1.9178924E+02 kJ/kgK 

P0 1.0000000E+02 kPa  s0 1.9178924E+02 kJ/kgK 

M 2.8013480E+01 kg/kmol     
 

 

if partial continuous form of Cp is taken into the account, our basic thermodynamic equations 

for partially continious Cp equation 

ὅ Ὕ ὥ ὥρπὝ
ὥρπ

Ὕ
ὥρπὝ    

Ὧὐ

Ὧάέὰὑ
  Ὕ Ὕ Ὕ       ςȢρȢσω 

becomes : 

ὬὝ Ὤ ὅ ὝὨὝ ὅ ὝὨὝ ὅ ὝὨὝ  ςȢρȢτπ 

ίὝ ί
ὅ Ὕ

Ὕ
ὨὝ

ὅ Ὕ

Ὕ
ὨὝ

ὅ Ὕ

Ὕ
ὨὝ Ὑὰὲ

ὖ

ὖ
  ςȢρȢτρ 

 

Now we will convert this equations into a computer program. Program is written to calculate 

a varity of gases. The gas data is inserted into the program  can be obtained by calling the 

name of the gas. Note that as an example case Nitrogen in the previous excel polynomial 

curve fitting example is given so that reasults can be compared. The copy of the program and 

a running version can also be found in www.turhancoban.com adress (SCO1.jar included all 

the programs in this book)  

 

User interface GasTable using Gas.java (Partially continious polynomial equations) 

http://www.turhancoban.com/


 
. 

When the gases are not pure but a mixture of gases are given, ideal gas mixtures can be 

found by using ideal gas mixture rules 

ὺ

ὺ

ὠ

ὠ

ὔ

ὔ
ὼ    ςȢρȢτς 

V i  is the volume of each gas in the mixture, Ni is the mole number of each gas, ix is the 

volumetric ratio 

ὔ ὔ    ςȢρȢτσ 

Ὤ Ὤὼ    ςȢρȢττ 

ί ίὼ    ςȢρȢτυ 

For mixture programming Gmix.java program is given as a human interface graphic program 

GmixTable is prepared. Program lists are given in internet site www.turhancoban.com adress 

(SCO1.jar included all the programs in this book)  

A mixture can be created for the program by adding gas mixing data into the Gmix.txt as: 

 

brayton 

4 

co2 1.2 

h2o 2.2 

o2 4.255 

n2 24.659 

http://www.turhancoban.com/


 

wetair 

3 

n2 0.79 

o2 0.21 

h2o 0.002 

 

User interface GmixTable using Mix .java (Partially continious polynomial equations) 

 
 

In order to create perfect gas equation of state, cubic spline curve fitting can also be used as 

well. As an interpolation formula cubic splines are partial continious equations. Their first 

and second derivatives are also continious at the end of each segment. In this case enthalpy 

and entropy calculations will be carried out as follows: remembering cubic spline curve 

fitting equation given in the form: 

ί ὼ ὥ ὼ ὼ ὦ ὼ ὼ ὼ ὼ ὧ ὼ ὼ ὧ ȾφὬ     ρ Ὧ

ὲ     ςȢρȢτφ 

If the cubic terms opened and equation written as Cp form 

ὅ Ὕ ὥ Ὕ Ὕ ὦ Ὕ Ὕ

Ὕ σὝὝ σὝὝ Ὕ ὧ Ὕ σὝ Ὕ σὝ Ὕ Ὕ ὧ 

ȾφὬ     ςȢρȢτχ 

Integration of this term gives: 
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The other integration needed for ideal gas equation of state will be: 
ὅ Ὕ

Ὕ
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Ὕ Ὕ

Ὕ

σ
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These eqautions can be apply with summation processes of partially continuous cubic spline 

equations to calculate enthaly, entropy and other properties 
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ὖ
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Integration terms are preformed inside cubic spline class (NA49) and carried out into the 

GasCS program. The list of the GasCP program is given below: 

Program 2.1.3 GasCStest output program 

public class GasCStest 

{  

public static void main(String arg[]) 

{GasCS g=new GasCS("N2"); 

double T=300; 

 System.out.println("h0="+g.h0(T)+"\n"+"s0="+g.s0(T)+"\n"+g.toString(T,1.0)); 

}}  

 
---------- Capture Output ---------- 

> "C:\java\bin\java.exe" GasCS 

P, pressure                  1.01325 bars           

T, temperature               300.0 deg K          

v, specific volume           24.617320503330866 m^3/kmole      

h, enthalpy                  54.35389737985001 KJ/kmole       

u, internal energy           -2439.9961026201504 KJ/kmole       

s, entropy                   258.6841691304673 KJ/kmole K     

g, qibbs free energy         -77550.89684176033 KJ/kmole       

ht,chemical entropy          54.35389737985001 KJ/kmole       

gt,chemical gibbs f.e.       -101619.13877052117 KJ/kmole       

Cp, specific heat at const P 29.385 KJ/kmole K     

Cv, specific heat at const v21.070500000000003 KJ/kmole K    

Cp/Cv, adiabatic constant   1.394603829999288                

c, speed of sound           329.7139156184356 m/s            

viscosity                   2.0707616451899093E-5 Ns/m^2         

thermal conductivity        0.02637152631378943 W/m K          

M, molecular weight         31.9988 kg/kmol        

Prandtl number              0.7210856436043875                

Pr, reduced pressure        1.0416020232991565                

vr, reduced volume          23.94724610940586                

> Terminated with exit code 0. 

 

User interface GasCSTable 



 
 

Dry air is one of the most important gas that can be treated as an ideal gas. A recent code is 

developed to process only for dry air. Program input-output of air_PG is shown below. 

 

 

 

 



 
 

Another program defined as perfect gas EoS is Gas_PG. In this program approximately 

500 gases  are defined as partial continious curve fitting or polynomial curve fitting 

specific heat based equations. A sample usage of this class: 

 
public static void main(String arg[]) 

{Gas_PR1 pr=new Gas_PR1("N2"); 

  double T=300.0; //degree K 

  double P=100.0; //kPA 

   pr.print("tp",T,P); 

}  

 
You can obtain all properties as an array by using property method. Property method accepts two 

known thermodynamic property set. Known property sets are as : 

Known set meaning Known set meaning 

tp Temperature 

Pressure  

pt Pressure 

temperature 

vt Specific volume tv Temperature 



Temperature Specific volume 

rot Density 

temperature 

tro Temperature 

density 

pv Pressure 

Specific volume 

vp Specific volume 

pressure 

pro Pressure 

density 

rop Density 

pressure 

ph Pressure 

enthalpy 

Hp Enthalpy 

Pressure 

ps Pressure 

entropy 

sp Entropy 

pressure 

In the following example property pair ñtpò is used. 

public static void main(String arg[]) 

{Gas_PR1 pr=new Gas_PR1("N2"); 

  double T=300.0; //degree K 
  double P=100.0; //kPA 

  double a[]=pr.property("tp",T,P); 

  for( double x :a) System.out.println(x); 

}  

---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" Gas_PG 
100.0 

300.0 

24.93274483602078 
783.5833903494341 

559.6638294989782 

2.844780548049795 
2.0 

29.12505435085314 

20.810591732699898 
2.7999016699420404E-4 

2.7999016699420404E-4 

1.787600318502586E-5 
0.027666480768509534 

0.0 

6.717746743016922E-4 
0.04010789853170447 

353.0244735640423 

 
> Terminated with exit code 0. 

 

Program List of ideal gases : 
Gas Ideal gas EOS for multiple gases, using partial 

continious least square curve fitting 

GasCS Ideal gas EOS fr multiple gases, using cubic 

spline curve fitting 

air_PG Air as a perfect gas using partial continious least 

square curve fitting 

Gas_PG Approximately 500 gases defined in subclass 

Gas_Data  as using partial continious least square 

curve fitting and polynomial curve fitting 

GasTable User graphical interface for Gas  

GasCSTable User graphical interface for GasCS 

GasModel Subprogram of User graphical interface for Gas 

GasCSModel Subprogram of User graphical interface for 

GasCS 

Gas_GEN_Data partial continious least square curve fitting 

program for class Gas, air_PG 

 

2.2 CUBIC EQUATION OF STATES 

A group of gas equation of states that has one certain advantage is called cubic equation of 

states. In an equation of states given P(T,v) form, solving v is usually required root finding 

methods. But cubic equation of states can be written an inverse form of cubic polynomials, 

therefore by solving roots of cubic polynomial, v can be solved. 



Cubic Equation of State has a general form of equation 

ὖ      (2.2.1) 

The equation can also be written in the following form: 

ὤ ρ ὄᶻ όὄᶻὤ ὃᶻ ύὄᶻ όὄᶻ όὄᶻ ὤ ὃᶻὄᶻ ὄᶻ ύὄᶻ ύὄᶻ π     

(2.2.2) 

where ὃᶻ   (2.2.3)    and    ὄᶻ           (2.2.4)         ὤ            (2.2.5) 

Some of the most common equation of states are: van der Waals , Redlich-Kwong (RK) ,Soave (SRK) 

, ve Peng-Robinson (PR).  All these equations are the same form, but structures of the coefficients u, w, 

a, b are different 

 

Tablo (2.2.1). Coefficients of cubic equation of states 

Denklem u w b a fw 

van der 

Waals  

0 0 ὙὝ

ψὖ
 

ςχ

φτ

ὙὝ

ὖ
 

 

Redlich 

Kwong 

1 0 πȢπψφφτὙὝ

ὖ
 πȢτςχτψ

ὙὝȢ

ὖ ὝȾ
 

 

Soawe 1 0 πȢπψφφτὙὝ

ὖ
 
πȢτςχτψὙὝ

ὖ
ρ Ὢ‫ρ ὝȢ  

πȢτψρȢυχτ‫ πȢρχφ‫  

Peng 

Robinson 

2 -1 πȢπχψπὙὝ

ὖ
 

πȢτυχςτὙὝ

ὖ
ρ Ὢ‫ρ ὝȢ  

πȢσχτφτρȢυτςςφ‫
πȢςφωωως‫  

 

in Peng-Robinson and Soawe equation of states coefficient is called Pitzerôs accentric ‫ 

factor. This factor is calculated as 

‫ ὰέὫὖ  ὥὸ Ὕ πȢχ ρ 

To obtain values of the reduced vapor pressure (ὖ ,‫ ὖὖϳ ) at Ὕ ὝὝ πȢχϳ  is required. 

For example for water Tcrit=647.3 K T=0.7*647.3=453.11 K=179.96 C so for this 

temperature Pv=10.01168 bar and Pcrit=221.2 bar  

ὖ ὖὖϳ
ρπȢπρρφψ

ςςρȢς
πȢπτυςφρ 

‫ ὰέὫὖ  πȢπτυςφρρ ρȢσττςχψρ πȢσττςχψ 

A list of Pitzerôs acentric factor, critical properites etc. for some substances are given in the 

table below: 

    

molar 

mass 

Boiling 

T 

Critical 

T 

Critical 

P 

Critical 

comp. 

Pitzer's 

acentri

c 

factor 

specific  

heat 

Therm

al 

conduc. Dyn vis 

    M Tb Tc Pc Zc ɤ Cp k 

 

m106 

Substance 

Formul

a 

kg/km

ol K K Mpa    J/kgK 

W/(mK

) Pa.s 

Acetone C3H6O 0.058 329.2 508 4.7 0.233 0.309 1300     

Acetylene C2H2 0.026 189.5 309 6.2 0.271 0.184 1580 0.019 9.3 

Air    0.029 82e 132g 3.75g 0.28g 0.035 1004 0.024 18.1 

Ammonia NH3 0.017 239.8 406 11.3 0.242 0.25 2200 0.022 9.3 

Argon Ar 0.04 87.4 151 4.86 0.291 0 523 0.018 21 

Benzene C6H6 0.078 353.3 563 4.92 0.271 0.212 1300 0.007 7 

1,3-Butadiene C4H6 0.054 268.5 425 4.33 0.27 0.193 1510     

n-Butane C4H10 0.058 272.6 425 3.8 0.274 0.193 1580 0.015 7 

iso-Butane C4H10 0.058 261.5 408 3.64 0.28 0.176 1580 0.015 9 

Carbon dioxide CO2 0.044 194.7f 304 7.38 0.274 0.225 840h 0.016 14.4 

Carbon monoxide CO 0.028 81.7 133 3.5 0.295 0.049 1100 0.023 17 

Carbon tetracholoride CCl4 0.154 349.7 556 4.56 0.272 0.194 862 0.017 16 



Cyclohexane C6H6 0.084 353.9 554 4.07 0.273 0.212       

n-Decane 

C10H2

2 0.142 447.3 619 2.12 0.247 0.49 1680     

n-Dodecane 

C12H2

6 0.17 489.4 659 1.8 0.24 0.562 1690     

DME(dimethylether) C2H6O 0.046 250.6 400 5.37 0.271 0.274 1430     

Ethane C2H6 0.03 184.6 305 4.88 0.285 0.1 1700 0.02 11 

Ethanol C2H6O 0.046 351.5 516 6.39 0.248 0.635 1520 0.013 14.2 

Ether(diethyl ether) 

C4H10

O 0.074 307.6 467 3.61 0.26 0.281 1600 0.015 7.5 

ETBE(ethyl tert-butyl 

ether) 

C6H14

O 0.102 345 517 3.11 0.274 0.298 1550     

Ethylene C2H4 0.028 169.5 283 5.12 0.276 0.085 1470 0.018 9.6 

Ethylene glycol 

C2H6O

2 0.062 471 645 7.53 0.268 1.137 1410     

Helium(4 He) He 0.004 4.2 5.3 0.23 0.301 -0.387 5190 0.142 19 

Helium(3 He) He 0.003 3.2 3.3 0.11 0.301 -0.46       

n-Heptane C7H16 0.1 371 540 2.77 0.263 0.35 1650 0.013 6.5 

n-Hexane C6H14 0.086 342 508 3.03 0.263 0.296 1700 0.014 6.5 

Hydrazine N2H4 0.032 387 653 14.7 0.376 0.325       

Hydrogen H2 0.002 20.1 33 1.32 0.305 -0.22 14200 0.168 8.4 

(Hydrogen) Deuterium D2 0.004 23.6 38 1.66 0.249 -0.16 14200 0.131 12 

Mercuryi Hg 0.201 630 736 104           

Methane CH4 0.016 112 191 4.6 0.288 0.01 2180 0.031 10.3 

Methanol CH4O 0.032 338.1 513 8.08 0.224 0.559 1350 0.015 9.8 

MTBE(methyl tert-butyl 

ether) 

C5H12

O 0.088 328 497 3.43 0.273 0.267 1500     

Neon Ne 0.02 26.2 44 2.7 0.301 0 1030 0.046 30 

Nitrogen N2 0.028 77.4 126 3.39 0.29 0.038 1040 0.024 16.6 

Nitrogen dioxide NO2 0.046 294.4 431 10.1 0.233   800 0.017 130 

Nitrogen monooxide NO 0.03 121.2 180 6.55 0.25 0.607 996 0.024 29.4 

di-Nitrogen oxde N2O 0.044 184.7 310 7.26 0.272 0.141 864 0.015 13.6 

n-Octane C8H18 0.114 399 569 2.49 0.259 0.394 1700 0.02 7.5 

iso-Octane C8H18 0.114 372 544 2.59 0.267 1650       

Ozone O3 0.048 161.4 268 6.78 0.272         

Oxygen O2 0.032 90.2 155 5.08 0.288 0.021 913 0.024 19.1 

iso-Pentane C5H12 0.072 301.3 461 3.33 0.268 0.227 1680 0.015 11.7 

n-Pentane C5H12 0.072 309.2 470 3.38 0.262 0.251 1680 0.015 11.7 

Phenol C6H6O 0.094 455 694 6.13 0.243 0.426       

Propane C3H8 0.044 231.1 370 4.26 0.281 0.152 1570 0.015 7.4 

iso-Propanol C3H8O 0.06 355.4 508 4.76 0.248 0.669 1540     

Propylene(propene) C3H6 0.042 225.4 365 4.62 0.275 0.148 1460 0.014 8.1 

Propylene glycol 

C3H8O

2 0.076 461.3 626 6.1 0.28 1.107       

R12(dichlorodifluoromet
hane) CCl2F2 0.121 243 385 4.14 0.28 0.179 573 0.008 12.5 

R134a(tetrafluoroethane) 

CF3CH

2F 0.102 246.6 374 4.07 0.258 0.33 840 0.014 12.2 

R410Al n.a. 0.073 221.8 345 4.9 0.271 0.296 820     

Sulfurdioxide SO2 0.064 263.2 430 7.87 0.264 0.251 607 0.009 11.6 

Sulfurhexafluoride SF6 0.146 204.9f 319 3.76 0.36 0.21 598 0.12 16 

Toluene C6F14 0.092 383.7 592 4.13 0.284 0.266       



Tetradecafluorohexane 

hexaflu

oriden 0.338 329 449 1.83           

Uranium hexafluoride UF6 0.352 329 503 4.6 0.282 0.092 370 0.009 20 

Waterp H2O 0.018 372.8 647.3 22.12 0.229 0.344 2050 0.025 12.1 

Xenon Xe 0.131 165 289.8 5.84 0.291 0 158 0.006 22.5 1.  

 

 
Johannes Diderik Van der Waals, 1837-1923 

As an example, let us calculate enthapy and entropy for van der Waals equation of state. This 

equation has the form 

ὖ    (2.2.6) where a and b are constant (is not function of temperature). Therefore 

   Ὠί ὨὝ Ὠὺ                    (1.47)   

  Ὠό ὅὨὝ Ὕ ὖὨὺ     (1.48)   

    (2.2.7) 

Ὠό ὅὨὝ Ὕ Ὠὺ     (2.2.8) 

Ὠό ὅὨὝ Ὠὺ                                  (2.2.8a) 

Ὠί ὨὝ Ὠὺ                                  (2.2.9) 

ό ό ᷿ὅὨὝ ὥ                       (2.2.10) 

ί ίπ ᷿ ὨὝ
Ὕπ

Ὑὰὲ                   (2.2.11) 

 

Now let us look at a little bit more complex equation of state. If we consider Redlich-Kwong 

equation of state, we should notice that coefficient b is actualy function of temperature, 

therefore; 



 

Otto Redlich 

 

Joseph Neng Shun Kwong 

ὖ      (2.2.12) 
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    (2.2.15) 

Of course derivatives can be taken numerically. With formulas such as: 
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‬Ὕ
ḙ
ὖὝ ςЎὝ ψὖὝ ЎὝ ψὖὝ ЎὝ ὖὝ ςЎὝ

ρςЎὝ
   ςȢςȢρφὥ 

‬ὖ

‬Ὕ

ḙ
ὖὝ σЎὝ ωὖὝ ςЎὝ τυὖὝ ЎὝ τυὖὝ ЎὝ ωὖὝ ςЎὝ ὖὝ σЎὝ

φπЎὝ
   ςȢςȢρφὦ 

 

then the result can be substite in original equation to solve the thermodynamic properties. Then the 

value can be substitude back into the main equations to solve them. 

Let us look at Peng-Robinson Equation of States[78] now 

 

     
Ding-Yu Peng                         Donald B. Robinson 

 

Ὠί ὨὝ Ὠὺ                    (1.47)   

  Ὠό ὅὨὝ Ὕ ὖὨὺ     (1.48)   



ὖ      (2.2.17) 
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   (2.2.18) 

In order to solve thermodynamic properties Helmholtz energy based departure functions will be used. 

Helmholz energy in derivative form: 

Ὠὃ ὖὨὺ  ςȢςȢρω 

ὃ ὃ ὖὨὺ       ςȢςȢςπ 

The evaluation of this integral is inconvenient since one limit of integration refers to the real state but 

the other to the reference, the perfect gas state, so integral will be break into two 

ὃ ὃ ὖὨὺ ὖὨὺ     ςȢςȢςρ 

Second term in the integral is ideal gas state so ὖ     ςȢςȢςς 

Lets add and subtract integral ᷿ Ὠὺ and ᷿ Ὠὺ into the equation 
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Substituting Peng-Robinson equation of state into the equation 
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Enthalpy departure function: 
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Internal energy departure function: 
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Now let us also look at solution of the inverse form of the cubic equation of states. If 

equations 2.2.2 to 2.2.5 are investigated, it should be noticed that Coefficients A* and B* are 

function of P and T, therefore solving Z means solving the specific volume, v. 

ὤ ρ ὄᶻ όὄᶻὤ ὃᶻ ύὄᶻ όὄᶻ όὄᶻ ὤ ὃᶻὄᶻ ὄᶻ ύὄᶻ ύὄᶻ π     

(2.2.39) 

where ὃᶻ   (2.2.3)    and    ὄᶻ           (2.2.4)         ὤ            (2.2.40) 

Now to solve the cubic equation. In order to solve cubic equation cubic root solving formulas 

can be used. 

Calculation of the roots of quadratic polynomials are well known. Similar to quadratic 

polynomials, third degree polynomials can also be solved by using analytical formulations. 

Roots should be calculated as complex variables.  

The basic formulas used to calculate cubic roots are as follows: 
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   (2.2.42) 

Now cubic equations can be programmed for utilization 



Program  2.2.2 cubicTest.java 

 import java.io.*; 

import javax.swing.*; 

 

class cubicTest 

{  

 public static void main(String s[]) throws IOException 

 {  

   //Text cin=new Text(); 

   String isim; 

   //System.out.print("isim = "); 

   isim=JOptionPane.showInputDialog("isim = "); 

   //cin.readString(); 

   cubicEquationofState x=new cubicEquationofState(isim,1,"Peng Robinson"); 

   System.out.println("equation of state name   = "+x.GasEquation); 

   System.out.println("gas name   = "+x.Name); 

   System.out.println("formula = "+x.Formula); 

   System.out.println("Mole Weight  = "+x.MolWt); 

   System.out.println("M      = "+x.M); 

   System.out.println("Tfp    = "+x.Tfp); 

   System.out.println("Tb     = "+x.Tb); 

   System.out.println("Tc     = "+x.Tc); 

   System.out.println("Pc     = "+x.Pc); 

   System.out.println("Vc     = "+x.Vc); 

   System.out.println("Zc     = "+x.Zc); 

   System.out.println("Omega  = "+x.Omega); 

   System.out.println("Dipm   = "+x.Dipm); 

   System.out.println("CPVAPA = "+x.CPVAPA); 

   System.out.println("CPVAPB = "+x.CPVAPB); 

   System.out.println("CPVAPC = "+x.CPVAPC); 

   System.out.println("CPVAPD = "+x.CPVAPD); 

   System.out.println("DELHF  = "+x.DELHF); 

   System.out.println("DELGF  = "+x.DELGF); 

   System.out.println("VPEq   = "+x.VPEq); 

   System.out.println("VPA    = "+x.VPA); 

   System.out.println("VPB    = "+x.VPB); 

   System.out.println("VPC    = "+x.VPC); 

   System.out.println("VPD    = "+x.VPD); 

   System.out.println("Tmin   = "+x.Tmin); 

   System.out.println("Tmax   = "+x.Tmax); 

   System.out.println("LDEN   = "+x.LDEN); 

   System.out.println("TDEN   = "+x.TDEN); 

   double T,P; 

   //System.out.print("P = "); 

   //P=cin.readDouble(); 

   P=Double.parseDouble(JOptionPane.showInputDialog("P = ")); 

   //System.out.print("T = "); 

   T=Double.parseDouble(JOptionPane.showInputDialog("T = ")); 

   //T=cin.readDouble(); 

   System.out.println("V   = "+x.V(T,P)); 

   System.out.println("Z   = "+x.Z(T,P)); 

   System.out.println("P   = "+x.P(T,x.V(T,P))); 

   //System.out.println("Pvc   = "+x.Pvp(T)); 

 }  

}  

   

 ---------- Capture Output ---------- 

> "C:\java\bin\java.exe" cubicTest 

equation of state name   = Peng Robinson 

gas name   = nitrogene 

formula = N2 

Mole Weight  = 28.013 

M      = 28.01348 

Tfp    = 63.3 

Tb     = 77.4 



Tc     = 126.2 

Pc     = 33.9 

Vc     = 89.8 

Zc     = 0.29 

Omega  = 0.039 

Dipm   = 0.0 

CPVAPA = 31.15 

CPVAPB = -0.01357 

CPVAPC = 2.68E-5 

CPVAPD = -1.168E-8 

DELHF  = 0.0 

DELGF  = 0.0 

VPEq   = 1 

VPA    = -6.09676 

VPB    = 1.1367 

VPC    = -1.04072 

VPD    = -1.93306 

Tmin   = 63.0 

Tmax   = 126.2 

LDEN   = 0.804 

TDEN   = 78.0 

V   = 3.980219370045505 

Z   = 0.957416409897289 

P   = 2.0 

> Terminated with exit code 0. 

 

Let us look at for different cubic equation of states isoterms in P-v diagram. A small test program is 

prepared for this purpose: 

 

Program  2.2.3 cubicTest1.java: a program to plot isoterms for N2 with van der Walls equation 

of state 

import java.io.*; 

import javax.swing.*; 

 

class cubicTest1 

{  

 public static void main(String s[]) throws IOException 

 {  

   //Text cin=new Text(); 

   String gasname; 

   //System.out.print("gasname = "); 

   gasname=JOptionPane.showInputDialog("gasname = "); 

   cubicEquationofState x=new cubicEquationofState(gasname,1,"van der Waals"); 

   double T[]=new double[20]; 

   double P[]=new double[1000]; 

   double V[]=new double[1000]; 

    double tr[]={0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0,1.5,2.0}; 

    int m=tr.length; 

    int i=0; 

    int n=1000; 

    T[i]=x.Tc*tr[i];  

    for(int j=0;j<n;j++) 

    {V[j]=0.3/n*j+0.001;; 

     P[j]=x.P(T[i],V[j]);  

    }  

    Plot pp=new Plot(V,P); 

    for(i=1;i<m;i++) 

      {T[i]=x.Tc*tr[i];  

      for(int j=0;j<n;j++) 

      {V[j]=0.3/n*j+0.001; 

       P[j]=x.P(T[i],V[j]);  

      }  

    pp.addData(V,P);  

      }  



   pp.plot(); 

 }  

}  

 

 
Figure 2.2.1 P-v diagram of van der Waals equation of states, constant temperature lines 

 
Figure 2.2.2 P-v diagram of van der Waals equation of states, constant temperature lines 

One of the most common application of the cubic equation of states, is using them as the first 

estimate for the liquid and vapor specific volume. If the gas pressure is under the critical 

pressure, equations will give three real roots. The biggest root is given the specific volume of 

the gas state, the smallest root is specific volume of the liquid states, even if the result might 

not be very close to the actual liquid specific volume. And the middle solution does not have 

any physical meaning. If the pressure is above the critical pressure, equation will be given 

one real root and two complex roots. Real root is the specific volume of the supercritical 

fluid. 

 A gas equation of state is developed by using Peng Robinson equation of state. Equation listed 

above is used to create this EoS Model(Gas_PR1). Detailed codes are given in appendix. 

Program utilisation codes are as follows: 

 

public static void main(String arg[]) 

{Gas_PR1 pr=new Gas_PR1("N2"); 



  double T=300.0; //degree K 

  double P=100.0; //kPA 

   pr.print("tp",T,P); 

}  

 

 

Figure 2.2.3 A GUI output of a sample gas N2 

You can obtain all properties as an array by using property method. Property method accepts two 

known thermodynamic property set. Known property sets are as : 

Known set meaning Known set meaning 

tp Temperature 
Pressure  

pt Pressure 
temperature 

vt Specific volume 

Temperature 

tv Temperature 

Specific volume 

rot Density 

temperature 

tro Temperature 

density 

pv Pressure 

Specific volume 

vp Specific volume 

pressure 

pro Pressure 
density 

rop Density 
pressure 

ph Pressure 

enthalpy 

Hp Enthalpy 

Pressure 

ps Pressure 
entropy 

sp Entropy 
pressure 

In the following example property pair ñtpò is used. 

public static void main(String arg[]) 

{Gas_PR1 pr=new Gas_PR1("N2"); 

  double T=300.0; //degree K 

  double P=100.0; //kPA 

  double a[]=pr.property("tp",T,P); 

  for( double x :a) System.out.println(x); 

}  

---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" Gas_PR1 

100.0 

300.0 

24.93274483602078 

783.5833903494341 

559.6638294989782 

2.844780548049795 

2.0 

29.12505435085314 

20.810591732699898 

2.7999016699420404E-4 

2.7999016699420404E-4 

1.787600318502586E-5 

0.027666480768509534 



0.0 

6.717746743016922E-4 

0.04010789853170447 

353.0244735640423 

 

2.3 LEE-KESLER & SCHREĶBER- PĶTZER EQUATION OF STATE S 

 

Benedict-Webb-Rubin (BWR) equation of state is one of the most successful equation of state. We will 

look at utilisation of this equation of state in later stages.  The success of the original BWR equation of 

state has led to a number of studies wherin the modified form of the equation has been generalised to 

apply to many types of compounds.  

 

 

Byung IK Lee 

 

Michael G. Kesler 

Lee and Kesler developed a modified form of BWR[75]. This equation of state is developed based on 

two reference fluids, the first one is called simple fluid (accentricity factor w=0) and those of n-octane 

as a reference fluid. Asume that ὤ  compressibility factor is to be calculated for a fluid at some 

temperature and pressure. First using critical properties of this fluid, determine Ὕ   and ὖ    

reduced temperature and pressure. Then determine an ideal reduced volume of a simple fluid with 
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Properties of simple and reference fluid(n-octane) is given in table 2.3.1 

Tablo 2.3.1  Lee Kesler coefficients for simple and reference fluids 
Constants Simple fluid Referance fluid(n-octane) 

b1 0.1181193 0.2026579 

b2 0.265728 0.331511 

b3 0.154790 0.027655 

b4 0.030323 0.203488 

c1 0.0236744 0.0313385 

c2 0.0186984 0.0503618 

c3 0.0 0.016901 



c4 0.042724 0.041577 

d1 x 104 0.155488 0.48736 

d2 x 104 0.623689 0.0740336 

b 0.65392 1.226 

g 0.060167 0.03754 

 

Next, using the same reduced temperature and pressure  
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 for reference fluid is solved by using the same basic Lee-Kesler equation 
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The compressibility factor Z for the fluid of interest is then calculated by 
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Where   accentricity factor  ‫ πȢσωχψ   and ‫ πȢπ. In hydrocarbon calculations primary error of 

the equation is in the range of less than 2% for both vapor and liquid phases.  

 

If T and V values are given, finding of P is as defined above, but if T and P is given and finding of V is 

required, then a numerical root solving methods should apply to get a solution of the equation. This 

equation has a capacity to predict both liquid and gas phases, but in root solving of V it causes a problem 

of initial guess estimation due to big differences between liquid and gas values of specific volumes. 

Additional search methods combining with simpler equation of states volume estimation such as Peng-

Robinson equation of states should be involve for an accurate estimation process. It should be note that 

while one real root of cubic equation of states given liquid volume, the second one will give the volume 

of the gas state. 

 

Prediction of the rest of the thermodynamic properties by Lee-Kesler method 

Equation of states gives us prediction capability of unknown variable when two of the three T , v , P 

thermodynamic properties are given. But in thermal design further thermodynamic properties may also 

be required. Enthapy of a real gas is function of pressure and temperature and can be expressed as 

follows: 
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Figure 2.3.1 Enthalpy change calculation process 

 

In here, temperature kept constant at T1 and enthalpy change for pressure difference calculated between 

some very low reference pressure p0 and P1, then entalpy difference at p0 pressure is calculated. Since 

the reference pressure is low, ideal gas enthalpy difference can be applied between temperatures T1 and 

T2 to calculate entalpy change, and then temperature is kept constant at T2 and enthalpy change for 

pressure difference is calculated. Process is shown in the figure 2.3.1 
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In equation (2.3.12) the terms  Ὄ Ὄ  and  Ὄ Ὄ  functions indicated enthalpy changes 

at constant temperatures T1 and T2 between reference and working pressures.  These type of functions 

are called departure functions, and since they are only function of pressure, they can be listed as tables 

as well. They indicated departure of the enthalpy from ideal gas state. 

Other thermodynamic departure functions 

Similar to entalpy functions, departure functions can be calculated for other thermodynamic functions 

as well for a defined low pressure reference state. 
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(2.3.13) 
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In this equations Z, T and P functions are defined by Lee-Kesler equation, after calculating Gibbs free 

energy and entropy, the remaining thermodynamic properties can be easily defined from these relations 

Ὄ Ὄ ὃ ὃ ὝὛ Ὓ ὙὝὤ ρ  ςȢσȢρυ  

Ὗ Ὗ ὃ ὃ ὝὛ Ὓ   (2.3. 18) 

And finaly departure function of Helmholts free energy will be : 

ὃ ὃ Ὃ Ὃπ ὙὝὤ ρ           (2.3. 19) 

If Lee-Kesler equation of state is substituted into the above equations, the equations for simple fluid 

will take the following forms: 
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Ὁ ‍ ρ ‍ ρ Ὡὼὴ                                                          (2.3.20) 
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When reference state and simple fluid state concept of Lee-Kesler equation is applied, the actual 

departure function is found as: 

                                                  (2.3.21)  

  Or by defining 

Ὄ Ὄ

ὙὝ

ρ

‫

Ὄ Ὄ

ὙὝ

Ὄ Ὄ

ὙὝ
  ςȢσȢςς 

Ὄ Ὄ

ὙὝ

Ὄ Ὄ

ὙὝ
‫
Ὄ Ὄ

ὙὝ
   ςȢσȢςσ 

Similarly for entropy function; 

Ὓ Ὓ

ὙὝ

Ὓ Ὓ

ὙὝ

‫

‫

Ὓ Ὓ

ὙὝ

Ὓ Ὓ

ὙὝ
  ςȢσȢςτ 

Ὓ Ὓ

ὙὝ

ρ

‫

Ὓ Ὓ

ὙὝ

Ὓ Ὓ

ὙὝ
  ςȢσȢςυ 

Ὓ Ὓ

ὙὝ

Ὓ Ὓ

ὙὝ
‫
Ὓ Ὓ

ὙὝ
  ςȢσȢςφ 

                                                    

Program listing of Lee Kesler equation is given below. In an example program Z compressibility 

factor is calculated and plotted by using this program. 

 

Program  2.3.1 A test program to run  LeeKesler.java: a program for the general real gas 

equation of state, creates compressibility factor charts 

 import java.io.*; 

import javax.swing.*; 

 

class LeeKeslerTest5 

{  

 public static void main(String s[]) throws IOException 

 {  

   //Text cin=new Text(); 

   String gasname; 

   //System.out.print("gasname = "); 

   //gasname=JOptionPane.showInputDialog("gasname = "); 

   LeeKesler x=new LeeKesler("H2",1); 

   //cubicEquationofState x=new cubicEquationofState(gasname,1,"Peng Robinson"); 

    System.out.println("equation of state name   = "+x.GasEquation); 

   System.out.println("gas name   = "+x.Name); 

   double T[]=new double[20]; 

   double P[]=new double[1000]; 

   double V[]=new double[1000]; 

   double Tr[]=new double[20]; 

   double Pr[]=new double[1000]; 

   double Vr[]=new double[1000]; 

   double Z[]=new double[1000]; 



   double pp1=0; 

   double R=8314.5e-5; 

    double tr[]={1.0,1.05,1.10,1.15,1.2,1.3,1.4,1.5,1.6,1.8,2.0,2.5,3.0,3.5}; 

    int m=tr.length; 

    int i=0; 

    int n=1000; 

    T[i]=x.Tc*tr[0];  

    Tr[i]=T[i]/x.Tc;  

    //System.out.println( T[i]); 

      for(int j=0;j<n;j++) 

      {  pp1=1.0/100*j+0.01; 

    P[j]=pp1*x.Pc; 

    Pr[j]=pp1; 

    //System.out.println( P[j]); 

       V[j]=x.V_TP_LK_V(T[i],P[j]);  

       Z[j]=P[j]*V[j]/(R*T[i]);  

       Vr[j]=V[j]/x.Vc;  

       System.out.println( Z[j]+" "+Tr[i]+" "+Pr[j]+" "+V[j]);  

       }  

    Plot pp=new Plot(Pr,Z); 

      //pp.addData(Vr,Z,1,0,0,255); 

    for(i=1;i<m;i++) 

      {T[i]=x.Tc*tr[i];  

       Tr[i]=T[i]/x.Tc;  

      for(int j=0;j<n;j++) 

      {  pp1=1.0/100*j+0.01; 

    P[j]=pp1*x.Pc; 

    Pr[j]=P[j]/x.Pc; 

    //System.out.println( P[j]); 

       V[j]=x.V_TP_LK_V(T[i],P[j]);  

       Vr[j]=V[j]/x.Vc;  

       Z[j]=P[j]*V[j]/(R*T[i]);  

       System.out.println( Z[j]+" "+Tr[i]+" "+Pr[j]+" "+Vr[j]);  

       }  

      pp.addData(Pr,Z);  

      //pp.addData(Vr,Z,1,0,0,255); 

      }  

   pp.plot(); 

 }  

}  

 



 
Figure 2.3.2 Compressibilty chart created by Lee Kesler equation of state Pr=0-20  

 
Figure 2.3.3 Compressibilty chart created by Lee Kesler equation of state Pr=0-10  

 



Figure 2.3.4 Compressibilty chart created by Lee Kesler equation of state Pr=0-5  

 
Figure 2.3.5 Compressibilty chart, simple fluid (Lee Kesler EoS) with subcritical region  

 

We should note the  phase change behaivor in Z0 when it is in subcritical region. The prediction of 

liquid densities (specific volumes) in this region could be a valuble tool, and can be utilised as first 

estimation in more accurate EoS. 

 
Figure 2.3.6 Enthalpy departure function  chart created by Lee Kesler equation of state, 

supercritical region  



 
Figure 2.3.7 Enthalpy departure function  of simple fluid (Lee-Kesler EoS) includes subcritical 

phase-change region and supercritical region Pr=0-1.4 

 

 
Figure 2.3.8 Enthalpy departure function  of simple fluid (Lee-Kesler EoS) includes subcritical 

phase-change region and supercritical region Pr=0-10 

 

 



 
Figure 2.3.9 Entropy departure function  chart created by Lee Kesler equation of state 

supercritical region 

 
Figure 2.3.10 Entropy departure function  chart created by Lee Kesler equation of state 

includes subcritical phase-change region and supercritical region Pr=0-1.4 



 
Figure 2.3.11 Entropy departure function  chart created by Lee Kesler equation of state 

includes subcritical phase-change region and supercritical region Pr=0-10 

 

Some 618 different species are entered as data to Lee Kesler equation of state, so as a general 

form of equation of state, it can handle quite a few species. A table form of user interface 

program is also created for general utilisation of the package. Program code is given in appendix 

A3 and www.turhancoban.com.  

Program List of Lee-Kesler EOS: 
LeeKesler Basic Equation of state 
LeeKeslerMix Basic equation of state for mixtures 
LKTable Graphic user Interface for LeeKesler 

EOS 
LKMixTable Graphic user Interface for LeeKesler 

Mix EOS 
LKModel GUI subprogram 
LKMixModel  GUI subprogram 

 

Program graphic user interface (GUI) output looks like  

 

http://www.turhancoban.com/


 
                                   Figure 2.3.12 LeeKeslerTable user interface output 

 

A Gas equation by using Lee-Kesler EoS is developed to calculate Gas phase of several chemicals. 

Full program codes are given in appendix and www.turhancoban.com internet site. A small sample 

code is given below to show calling of thermodynamic and thermophysical properties for a given 

state. 

public static void main(String arg[]) 

{  Gas_LK lk=new Gas_LK("N2"); 

lk.mole=false; 

double T=300;  //Degree K 

double P=100.0; //kPa 

//double b[]=lk.property("tp",T,P); 

 //Text.printT(b); 

 lk.print("tp",T,P); 

}}  

 

 
Figure 2.3.13  A GUI output of a sample gas N2 

http://www.turhancoban.com/


You can obtain all properties as an array by using property method. Property method accepts two 

known thermodynamic property set. Known property sets are as : 

Known set meaning Known set meaning 

tp Temperature 

Pressure  

pt Pressure 

temperature 

vt Specific volume 

Temperature 

tv Temperature 

Specific volume 

rot Density 

temperature 

tro Temperature 

density 

pv Pressure 

Specific volume 

vp Specific volume 

pressure 

pro Pressure 

density 

rop Density 

pressure 

ph Pressure 

enthalpy 

Hp Enthalpy 

Pressure 

ps Pressure 

entropy 

sp Entropy 

pressure 

In the following example property pair ñtpò is used. 

  public static void main(String arg[]) 

{Gas_LK lk=new Gas_LK("N2"); 

  double T=300.0; //degree K 

  double P=100.0; //kPA 

  double a[]=lk.property("tp",T,P); 

  for( double x :a) System.out.println(x); 

}  

 ---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" Gas_LK 

100.0 

300.0 

24.938254365652387 

783.2957857861796 

559.4942097404995 

2.844713746696977 

2.0 

29.12505435085314 

20.810591732699898 

2.800530395352282E-4 

2.800530395352282E-4 

1.787600318502586E-5 

0.027666480768509534 

0.0 

6.717746743016922E-4 

0.04009903762058447 

353.0238423174664 

 

> Terminated with exit code 0. 

 

Comparison of Gas EoS are shown in the table below. 

Table 4.2 Comparisons of 3 different EOS for Nitrogen. 

Class P 
kPa 

T K v m3/kg h kJ/kg u kJ/kg s kJ/kgK 

Peng-Robinson_EoS 100 300 0.8900419 27.972134 19.978718 0.1015522 

Lee-Kesler_EoS 100 300 0.8902386 27.961867 19.972663 0.1015498 

Perfect_Gas_EoS 100 300 0.8904219 27.91124 19.941965 0.1013739 

Peng-Robinson_EoS 500 300 0.1777167 26.896945 19.049385 -0.3780739 

Lee-Kesler_EoS 500 300 0.1779105 27.11667 19.196101 -0.3787223 

Perfect_Gas_EoS 500 300 0.1780844 27.91124 19.941965 -0.376319 

Peng-Robinson_EoS 1000 300 0.0886897 25.572702 17.893751 -0.5861674 

Lee-Kesler_EoS 1000 300 0.08888 26.068717 18.223375 -0.5876666 

Perfect_Gas_EoS 1000 300 0.0890422 27.91124 19.941965 -0.5820501 

Peng-Robinson_EoS 3000 300 0.0293885 20.500848 13.346164 -0.921081 

Lee-Kesler_EoS 3000 300 0.029566 21.980869 14.317412 -0.9264455 

Perfect_Gas_EoS 3000 300 0.0296807 27.91124 19.941965 -0.9081263 



Peng-Robinson_EoS 5000 300 0.0175748 15.799574 8.9361282 -1.0805435 

Lee-Kesler_EoS 5000 300 0.0177418 18.080752 10.406455 -1.090458 

Perfect_Gas_EoS 5000 300 0.0178084 27.91124 19.941965 -1.059743 

Peng-Robinson_EoS 100 500 1.484483 237.25911 169.82159 0.6356745 

Lee-Kesler_EoS 100 500 1.4845669 237.20416 169.78213 0.6356683 

Perfect_Gas_EoS 100 500 1.4840365 236.98671 169.65598 0.6350433 

Peng-Robinson_EoS 500 500 0.2972572 237.02473 169.40693 0.157842 

Lee-Kesler_EoS 500 500 0.2973432 237.02567 169.38874 0.1571919 

Perfect_Gas_EoS 500 500 0.2968073 236.98671 169.65598 0.1573504 

Peng-Robinson_EoS 1000 500 0.1488576 236.73955 168.89269 -0.048052 

Lee-Kesler_EoS 1000 500 0.1489463 236.80956 168.89795 -0.0495107 

Perfect_Gas_EoS 1000 500 0.1484036 236.98671 169.65598 -0.0483808 

Peng-Robinson_EoS 3000 500 0.0499378 235.68321 166.88054 -0.3746543 

Lee-Kesler_EoS 3000 500 0.0500367 236.02183 166.94628 -0.3793857 

Perfect_Gas_EoS 3000 500 0.0494679 236.98671 169.65598 -0.3744569 

Peng-Robinson_EoS 5000 500 0.0301657 234.7561 164.93829 -0.5266081 

Lee-Kesler_EoS 5000 500 0.0302746 235.354 165.0158 -0.534664 

Perfect_Gas_EoS 5000 500 0.0296807 236.98671 169.65598 -0.5260737 
 

 

Comparisons of thermodynamic properties in graphic form for gas nitrogen is listed in below figures. 

By using equations given above a class called Gas_LK is developed. The result of this class is 

compared with results of Perfect gas EoS and Peng-Robinson EoS. 

 
Figure 2.3.14 Enthalpy difference of Lee-Kesler and perfect gas EOS 



 
Figure 2.3.15 Enthalpy difference of Lee-Kesler and perfect gas EOS 

 

 
Figure 2.3.16 Entropy difference of Lee-Kesler and perfect gas EOS 

 

 
Figure 2.3.17 Speed of sound difference of Lee-Kesler and perfect gas EOS 

 



 
Figure 2.3.18 Enthalpy difference of Peng Robinson and Lee-Kesler EOS 

 
Figure 2.3.19 Entropy difference of Peng Robinson and Lee-Kesler EOS 

 

Another derivation based on  Benedict-Webb-Rubin (BWR) equation of state is Schreiber- 

Pitzer equation of state[82]. Details of the Scheiber-Pitzer EoS is given below. 

 
Donald R. Schreiber 

 
Kenneth Sanborn Pitzer 
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Where .in Scheiber-Pitzer equation of states coefficient is called Pitzerôs accentric factor ‫ 

This factor is calculated as 

‫ ὰέὫὖ  ὥὸ Ὕ πȢχ ρ      

 

Table 2.1 C[i][j] Coefficients of Scheiber-Pitzer  EoS 

 j=1 j=2 j=3 

C1,j 0.4422590000 0.7256500000 0.0000000000 

C2,j -0.9809700000 0.2187140000 0.0000000000 

C3,j -0.6111420000 -1.2497600000 0.0000000000 

C4,j -0.0051562400 -0.1891870000 0.0000000000 

C5,j 0.1513654000 2.3067060000 -10.4117400000 

C6,j -0.0438262500 4.6960680000 15.1414600000 

C7,j 1.1026990000 3.1293840000 -9.5214090000 

C8,j -0.6361056000 0.3266766000 2.9046220000 

C9,j 0.0087596260 -3.2040990000 8.0023380000 

C10,j 0.3412103000 8.8721690000 -14.4038600000 

C11,j -0.8842722000 -6.6874710000 11.7685400000 

C12,j 0.1375109000 0.2432806000 -0.5515101000 

C13,j -0.1443457000 1.2869320000 -2.1809880000 

C14,j -0.0059695540 0.0454196100 0.0000000000 

C15,j 0.0245053700 -0.4158241000 0.7914067000 

C16,j -0.0041995900 0.0910596000 -0.1786378000 

C17,j 0.0004665477 -1.2620280000 -2.8267720000 

C18,j -0.0194510100 0.7812220000 4.1900460000 

C19,j 0.0408364300 1.3988440000 0.0000000000 

C20,j -0.0354691700 -1.4560410000 0.0000000000 

C21,j -0.0028779550 0.2104505000 0.0000000000 

C22 0.0058962650 0.2191255000 0.0000000000 
 

 

Derivatives of the equations: 
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Helmholtz energy equation will be used to predict other thermodynamic properties 
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The second term (limits between low density ” ὥὲὨ ὨὩὲίὭὸώ π can be defined as an ideal 

state case where ὖ ”ὙὝ. Now we can add and substract ideal gas density term of the 

equation 
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Some of the  terms in this integration includes terms of exponential and power 

multiplications. This integrations are carried out as follows: 
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Handling these terms such as above Taylor series are much easier than taken numerical 

integration, then Helmholtz departure function becomes: 
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Entropy departure function: 
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Enthalpy departure function: 

Ὄ Ὄ ὃ ὃ ὝὛ Ὓ ὙὝὤ ρ  ςȢςφ 

Internal energy departure function: 

Ὗ Ὗ ὃ ὃ ὝὛ Ὓ     ςȢςψ 

Gibbs energy departure function: 
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The fugacity-pressure ratio: 
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A Graphic user interface programs are also given for non-researchers to utilise these programs. For 

utilisation of  researchers a small sample code is given to show calling of thermodynamic and 

thermophysical properties for a given state. 

public static void main(String arg[]) 

{ Gas_SP sp=new Gas_SP("N2"); 
sp.mole=false; 

double T=300;  //Degree K 
double P=100.0; //kPa 

//double b[]=lk.property("tp",T,P); 

 //Text.printT(b); 
 sp.print("tp",T,P); 
}  

 

Figure3.1  A GUI output of a sample gas N2 

You can obtain all properties as an array by using property method. Property method accepts two 

known thermodynamic property set. Known property sets are as : 

Known set meaning Known set meaning 

tp Temperature 

Pressure  

pt Pressure 

temperature 

vt Specific volume 
Temperature 

tv Temperature 
Specific volume 

rot Density 

temperature 

tro Temperature 

density 

pv Pressure 
Specific volume 

vp Specific volume 
pressure 

pro Pressure 

density 

rop Density 

pressure 

ph Pressure 

enthalpy 

hp Enthalpy 

Pressure 

ps Pressure 
entropy 

sp Entropy 
pressure 

In the following example property pair ñtpò is used. 

  public static void main(String arg[]) 
{Gas_SP lk=new Gas_SP("N2"); 

  double T=300.0; //degree K 

  double P=100.0; //kPA 
  double a[]=lk.property("tp",T,P); 

  for( double x :a) System.out.println(x); 
}  

 ---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" Gas_SP 
100.0 

300.0 

24.93853374087881 
783.3508278861523 

558.0997487204611 



2.844904873520239 

2.0 

29.12505435085314 
20.810591732699898 

1.000189954343909E-5 

1.000189954343909E-5 
1.787600318502586E-5 

0.027666480768509534 

0.0 
6.717746743016922E-4 

0.04009858840902172 

352.9438027622723 
> Terminated with exit code 0. 

 

 

In Table 4.2 different EOS results compared for several thermodynamic states. A Graphic user 

interface programs are also given for non-researchers to utilise these programs. For utilisation of  

researchers a small sample code is given to show calling of thermodynamic and thermophysical 

properties for a given state. 

 
Table 4.2 Comparisons of 4 different EOS for dry Nitrogen 

 Class  P kPa T degree 
K  

v  m3/kg  h kJ/kg  u kJ/kg  s kJ/kgK  

Schreiber-Pitzer_Eos 100 300 0.890416 27.96387 19.93939 0.101612 

Peng-Robinson_EoS 100 300 0.890042 27.97213 19.97872 0.101552 

Lee-Kesler_EoS 100 300 0.890239 27.96187 19.97266 0.10155 

Perfect_Gas_EoS 100 300 0.890422 27.91124 19.94196 0.101374 

Schreiber-Pitzer_Eos 500 300 0.178078 27.08606 19.94962 -0.37859 

Peng-Robinson_EoS 500 300 0.177717 26.89694 19.04938 -0.37807 

Lee-Kesler_EoS 500 300 0.17791 27.11667 19.1961 -0.37872 

Perfect_Gas_EoS 500 300 0.178084 27.91124 19.94196 -0.37632 

Schreiber-Pitzer_Eos 1000 300 0.089036 26.02189 19.95403 -0.58745 

Peng-Robinson_EoS 1000 300 0.08869 25.5727 17.89375 -0.58617 

Lee-Kesler_EoS 1000 300 0.08888 26.06872 18.22338 -0.58767 

Perfect_Gas_EoS 1000 300 0.089042 27.91124 19.94196 -0.58205 

Schreiber-Pitzer_Eos 3000 300 0.029675 22.12961 19.96102 -0.92584 

Peng-Robinson_EoS 3000 300 0.029388 20.50085 13.34616 -0.92108 

Lee-Kesler_EoS 3000 300 0.029566 21.98087 14.31741 -0.92645 

Perfect_Gas_EoS 3000 300 0.029681 27.91124 19.94196 -0.90813 

Schreiber-Pitzer_Eos 5000 300 0.017802 18.81358 19.96427 -1.08952 

Peng-Robinson_EoS 5000 300 0.017575 15.79957 8.936128 -1.08054 

Lee-Kesler_EoS 5000 300 0.017742 18.08075 10.40646 -1.09046 

Perfect_Gas_EoS 5000 300 0.017808 27.91124 19.94196 -1.05974 
 

 

By using equations given above a class called Gas_SP is developed. The result of this class 

is compared with Lee-Kesler EoS and Perfect results as a mixing of the gases inside air and 

as a single gas with pseudocritical properties plus ideal gas equation of state. Results are 

given in table 4.2. It should be note that enthalpies of the perfect gas case (air_PG  and Gas)  

is the same regardless of pressure. In the following figures Peng-Robinson Equation of states 

is compared with perfect gas equation of state and IAPWS for dry air EOS. IAPWS equation 

based on the experimental data therefore it can be assumed given carrect values for the range 

of experimentation. Peng-Robinson equation results are falling between Perfect gas and 

IAPWS results. This is the expected kind of behevior for such a general EOS based on 

accentric factor. 



 
Figure 2.3.20 Enthalpy difference of Schereiber-Pitzer EoS and Perfect Gas EoS 1000-5000 kPa 

 
Figure 2.3.21  Enthalpy difference of Schereiber-Pitzer EoS and Perfect Gas EoS 100-1000 kPa 

 



 
Figure 2.3.22 Entropy difference of Schereiber-Pitzer EoS and perfect gas EOS 

 

 
Figure 2.3.23 Speed of sound difference of Schereiber-Pitzer EoS and perfect gas EOS 

 



 
Figure 2.3.24 Enthalpy difference of Schereiber-Pitzer EoS and Lee-Kesler EOS 

 
Figure 2.3.25 Entropy difference of Schereiber-Pitzer EoS and Lee-Kesler EOS 

 



 

Figure 2.3.26 Compressibility factor Schreiber-Pitzer EoS  

 

Figure 2.3.27  Compressibility factor Schereiber-Pitzer EoS  

 

public class gas_SP_test1 

{ 

public static void main(String arg[]) 

{  Gas_SP sp=new Gas_SP("N2"); 

   double Tr[]={1,1.1,1.2,1.3,1.4,1.5,1.6,1.8,2.0,3.0,4.0}; 

   int n=100000; 

    double Z[][]=new double[Tr.length][n];  

    double P=0; 

    double ro=0; 

    double Pr[]=new double[n]; 

    double T=0; 

    for(int i=0;i<Tr.length;i++)  



    {int j=0;  

     for( j=0;j<n;j++)  

      {  Pr[j]=0.0001*j;  

          P=Pr[j]*sp.Pc;  

          T=Tr[i]*sp.Tc;  

          ro=sp.ro(T,P); 

          Z[i][j]=sp.Z(T,ro);  

      } 

    } 

    Plot pp=new Plot(Pr,Z[0]); 

    pp.setPlabel("Compressibility factor  Schreiber-Pitzer Eos  based on N2"); 

    pp.setXlabel("Reduces pressure Pr=P/Pc"); 

    pp.setYlabel("Compressibility factor Z=Pv/(RT)");  

    for(int i=1;i<Tr.length;i++)  

    {pp.addData(Pr,Z[i]);  

     pp.setPlotType(i,0); 

    } 

    pp.plot(); 

}}  

 

Mixing of the gases: Pseudocritical property approach will be used. According to this concept a 

pseudocritical properties of the gas mixtures are calculated and then gas mixture can be evaluated 

similar to a single gas equation. Mixing rules for a Lee-Kesler mix is given as follows: 

ὔ ὔ

 

 

Where ὔ is mole number of each substance in the mixture. 
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Where ώis mole percentages of eachsubstance. 
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Where Ὕis pseudo-critical temperature of mixture. Due to charecteristic of mixture there is 

no one critical temperature but critical temperature of each species in the mixture, therefore 

this value does not have a physical significance and only for calculation purposes. 
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Where  ὺ is pseudocritical specific volume 
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Where  is Pitzerôs acentric factor of the mixture ‫ 

Ὕ ὝὝ
Ⱦ
Ὧᴂ  

                                                                Ὧᴂ 
Ⱦ

Ⱦ Ⱦ
 

Ὧᴂ  is binary interaction coefficients. Due to difference of molecules in the mixture and 

intermolecular forces effecting because of the difference. This equation will give only 

approximation. The exact value can only be obtain by experimental measurements of 

mixture of two gases. As an example of experimental results : if it is a binary mixture of 

hydrocarbons, the following value can be taken as Ὧᴂ  value. It can be applied to calculate 

properties of natural gas or iiquid petroleum gas(LPG), or gasoline if you can obtain a 

formulation for the mixture. 



 

Figure 2.3.29 interaction coefficient kôij curve-fitting plot  

Ὧ
 В ὥ  coefficients for hydrocarbon pairs 

a0 9.4637932E-01 

a1 4.8752931E-02 

a2 -3.5797272E-03 

a3 5.0398694E-04 

a4 -4.2033220E-05 

a5 1.7107314E-06 

a6 -2.7048029E-08 

      Hydrocarbon pairs Ὧ
 

 values are alo listed in table format below: 

  

first 

hyd.car. 

2nd 

hyd.car.  Ὧ
 

   

first 

hyd.car. 2nd hyd.car.  Ὧ
 

 

1 Methane Ethane 1.052 30 Ethylene n-butane 0.998 

2 Methane Ethylene 1.014 31 Ethylene benzene 1.094 

3 Methane propane 1.113 32 Ethylene n-heptane 1.163 

4 Methane propylene 1.089 33 Aceltylene ethylene 0.948 

5 Methane n-butane 1.171 34 Propane propylene 0.948 

6 Methane isobutane 1.155 35 Propane n-butane 1.003 

7 Methane n-pantane 1.24 36 Propane isobutane 1.003 

8 Methane isopentane 1.228 37 Propane n-pantane 1.006 

9 Methane n-hexane 1.304 38 Propane isopentane 1.009 

10 Methane cyclehexane 1.269 39 Propane n-hexane 1.047 

11 Methane benzene 1.234 40 Propane cycohexane 1.037 

12 Methane n-heptane 1.367 41 Propane benzene 1.011 

13 Methane n-octane 1.423 42 Propane n-heptane 1.067 

14 Methane n-nonane 1.484 43 Propane n-octane 1.09 

15 Methane n-decane 1.533 44 Propane n-nonane 1.115 

16 Ethane Ethylene 0.991 45 Propane n-decane 1.139 

17 Ethane propane 1.01 46 Propylene n-butane 1.01 

18 Ethane propylene 1.002 47 Propylene isobutane 1.009 

19 Ethane n-butane 1.029 48 Propylene isobutane 1.006 

20 Ethane isobutane 1.036 49 n-butane isobutane 1.001 

21 Ethane n-pantane 1.064 50 n-butane n-pantane 0.994 

22 Ethane isopentane 1.07 51 n-butane isopentane 0.998 

23 Ethane n-hexane 1.106 52 n-butane n-hexane 1.018 

24 Ethane cyclehexane 1.081 53 n-butane cyclohexane 1.008 

25 Ethane benzene 1.066 54 n-butane benzene 0.999 

26 Ethane n-heptane 1.143 55 n-butane n-heptane 1.027 

27 Ethane n-octane 1.165 56 n-butane n-octane 1.046 

28 Ethane n-nonane 1.214 57 n-butane n-nonane 1.064 

29 Ethane n-decane 1.237 58 n-butane n-decane 1.078 
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ὤ πȢςωπυπȢπψυ‫ 

Where ὤ is pseudo-critical compressibility factor. As it is seen from the equation, it is given 

only as a function of  Pitzerôs acentric factor. 

ὖ ὤὙὝȾὺ 

Where ὤ is pseudo-critical pressure. 
Class Gmix_LK (based on Gas_LK)  is created to calculate gas mixtures by using pseudo-critical 

properties. UTilisation of this program is same as Gas class with exception of mixture definition 

requirement at the inlet of the program. 

public static void main(String arg[]) 

{  String name[]={"N2","O2"}; 

    double n[]={0.79,0.21}; 

 Gmix_LK pr=new Gmix_LK("Gmix_LK",name,n); 

 double T=300.0; 

 double P=100.0; 

 pr.print("tp",T,P); 

}  

  

 

Figure 2.3.30 Lee-Kesler gas mixture GUI output  

Gas mixtures can be calculated by using Schreiber-Pitzer EoS in a simalar manner as Lee-Kesler 

EoS. A class Gmix_SP is developed fort his calculations. In Table 4.2 different EOS results 

compared for several thermodynamic states. A Graphic user interface programs are also given for 

non-researchers to utilise these programs. For utilisation of  researchers a small sample code is given 

to show calling of thermodynamic and thermophysical properties for a given state. 

public static void main(String arg[]) 

{  String name[]={"N2","O2"}; 

    double n[]={0.79,0.21}; 

 Gmix_SP pr=new Gmix_SP("Gmix_SP",name,n); 

 double T=500.0; 

 double P=100.0; 

 pr.print("tp",T,P); 

}  

 



 

Figure 2.3.31A GUI output of a sample gas N2 

 

You can obtain all properties as an array by using property method. Property method accepts two 

known thermodynamic property set. Known property sets are as : 

 

Known set meaning Known set meaning 

tp Temperature 

Pressure  

pt Pressure 

temperature 

vt Specific volume 

Temperature 

tv Temperature 

Specific volume 

rot Density 

temperature 

tro Temperature 

density 

pv Pressure 

Specific volume 

vp Specific volume 

pressure 

pro Pressure 

density 

rop Density 

pressure 

ph Pressure 

enthalpy 

Hp Enthalpy 

Pressure 

ps Pressure 

entropy 

sp Entropy 

pressure 

 

In the following example property pair ñtpò is used. 

  public static void main(String arg[]) 

{Gas_LK lk=new Gas_LK("N2"); 

  double T=300.0; //degree K 

  double P=100.0; //kPA 

  double a[]=lk.property("tp",T,P); 

  for( double x :a) System.out.println(x); 

}  

 ---------- Capture Output ---------- 

> "E:\co\java\bin\javaw.exe" Gas_LK 

100.0 

300.0 

24.938254365652387 

783.2957857861796 

559.4942097404995 

2.844713746696977 

2.0 

29.12505435085314 



20.810591732699898 

2.800530395352282E-4 

2.800530395352282E-4 

1.787600318502586E-5 

0.027666480768509534 

0.0 

6.717746743016922E-4 

0.04009903762058447 

353.0238423174664 

 

> Terminated with exit code 0. 

 

Table 4.2 Comparisons of 3 different EOS for079% Nitrogen %21%Oxygen mixture. 

Class P kPa T K v m3/kg h kJ/kg u kJ/kg s kJ/kgK 

Schreiber-Pitzer_EoS 100 300 0.864576 27.19283 19.40105 0.098853 
Lee-Kesler_EoS 100 300 0.864267 27.19099 19.43336 0.098743 
Perfect_Gas_EoS 100 300 0.864587 27.14156 19.4035 0.098572 
Schreiber-Pitzer_EoS 500 300 0.172906 26.26978 19.4107 -0.36723 
Lee-Kesler_EoS 500 300 0.172606 26.31127 18.67753 -0.3676 
Perfect_Gas_EoS 500 300 0.172917 27.14156 19.4035 -0.36526 
Schreiber-Pitzer_EoS 1000 300 0.086447 25.13207 19.41486 -0.5698 
Lee-Kesler_EoS 1000 300 0.086157 25.21774 17.72959 -0.5705 
Perfect_Gas_EoS 1000 300 0.086459 27.14156 19.4035 -0.56502 
Schreiber-Pitzer_EoS 3000 300 0.028808 20.75674 19.42145 -0.89757 
Lee-Kesler_EoS 3000 300 0.02856 20.92097 13.90944 -0.89956 
Perfect_Gas_EoS 3000 300 0.02882 27.14156 19.4035 -0.88164 
Schreiber-Pitzer_EoS 5000 300 0.017281 16.65477 19.42451 -1.05587 
Lee-Kesler_EoS 5000 300 0.017076 16.7713 10.06135 -1.05903 
Perfect_Gas_EoS 5000 300 0.017292 27.14156 19.4035 -1.02886 
Schreiber-Pitzer_EoS 100 500 1.440993 231.6332 166.0118 0.620328 
Lee-Kesler_EoS 100 500 1.441352 231.6224 166.1563 0.62038 
Perfect_Gas_EoS 100 500 1.440978 231.4104 166.0333 0.619771 
Schreiber-Pitzer_EoS 500 500 0.28821 231.3921 166.0279 0.155346 
Lee-Kesler_EoS 500 500 0.288574 231.3932 165.7752 0.155787 
Perfect_Gas_EoS 500 500 0.288196 231.4104 166.0333 0.155938 
Schreiber-Pitzer_EoS 1000 500 0.144112 231.0977 166.0348 -0.04585 
Lee-Kesler_EoS 1000 500 0.144483 231.1131 165.2994 -0.04492 
Perfect_Gas_EoS 1000 500 0.144098 231.4104 166.0333 -0.04382 
Schreiber-Pitzer_EoS 3000 500 0.048047 229.9971 166.0458 -0.36821 
Lee-Kesler_EoS 3000 500 0.048443 230.0627 163.4042 -0.36522 
Perfect_Gas_EoS 3000 500 0.048033 231.4104 166.0333 -0.36044 
Schreiber-Pitzer_EoS 5000 500 0.028834 229.0215 166.0509 -0.52115 
Lee-Kesler_EoS 5000 500 0.029254 229.1233 161.5246 -0.51601 
Perfect_Gas_EoS 5000 500 0.02882 231.4104 166.0333 -0.50766 
Schreiber-Pitzer_EoS 100 800 2.305593 552.8368 400.6438 1.12224 
Lee-Kesler_EoS 100 800 2.306278 552.82 400.8613 1.122296 
Perfect_Gas_EoS 100 800 2.305565 552.5325 400.6966 1.121564 
Schreiber-Pitzer_EoS 500 800 0.46114 552.9204 400.6696 0.657734 
Lee-Kesler_EoS 500 800 0.461829 552.8917 400.6464 0.658196 
Perfect_Gas_EoS 500 800 0.461113 552.5325 400.6966 0.657731 
Schreiber-Pitzer_EoS 1000 800 0.230584 553.0289 400.6806 0.457131 
Lee-Kesler_EoS 1000 800 0.231276 552.985 400.3783 0.458102 
Perfect_Gas_EoS 1000 800 0.230557 552.5325 400.6966 0.457969 
Schreiber-Pitzer_EoS 3000 800 0.07688 553.5064 400.6982 0.137151 
Lee-Kesler_EoS 3000 800 0.077585 553.3975 399.3115 0.140187 
Perfect_Gas_EoS 3000 800 0.076852 552.5325 400.6966 0.141354 
Schreiber-Pitzer_EoS 5000 800 0.046139 554.0546 400.7064 -0.01343 
Lee-Kesler_EoS 5000 800 0.046857 553.8714 398.254 -0.00829 
Perfect_Gas_EoS 5000 800 0.046111 552.5325 400.6966 -0.00586 

 

 

By using equations given above a class called Gmix_SP is developed. The result of this class is 

compared with results of Perfect gas EoS, Gmix_PG, and  and Lee-Kesler EoS,Gmix_LK. 

 



 
Figure 3.1 Enthalpy difference of Schereiber-Pitzer and perfect gas EOS  

 
Figure 4.2 Enthalpy difference of Schereiber-Pitzer and perfect gas EOS 

 



 
Figure 4.3 Entropy difference of Schereiber-Pitzer and perfect gas EOS  

 

 
Figure 4.4 Speed of sound difference of Schereiber-Pitzer and perfect gas EOS 

 



 
Figure 4.5 Enthalpy difference of Schereiber-Pitzer and Lee-Kesler EOS 

 
Figure 4.5 Entropy difference of Schereiber-Pitzer and Lee-Kesler EOS 

 

2.4 ISO 17584-2005  EQUATION OF STATE  

 

International Standard organisation defined a standard equation of state for refrigerants. So far 

the standard is unfinished and does not include properties of all refrigerants but still the best 

resource to define their properties. The standart includes the following refrigerants: 

R744(Carbondiokside), R717(Ammmonia), R12(dichlorodiflorometane), 

R22(chlorodiflorometane), R32(Diflorometane), R123(2,2dichloro,1,1,1trifloroetane), 

R125(Pentafloroetane), R134a(1,1,1,2tetrafloroethane), R143a(1,1,1,trifloroetane), 

R152a(1,1 difloroetane), R404A-R125/142a/134a(23/25/52), R407C-

R32/125/134a(23/25/52), R410A-R32/125(50/50), R507a-R125/143A(50/50) The standart 

based on Helmholts free enegy type equation of state for pure refrigerants: 

ᶮ ᶮ ᶮ              (2.4.1) 



ñidò in the equation indicates ideal gas and r indicates real gas part of the equation of state. 

ᶮ В ὔȾ† ‏ Ὡὼὴ‌ ‏ ‐ Ὡὼὴ‍ † ‎       (2.4.2) 

In this equation 

t Non-dimensional temperature parameter  T*/T 

T*  Normalisation factor, usually equal to critical temperature  

d Non-dimensional density r/r*  (1/(v r*) 

r* Normalisation factor, usually equal to critical density 

Nk 
Coefficients of the equations 

ak,bk,ek,gk Coefficients of the equations 

tk,dk,lk,mk 
Power coefficients of the equation 

Ideal gas term of the equation : 

ᶮ ρ ὰὲ ᷿ ὅȟὨὝ ᷿
ȟ
ὨὝ   (2.4.3) 

In this equation 

href : ideal gas enthalpy referance state () 

sref : Ķdeal gas entropy reference state (Usually taken as 1 kJ/kg K at 0 C liquid state entropy) 

href  is usually selected as 200 kJ/kg at 0 C liquid . This equation also requires ideal gas 

specific heat values. These values can be computed as: 

ȟ ὧ В ὧὝ В
 

       (2.4.4) 

In this term 

ό , ck, ak and  tk are coefficients 

For some fluids additional components for the ideal gas part of the equation of state is 

defined as:  

ᶮ Ὠ Ὠ† ÌÎ‏ ὨÌÎ† В Ὠ† В ὥὰὲρ ÅØÐ †‎    (2.4.5) 

In the equation  d1, d2 ,d3, dk ,lk, tk are coefficients. Equation  (2.4.5) is same as equation 

(2.4.3) . An equivalent Cp value can also be written as:  

ȟ Ὠ ρ В Ὠὸὸ ρ
ᶻ

В ὥ
 

    (2.4.6) 

For some refrigerants a third term is added to the Helmholts equation of state as  

ᶮ ᶮ ᶮ ᶮ              (2.4.1a) 

ᶮ В ὔ‏Ў ‪                        (2.4. 7) 

In here 

Ў — ὄ ‏ ρ               (2.4.8) 

— ρ † ὃ ‏ ρ Ⱦ    (2.4.9) 

‪ Ὡὼὴὅ ‏ ρ Ὀ † ρ     (2.4.10) 

In equation  Nk, Ak, Bk, Ck, Dk, ak, bk terms are coefficients determined by curve fittings 

data. As an alternative, if Benedict-Webb-Rubin eqution of state is given, this equation can 

be converted into Helmholts free energy form as:  

ὖ ὥ” ÅØÐ
”

”
ὥ”     ςȢτȢρρ 

In this equation  ak are coefficients. Conversion factors are:  
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This equation can be used together with the ideal gas part of the equation to get the complete 

equation of state. When equation of state is obtained, the remaining thermodynamic 

properties can be obtained by deriving Helmholts equation of state as:  
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In the saturation region the following equations can be used to obtain saturation 

thermodynamic properties. 

ὖ†ȟ‏  ὖ†ȟ‏     ςȢτȢςρ 

Ὣ†ȟ‏  Ὣ†ȟ‏     ςȢτȢςς 

 

These saturation properties can also be obtain by using cubic spline interpolation from the 

original data. Cubic spline interpolation was given previously as a method to define specific 

heat data for ideal gas.  

 

If our refrigerant is not a pure fluid, but a mixture of the fluids, by using mixing rules, 

mixture thermodynamic properties can be obtained from the pure fluid properties . 

• • ȟ • ȟ  ςȢτȢςσ   

• ȟ В ὼ•ȟ ὼὰὲὼ Ὢ   ςȢτȢςτ     

xi component molar ratio 

ὼ
ὔ

В ὔ
 ςȢτȢςτÁ 

xilnxi mixing term coming from entropy term.  

f3 and  f4  f4  are used to shift the thermodynamic surface such that the reference state for 

enthalpy is 200 kJ/kg and entropy is 1 kJ/(kgĿK) at the saturated liquid at 0 ÁC, similar to that done for 

the pure 

fluids. Setting the parameters f3 and f4 to zero corresponds to a reference state based solely on the 

constituents of the mixture. 

 

The residual part is given by Equation 



• ȟ ὼ•ȟ ὼὼ•    ςȢτȢςυ 

Ὕᶻ ὼὝᶻ ὼὼ‒ ςȢτȢςφ 

‏
”

”z
 ςȢτȢςχ 

ρ

”z

ὼ

”ᶻ
ὼὼ‚  ςȢτȢςψ 

The parameters xij and  zij are interaction parameters due to coexistance of two fluids 

together. Ti* and ri
* are coefficients of pure fluids, and taken usually as critical values . fij 

function calculated as: 

• Ὂ В ὔ‏ † Ὡὼὴ‏                                (2.4.29) 

As an example of coefficients of the equations, coefficients R744, carbondioxide is given in 

the tables below. For further coefficients, please refer to ISO 17584:2005(E)  standard 

document.   

Table 2.4.1 R744(carbondioxide) coefficients 

k ak bk ck 

0 ð ð 3,5 

1 1.99427042 958.49956 ð 

2 0.621052475 1858.80115 ð 

3 0.411952928 2061.10114 ð 

4 1.04028922 3443.89908 ð 

5 0.083276775 8238.20035 ð 

 

Table 2.4.2 R744(carbondioxide) coefficients 

k Nk tk dk lk ak mk bk gk ek 

1 3.885682320320E-01 0 1 0 0 . .    

2 2.938547594270E+00 0.75 1 0 0 . .    

3 5.586718853490E+00 1 1 0 0 . .    

4 7.675319959250E-01 2 1 0 0 . .    

5 3.172900558040E-01 0.75 2 0 0 . .    

6 5.480331589780E-01 2 2 0 0 . .    

7 1.227941122030E-01 0.75 3 0 0 . .    

8 2.165896154320E+00 1.5 1 1 1 . .    

9 1.584173510970E+00 1.5 2 1 1 . .    

10 2.313270540550E-01 2.5 4 1 1 . .    

11 5.811691643140E-02 0 5 1 1 . .    

12 5.536913720540E-01 1.5 5 1 1 . .    

13 4.894661590940E-01 2 5 1 1 . .    

14 2.427573984350E-02 0 6 1 1 . .    

15 6.249479050170E-02 1 6 1 1 . .    

16 1.217586022520E-01 2 6 1 1 . .    

17 3.705568527010E-01 3 1 2 1 . .    

18 1.677587970040E-02 6 1 2 1 . .    

19 1.196073663800E-01 3 4 2 1 . .    

20 4.561936250880E-02 6 4 2 1 . .    

21 3.561278927030E-02 8 4 2 1 . .    

22 7.442772713210E-03 6 7 2 1 . .    

23 1.739570490240E-03 0 8 2 1 . .    

24 2.181012128950E-02 7 2 3 1 . .    

25 2.433216655920E-02 12 3 3 1 . .    

26 3.744013342350E-02 16 3 3 1 . .    

27 1.433871575690E-01 22 5 4 1 . .    

28 1.349196908330E-01 24 5 4 1 . .    



29 2.315122505350E-02 16 6 4 1 . .    

30 1.236312549290E-02 24 7 4 1 . .    

31 2.105832197290E-03 8 8 4 1 . .    

32 3.395851902640E-04 2 10 4 1 . .    

33 5.599365177160E-03 28 4 5 1 . .    

34 3.033511805560E-04 14 8 6 1 . .    

35 2.136548868830E+02 1 2 2 25 2 325 1.16 1 

36 2.664156914930E+04 0 2 2 25 2 300 1.19 1 

37 2.402721220460E+04 1 2 2 25 2 300 1.19 1 

38 2.834160342400E+02 3 3 2 15 2 275 1.25 1 

39 2.124728440020E+02 3 3 2 20 2 275 1.22 1 

 

Table 2.3.1-3 R744(carbondioxide) Critical region coefficients 

 

k Nk ak bk bk Ak Bk Ck Dk  

40 6.664227654080E-01 3.5 0.875 0.3 0.7 0.3 10 275   

41 7.260863234990E-01 3.5 0.925 0.3 0.7 0.3 10 275   

42 5.506866861280E-02 3 0.875 0.3 0.7 1 12.5 275   

R744 Normalization factors: 

T* = 304.128 2 K, r* = 10.6249063 mol/l, M = 44.009 8 g/mol, R = 8.31451 J/(molĿK) 

R744 Referance parameters 

Tref = 273.15 K, pref = 1.0 kPa, href = 21389.328 J/mol, sref = 155.741 4 J/(molĿK), f1 = 5.805 551 35, 

f2 = 1555.79710 

This EOS is used as a part of package refrigerant.java and induvidual program refISO.java which is 

listed in A5. A user interface of refISO.java is prepared as refTableISO, which has the followng 

output: 

Program List of refISO EOS: 
refISO Basic Equation of state 

refISOTable Graphic user interface program 

refISOModel A subprogram for refrigerants 

refrigerant.java Multi -equation of state based refrigerant properties including 

refISO 

RefrigerantData Data reading and processing for refrigerant 

ref_CS3 Saturatioon properties of refrigerants by using cubic spline 

curve fitting 

refISO17584Data Data reading and processing for refISO17584 

refISO17584 Basic Equation of state 

refISO17584Mix Basic Equation of state for mixtures 

refISO17584Model A subprogram for refISO17584 

refISO17584Table Graphic user interface program 

 

 

 

  



 

2.5 HELMHOLTZ EQUATION OF STATE FOR AMMONIA  
 

As a third example of Helmholtz type equation of states Ammonia equation will be 

investigated. 

ὃ”ȟὝ ὃ Ὕ ὃ ”ȟὝ  (2.5.11)     

In the equation, ñidò indicates ideal gas part, and ñrò indicates real gas part of the equation of 

state. A =U- TS  (2.5.2) is Helmholz free energy 

U-Internal energy (kJ/kg)                 S-Entropy(kj/kg K)         T-Temperature (K) 

A id(T) ïIdeal gas helmholtz free energy 

ὃ”ȟὝ ὃ Ὕ ὃ ”ȟὝ ὃ Ὕ ὙὝὰὲ” ”ὗ”ȟ† ςȢυȢς 

ὃ Ὕ ὙὝὅÌÎὝ ὙὝ ὅὝ ὙὝρ ÌÎὙὝ  ςȢυȢσ 

ὗ”ȟ† ὄ” † †     ςȢυȢτ 

In these t=500/T, T K denotes temperature in Kelvin scale, Gas constant has the value 

of  R=1.2333498 kJ/kgK. Bij and Ci  constants in the equation. r is density. Bij and Ci 

values are given as tables.  
 

Tablo 2.5.3 : Coefficient of Helmholtz free energy equation for ammonia  
Bij  1 2 3 4 5 6 7 8 9 

1 -6.453022 8.0800944 1.0329949 -8.948265 -66.92286 247.34175 -306.5579 161.791 -27.82169 

2 -13.71993 14.35692 55.843956 -169.7777 -1.753944 299.98392 24.116551 -507.4781 298.81292 

3 -8.10062 -45.05298 492.01665 -1236.532 208.55337 4509.0806 -9323.357 8139.4704 -2772.597 

4 -4.880096 -166.189 1737.836 -7812.161 21348.947 -37980.85 42724.099 -27458.71 7668.9287 

5 -12.02878 37.90895 -30.87492 1.7795483 0 0 0 0 0 

6 6.8063459 -40.73021 71.48353 -38.97461 0 0 0 0 0 

 

Coeeficients of ideal gas ,Aid(T, helmholtz free energy is given in the next table.   

                     

Tablo 2.5.4: Coefficient of ideal gas Helmholtz free energy equation for steam  
i Ci i Ci i  

1 -0.38727270E+01 5  0.86890833E-05 9 0.20563027E-16 

2 0.64463724 6 -0.24085149E-07 10 -0.68534200E-20 

3  0.32238759E+01 7  0.36893175E-10 11  0.99392427E-24 

4 -0.21376925E-02 8 -0.35034664E-13   

 

The remaining thermodynamic properties are defined as derivatives of Helmholtz free 

energy equation of state. 
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Internal energy( U),entalphy(H) ve and (S) eqaution references can be calculated as   

S0(T)= -dA0/dT     (2.5.21) 

S0(T)= -R C1 (ln(T) +1)-R ä
=

11

2i

(i-2)Ci T i-3 ïR(ln(RT))                         (2.5.21) 

U0(T) = A0(T) + T S0(T)     (2.5.22) 

Ammonia Helmholtz EOS   is given in refrigerant.java and ammonia.java programs.                                                                   

 

Program List of Ammonia Helmholtz EOS: 
ammonia Basic Equation of state 

ammoniaTable Graphic user interface program 

amoniaModel A subprogram for ammonia 

 

 
 

 

2.6 STEAM(WATER-ICE) EQUATION OF STATES 

 

Steam is one of the most important and most used working fluid in thermodynamic 

systems. More than one equation of state will be introduced in this chapter. One reason 

is historical development of steam EoS and related developments by author. Industrial 

revolution started by using steam as a thermodynamic fluid, therefore need of 

measurement of thermodynamic properties and creating EoS is established. The First 

version will be given here is known as  Joseph H. Keenan, Frederick G. Keyes, Philip 

G. Hill, Joan G. Moore[70] version. Authors published their eqution of state and results 

in book format. Author of this book is used this EoS as a part of his PhD work in 

university of Utah(1983) . EoS codes were developed in Fortran language in that time. 

Later while author of this book teaching thermodynamics in Universirty of Nebraska 

Lincoln a new version in java language is created(2000). In that time US schools were 

teaching thermodynamic by using both english and US system, so this program 

developed accordingly. In relatively recent years International Association of water 



and steam developed new equation of states. The property measurement range and 

accuracy of measurements are extended compare to previous tables, therefore set of 

these EoS are also written as programs in java language at Ege University , 

Turkey(2008,2015,2020). IAPWS equations are also cover ice regions. In 

thermodynamics we usually utilised liquids and gases, but for some problems 

ineraction zones of solid and liquid (or vapor) is important. Ice regions are also 

important ice growing phase change problems in heat transfer. Water ice has different 

crystal structures, some of them existed in high temperatures and very high pressures. 

A T-P diagram of water-steam systems are given below to Show phases of vapor , 

liquid and ice states of water. 

  

 
Source: https://en.wikipedia.org/wiki/Phase_diagram#Binary_phase_diagrams 

Figure 2.6.1 T-P diagram of water-steam-ice with several different crystal structures 

 
A helmholtz free energy equation of state is investigated in the previous sections. The general 

form of Helmholtz equation can be written as 

ὃ”ȟὝ ὃ Ὕ ὃ ”ȟὝ  (2.6.1)     

In the equation, ñidò indicates ideal gas part, and ñrò indicates deviation of EoS from ideal 

gas states. A =U- TS  (2.5.2) is Helmholz free energy 

U-Internal energy (kJ/kg)                 S-Entropy(kj/kg K)         T-Temperature (K) 

A id(T) ïIdeal gas helmholtz free energy. For steam tables equation of state used by J.H. 

Keenan, F.G. Keyes , P.G. Hill and J.G. Moore is utilized[70].  
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In these † =1000/T, T K denotes temperature in Kelvin scale, R=4.6151 bar cm3/gram 

K  or 0.46151 kJ/kgK. Bij and Ci  and E = 4.8 constants in yhe equation. r is density. 

Bij and Ci values are given as tables.  
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Tablo 2.6.1 : Coefficient of Helmholtz free energy equation for steam  
Bij  1 2 3 4 5 6 7 

1 29.492937 -5.198586 6.833535 -0.15641 -6.397241 -3.96614 -0.690486 

2 -132.1392 7.777918 -26.14975 -0.725461 26.409282 15.453061 2.740742 

3 274.64632 -33.3019 65.326396 -9.273429 -47.74037 -29.14247 -5.102807 

4 -360.9383 -16.25462 -26.18198 4.312584 56.32313 29.568796 3.963609 

5 342.18431 -177.3107 0 0 0 0 0 

6 -244.5004 127.48742 0 0 0 0 0 

7 155.18535 137.46153 0 0 0 0 0 

8 5.972849 155.97836 0 0 0 0 0 

9 -410.3085 337.3118 -137.4662 6.787498 136.87317 79.84797 13.041253 

10 -416.0586 -209.8887 -733.9685 10.401717 645.8188 399.1757 71.531353 
 

 

Coefficients of ideal gas ,Aid(T, helmholtz free energy is given in the next table.   

                     

Tablo 2.6.2: Coefficient of ideal gas Helmholtz free energy equation for steam  
i Ci i Ci 

1 1857.065 5 -20.5516 

2 3229.12 6 4.85233 

3 -419.465 7 46.0 

4 36.6649 8 -1011.249 

 

The remaining thermodynamic properties are defined as derivatives of Helmholtz free 

energy equation of state. 

 

ὖ ”   (2.6.5) 

ό        (2.6.6) 
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Values of specific enthalpy and specific Gibbs free energy are found in turn from their 

definition in the form of 

 

Ὤ ό ὖὺ        (2.6.8) 

Ὣ ὃ ὖὺ ό Ὕίὖὺ  (2.6.9) 

 

Properties of saturated steam can be calculated as:  

 

ὖ ὖὩὼὴ†ρπ Ὕ Ὕ ὊπȢφυ πȢπρὝ   ςȢφȢρπ 

 

Fi equation constants are given in the table below, Tc and Pc are critical properties : 

 



Table 2.6.3 saturated steam equation constants. 
i Fi i Fi i Fi i Fi 

1 -741.9242 3 -11.55286 5 0.1094098 7 0.2520658 

2 -29.721 4 -0.8685635 6 0.439993 8 0.05218684 

 
A program based on this equation of state is developed to calculate properties of steam (Steam 

tables). Program code is given in A4. The program graphic user interface is given below: 

 
 

Program  2.6.1 steamtest.java    

public class steamtest 

{  

public static void main(String arg[]) 

{steam st=new steam(); 

  st.print("tx",100.0,1.0); 

}}  

 

 
 

Program  2.6.2 steamtest2.java   plotting a T-s diagram constant pressure lines 

 public class steamtest2 

{  

public static void main(String arg[]) 

{ double pp[]={0.001,0.002,0.003,0.004,0.006,0.01,0.015,0.02,0.03,0.04,0.06,0.1,0.2,0.4,0.6,1,2,3,4,6,10,15,20}; 

double pp1[]={220.88,300,400,500,600,700,800,900,1000}; 

steam st=new steam(); 

double a[]; 

double dt=10.0; 

double dt1=1.0; 

int n=(int)((st.Tc-273.15-0.1)/dt1+0.000000000001); 



double T[]=new double[n+2]; 

double s[]=new double[n+2]; 

double T1[]; 

double s1[]; 

double T2[]; 

double s2[]; 

double t=0.1; 

int nn=st.ats.length; 

double ts[]=new double[nn]; 

for(int i=0;i<nn;i++) 

{ts[i]=st.ats[i]-273.15;} 

Plot p=new Plot(st.ass,ts); 

double t1=0; 

int n1=0; 

for(int j=0;j<pp.length;j++) 

{ a=st.property("px",pp[j]*10,0.0); 

  t1=a[1]; 

  n1=(int)((500-t1)/dt+0.00001); 

  T1=new double[n1+2]; 

  s1=new double[n1+2]; 

  T1[0]=t1; 

  s1[0]=a[5]; 

  a=st.property("px",pp[j]*10,1.0); 

  T1[1]=t1; 

  s1[1]=a[5]; 

for(int i=0;i<n1;i++) 

{   t=t1+i*dt; 

 a=st.property("tp",t,pp[j]*10); 

 T1[i+2]=t; 

 s1[i+2]=a[5]; 

}  

p.addData(s1,T1); 

}  

for(int j=0;j<pp1.length;j++) 

{ t1=(st.Tc-273.15-50);  

  n1=(int)((500-t1)/dt1+0.00001); 

  T2=new double[n1]; 

  s2=new double[n1]; 

for(int i=0;i<n1;i++) 

{   t=t1+i*dt1; 

 a=st.property("tp",t,pp1[j]); 

 T2[i]=t; 

 s2[i]=a[5]; 

}  

p.addData(s2,T2); 

}  

p.plot(); 

} }  

 



 
Figure 2.6.2 T-S diagram of steam created by class steam 

Program List of steam EOS: 
steam Basic Equation of state 
steamTable Graphic user interface program 

steamModel A subprogram for steamTable 

 

In previous section An EoS for steam is given. In recent years maximum operating 

temperatures and pressures of Rankine cycle power plants has increased. International 

Association for the Properties of Water and Steam(IAPWS) is developed a new set of 

equation of states which are more accurate and covers larger range of data. This new 

set of equations are developed in 1997[59]. Steam properties are given by 5 sets of 

equation of states, as shown in the Figure 2.6.1 

 
                                  Figure 2.6.3 IAPWS 97 Equation of state regions for steam 

 

The first equation, which covers basically liquid region has the following gibbs free 

energy form: 



Ὣ ὖȟὝ
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Where “  z  †
ᶻ

   p*=16.62 MPa and T*=1386 K   R=0461526 kJ/(kgK) 

Table 2.6.4 coefficients of eqn. 2.6.11 
i Ii Ji ni i Ii Ji ni 

1 0 -2 0.14632971213167 18 2 3 -4.4141845331E-06 

2 0 -1 -0.84548187169114 19 2 17 -7.2694996298E-16 

3 0 0 -3.75636036720400 20 3 -4 -3.1679644845E-05 

4 0 1 3.38551691683850 21 3 0 -2.8270797985E-06 

5 0 2 -0.95791963387872 22 3 6 -8.5205128120E-10 

6 0 3 0.15772038513228 23 4 -5 -2.2425281908E-06 

7 0 4 -0.01661641719950 24 4 -2 -6.5171222896E-07 

8 0 5 0.00081214629984 25 4 10 -1.4341729938E-13 

9 1 -9 0.00028319080124 26 5 -8 -4.0516996860E-07 

10 1 -7 -0.00060706301566 27 8 -11 -1.2734301742E-09 

11 1 -1 -0.01899006821842 28 8 -6 -1.7424871231E-10 

12 1 0 -0.03252974877051 29 21 -29 -6.8762131296E-19 

13 1 1 -0.02184171717541 30 23 -31 1.4478307829E-20 

14 1 3 -0.00005283835797 31 29 -38 2.6335781663E-23 

15 2 -3 -0.00047184321073 32 30 -39 -1.1947622640E-23 

16 2 0 -0.00030001780793 33 31 -40 1.8228094581E-24 

17 2 1 0.00004766139391 34 32 -41 -9.3537087292E-26 

 
Thermodynamic relations can be calculated from these thermodynamic relations 

Specific volume:  ὺ  (2.6.12) 

Specific enthalpy: Ὤ Ὣ Ὕ   (2.6.13) 

Specific internal energy: ό Ὣ Ὕ ὖ   (2.6.14) 

Specific entropy: ί  (2.6.15) 

Specific isobaric heat capacity: ὅ  (2.6.16) 

Specific isochoric heat capacity: ὅ  (2.6.17) 

The second equation equation, which covers vapor region has the following gibbs free 

energy form: 
ȟ

‎“ȟ† ‎ “ȟ† ‎ “ȟ†   (2.6.18) 

Where “  z  †
ᶻ

  R=0.461526 kJ/(kgK), ‎ “ȟ†is the ideal gas part of EOS, 

and ‎ “ȟ†is the real gas departure the EOS. Ķdeal gas part equation: 

‎ “ȟ† ÌÎ“ ὲ†    ςȢφȢρω 

Where P*=1MPa and T*=540 K 

Table 2.6.5 coefficients of eqn. 2.6.19 
i Ji ni

0 i Ji ni
0 

1 0 -9.692768650E+00 6 -2 1.4240819171E+00 
2 1 1.008665597E+01 7 -1 -4.3839511319E+00 
3 -5 -5.608791128E-03 8 2 -2.8408632461E-01 
4 -4 7.145273808E-02 9 3 2.1268463753E-02 
5 -3 -4.071049822E-01       

 
dimensionless residual part of the basic equation g2( p,T ) is as follows: 

‎ “ȟ† ὲ“ † πȢυ     ςȢφȢςπ 



Where P*=1MPa and T*=540 K 

Table 2.6.6 coefficients of eqn. 2.6.20 
 i  Ii  Ji ni  i  Ii  Ji ni 

1 1 0     7 0 -5.9059564324270E-18 
2 1 1 -1.7834862292358E-02 24 7 11 -1.2621808899101E-06 
3 1 2 -4.5996013696365E-02 25 7 25 -3.8946842435739E-02 
4 1 3 -5.7581259083432E-02 26 8 8 1.1256211360459E-11 
5 1 6 -5.0325278727930E-02 27 8 36 -8.2311340897998E+00 
6 2 1 -3.3032641670203E-05 28 9 13 1.9809712802088E-08 
7 2 2 -1.8948987516315E-04 29 10 4 1.0406965210174E-19 
8 2 4 -3.9392777243355E-03 30 10 10 -1.0234747095929E-13 
9 2 7 -4.3797295650573E-02 31 10 14 -1.0018179379511E-09 
10 2 36 -2.6674547914087E-05 32 16 29 -8.0882908646985E-11 
11 3 0 2.0481737692309E-08 33 16 50 1.0693031879409E-01 
12 3 1 4.3870667284435E-07 34 18 57 -3.3662250574171E-01 
13 3 3 -3.2277677238570E-05 35 20 20 8.9185845355421E-25 
14 3 6 -1.5033924542148E-03 36 20 35 3.0629316876232E-13 
15 3 35 -4.0668253562649E-02 37 20 48 -4.2002467698208E-06 
16 4 1 -7.8847309559367E-10 38 21 21 -5.9056029685639E-26 
17 4 2 1.2790717852285E-08 39 22 53 3.7826947613457E-06 
18 4 3 4.8225372718507E-07 40 23 39 -1.2768608934681E-15 
19 5 7 2.2922076337661E-06 41 24 26 7.3087610595061E-29 
20 6 3 -1.6714766451061E-11 42 24 40 5.5414715350778E-17 
21 6 16 -2.1171472321355E-03 43 24 58 -9.4369707241210E-07 
22 6 35 -2.3895741934104E+01         

 

Region 3 equation is given as Helmholts free energy form: 

Ὢ”ȟὝ

ὙὝ
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Where ‏  z  †
ᶻ

 , T*=Tc=647.096 and  R=0461526 kJ/(kgK) 

Table 2.6.4 coefficients of eqn. 2.6.11 
 i  Ii  Ji ni  i  Ii  Ji ni 

1 0 0 1.065807002851E+00 21 3 4 -2.0189915023570E+00 
2 0 0 -1.573284529024E+01 22 3 16 -8.2147637173963E-03 
3 0 1 2.094439697431E+01 23 3 26 -4.7596035734923E-01 
4 0 2 -7.686770787872E+00 24 4 0 4.3984074473500E-02 
5 0 7 2.618594778795E+00 25 4 2 -4.4476435428739E-01 
6 0 10 -2.808078114862E+00 26 4 4 9.0572070719733E-01 
7 0 12 1.205336969652E+00 27 4 26 7.0522450087967E-01 
8 0 23 -8.456681281250E-03 28 5 1 1.0770512626332E-01 
9 1 2 -1.265431547771E+00 29 5 3 -3.2913623258954E-01 
10 1 6 -1.152440780668E+00 30 5 26 -5.0871062041158E-01 
11 1 15 8.852104398432E-01 31 6 0 -2.2175400873096E-02 
12 1 17 -6.420776518161E-01 32 6 2 9.4260751665092E-02 
13 2 0 3.849346018667E-01 33 6 26 1.6436278447961E-01 
14 2 2 -8.521470882421E-01 34 7 2 -1.3503372241348E-02 
15 2 6 4.897228154188E+00 35 8 26 -1.4834345352472E-02 
16 2 7 -3.050261725697E+00 36 9 2 5.7922953628084E-04 
17 2 22 3.942053687915E-02 37 9 26 3.2308904703711E-03 
18 2 26 1.255840842431E-01 38 10 0 8.0964802996215E-05 
19 3 0 -2.799932969871E-01 39 10 1 -1.6557679795037E-04 
20 3 2 1.389979956946E+00 40 11 26 -4.4923899061815E-05 

 

It should be noted that this set of equation is function of density and temperature, and basic equation is 

helmholts equation so, let us list definition of other thermodynamic properties 

Pressure: ὖ ”  (2.6.12) 

Specific enthalpy: Ὤ Ὢ Ὕ ”  (2.6.13) 

Specific internal energy: ό Ὢ Ὕ  (2.6.14) 

Specific entropy: ί  (2.6.15) 

Specific isobaric heat capacity: ὅ  (2.6.16) 

 

Specific isochoric heat capacity: ὅ  (2.6.17) 

Region 4 of the equation defines saturation region. The basic equation is given as a polynomial 
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  (2.6.20) 

From this equation both saturation pressure and saturation temperature equation can 

be derived. 

ᶻ Ȣ
 (2.6.21) 

Where P*=1 MPa 

ὃ ‮ ὲ‮ ὲ  
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Table 2.6.5 coefficients of eqn. 2.6.21 

i ni i ni 

1 1.1670521453E+03 6 1.4915108614E+01 

2 -7.2421316703E+05 7 -4.8232657362E+03 

3 -1.7073846940E+01 8 4.0511340542E+05 

4 1.2020824702E+04 9 -2.3855557568E-01 

5 -3.2325550322E+06 10 6.5017534845E+02 

It is also possible to drive saturation temperature equation from the basic polynomial as: 
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Where T*=1 K 
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And the final region for steam is region 5, again given as gibbs free equation type EOS 
ȟ

‎“ȟ† ‎ “ȟ† ‎ “ȟ†  (2.6.23) 

Where “  z  †
ᶻ

    R=0.461526 kJ/(kgK), ‎ “ȟ†is the ideal gas part of EOS, 

and ‎ “ȟ†is the real gas difference of the EOS. Ķdeal gas part equation: 

‎ “ȟ† ÌÎ“ В ὲ†   (2.6.24) 

Where p*=1MPa and T*=1000 K 

Table 2.6.6 coefficients of eqn. 2.6.24 

 i  Ji
0  ni

0  i  Ji
0  ni

0 

1 0 -13.1799836742 4 -2 0.3690153498 

2 1 6.8540841634 5 -1 -3.1161318214 

3 -3 -0.0248051489 6 2 -0.3296162654 

The real gas part of the equation 

‎ “ȟ† ὲ“†   ςȢφȢςυ 

Table 2.6.7 coefficients of eqn. 2.6.25 

i Ii Ji ni i Ii Ji ni 

1 1 1 1.5736404855E-03 4 2 3 2.2440037409E-06 

2 1 2 9.0153761674E-04 5 2 9 -4.1163275453E-06 

3 1 3 -5.0270077678E-03 6 3 7 3.7919454823E-08 

 



At reference [29] more detailed set of equations are given for this calculations, for example 

reverse equation sets are given so that instead of additional curve fitting to get the variables 

this additional sets can be utilized A program in java (steamIAPWS_IF97) is prepared to use 

this set of EOS. A user interface is also prepared (steamTableIF97.java). The user interface 

input frame is given in the following figure 

 

Program List of IAPWS IF97 EOS: 
steamIAPWS_IF97 Basic Equation of state 
steamTableIF97 Graphic user interface program 

steamModelIF97 A subprogram for steamTableIF97 

 
 

Figure 2.6.2 GUI for thermodynamic properties of steam 

 
 

Sample code to show utilisation of class: 
 public class steamIAPWS_IF97_test1 
{ public static void main(String arg[]) 

  { steamIAPWS_IF97 ap=new steamIAPWS_IF97(); 

   double T=300.0;  //degree K; 
   double P=100.0;  //kPa 

   double a[]=ap.property("tp",T,P); 

   double h=a[3]; 
   double s=a[5]; 

   double Cp=a[7]; 

   String ss="T = "+T+" degree K"+" P = "+P+" kPa"+" h = "+h+" kJ/kg"+" s= "+s+"kJ/kgK "+"Cp ="+Cp+"kJ/kgK "; 
   System.out.println(ss); 

  }  

}  

 
---------- Capture Output ---------- 
> "E:\co\java\bin\java.exe" steamIAPWS_IF97_test1 

T = 300.0 degree K P = 100.0 kPa h = 112.66382328242584 kJ/kg s= 0.3930970472619295kJ/kgK Cp 
=4.181101061896756kJ/kgK  

 

> Terminated with exit code 0. 

 
Input known pairs of method property: 

tp tro vp hp 

vt pv rop ps 

rot pro ph sp 

 

Output array of property method: 



0 P, pressure kPa 

1 T, temperature Degree K 

2 v, specific volume m3/kg 

3 h, enthalpy         kJ/kg 

4 u, internal energy kJ/kg 

5 s, entropy          kJ/(kgK) 

6 x, quality          kg vapor/kg total 

7 Cp, specific heat at constant 

pressure 

kJ/(kgK) 

8 Cv, specific heat at constant 

volume 

kJ/(kgK) 

9 a isobaric thermal expansion 

coefficient 

1/K 

10 k isothermal compressibility kPa 

11 m Dynamic viscosity Pa.s 

12 k Thermal conductivity W/(mK) 

13 Surface tension N/m 

14 Prandtl number  

15 density kg/m3 

16 speed of sound m/s 

 

Sample code to plot T-s diagram by using steamIAPWS_IF97 
 public class steamtest2B 

{  

public static void main(String arg[]) 
{steamIAPWS_IF97 st=new steamIAPWS_IF97(); 

double T2[]; 

double s2[]; 
double t=0.1; 

int nn=st.ats.length; 

double aa[][]=st.TS_data(300.0); 
graph2D p=new graph2D();  

p.addData(aa[0],aa[1]); 

double pp[]={100,500,1000,2000,3000,4000,5000,6000,7000,8000,9000,10000,15000,20000}; 
double pp1[]={22064,25000,30000,40000,50000}; 

int n=200; 

T2=new double[n]; 
s2=new double[n]; 

for(int j=0;j<pp.length;j++) 

{   double a[]=st.property("px",pp[j],0.0); 
     T2[0]=a[1]; 

     s2[0]=a[5]; 

     a=st.property("px",pp[j],1.0); 
     T2[1]=a[1]; 

     s2[1]=a[5]; 

 for(int i=2;i<n;i++) 
   {t=T2[0]+i*5;  

    T2[i]=t; 
    a=st.property("tp",t,pp[j]); 

    s2[i]=a[5]; 

   }  
   p.addData(s2,T2,0,"red"); 

}  

for(int j=0;j<pp1.length;j++) 
{   double t1=st.Tc-200; 

 for(int i=0;i<n;i++) 

   {t=t1+i*5;  

    T2[i]=t; 

    double a[]=st.property("tp",t,pp1[j]); 

    s2[i]=a[5]; 
   }  

   p.addData(s2,T2,0,"blue"); 

}  
p.setPlabel("Steam T-s diagram"); 

p.setXlabel("Entropy s kJ/(kgK)"); 

p.setYlabel("Enthalpy h kJ/kg"); 
p.setGrid(); 

p.plot(); 

}}  



 

 
Figure 2.6.4 T-s diagram of steam created by using steamIAPWS_IF97 

 
public class steamtest_sh 
{  

public static void main(String arg[]) 

{  
steamIAPWS_IF97 st=new steamIAPWS_IF97(); 

 

double t=0.1; 
int nn=st.ats.length; 

graph2D p=new graph2D(); 

double Tmin=273.16; 
double a1[][]=st.sh_data(Tmin); 

p.addData(a1[0],a1[1]); 



int n=10; 

double T2[]=new double[n]; 

double x2[]=new double[n]; 
double s2[]=new double[n]; 

double h2[]=new double[n]; 

double P2[]=new double[n]; 
double xx[]={0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}; 

T2[0]=273.16; 

double dT=(st.Tc-T2[0])/n; 
// quality lines 

for(int j=0;j<xx.length;j++) 

{ for(int i=0;i<n;i++) 
   {t=t=T2[0]+i*dT;  

     T2[i]=t; 
     x2[i]=xx[j];  

     double a[]=st.property("tx",T2[i], x2[i]); 

     s2[i]=a[5]; 
     h2[i]=a[3]; 

   }  

   p.addData(s2,h2,0,"blue"); 

}  

//pressure lines 

double 
pp[]={10,50,100,500,1000,2000,3000,4000,5000,6000,7000,8000,9000,10000,15000,20000,22064,25000,30000,40000,500

00}; 

 
for(int j=0;j<pp.length;j++) 

{   double a[]=st.property("px",pp[j],0.0); 

     s2[0]=a[5]; 
     h2[0]=a[3]; 

     T2[0]=a[1]; 

     a=st.property("px",pp[j],1.0); 
     s2[1]=a[5]; 

     h2[1]=a[3]; 

 for(int i=2;i<n;i++) 
    { t=T2[0]+i*50;  

      T2[i]=t; 

    a=st.property("tp",t,pp[j]); 
    s2[i]=a[5]; 

    h2[i]=a[3]; 

   }  
   p.addData(s2,h2,0,"red"); 

}  

p.setPlabel("Molliere h-s diagram"); 
    p.setXlabel("Entropy s kJ/(kgK)"); 

    p.setYlabel("Enthalpy h kJ/kg"); 

    p.setGrid(); 
p.plot(); 

}  

}  

 



 
Figure 2.6.5 Mollier h-s diagram of steam created by using steamIAPWS_IF97 

 

Another set of equation of state is given by International Association for the Properties 

of Water and Steam(IAPWS). It is called IAPWS 95 EoS[58]. The previous equation 

is for the industrial use for power plants industry, so it covers very high pressure and 

temperatures and furthermore divide the EOS to simple calculatable regions. IAPWS 

95 is designed for scientific calculations. It has only one basics EoS to cover regions 

from ice to steam. 

The water-vapor part is given by IAPWS-95 Helmholtz free energy for water and 

steam[2]. This equation has the following form: 

 
ȟ

f †ȟ‏ f †ȟ‏ f  ȟ†  (2.6.26)‏

Where ‏ ”Ⱦ”  and † ὝȾὝ for steam and water Ὕ=647.096 K, ”=322 kg/m3 

and R=0.46151805 kJ/(kgK). The equation for the ideal gas part of the Helmholtz 

free energy f  :ȟ† can be obtained by using the following equation‏

f †ȟ‏ ÌÎ‏ ὲ ὲ† ὲÌÎ †В ὲὰὲρ Ὡ   (2.6.27) 

Table 2.6.8  Coefficients of Equation 2.6.27 
i ὲ ‎ i ὲ ‎ 

1 -8.32044648201 - 5 0.97315 3.53734222 

2 6.6832105268 - 6 1.27950 7.7473708 

3 3.00632 - 7 0.966956 9.24437796 

4 0.012436 1.28728967 8 0.24873 27.5075105 

 

The equation for the residual part of the Helmholtz free energy f  ȟ† can be‏

obtained by using the following equation: 



f †ȟ‏ В ὲ‏ † В ὲ‏ †Ὡ

В ὲ‏ †Ὡ В ὲЎ Y      (2.6.28) 
With Ў — ὄ ‏ ρ         (2.6.29) 

— ρ † ὃ ‏ ρ Ⱦ    (2.6.30) 

Y Ὡ                       (2.6.31) 

Table 2.6.9  Coefficients of Equation  2.6.28-31 
i ai bi Bi ci di ti ni i i i i Ci Di A i 

1 0 0 0 0 1 -0.5 1.25335479355230E-02 0 0 0 0 0 0 0 
2 0 0 0 0 1 0.875 7.89576347228280E+00 0 0 0 0 0 0 0 
3 0 0 0 0 1 1 -8.78032033035610E+00 0 0 0 0 0 0 0 
4 0 0 0 0 2 0.5 3.18025093454180E-01 0 0 0 0 0 0 0 
5 0 0 0 0 2 0.75 -2.61455338593580E-01 0 0 0 0 0 0 0 
6 0 0 0 0 3 0.375 -7.81997516879810E-03 0 0 0 0 0 0 0 
7 0 0 0 0 4 1 8.80894931021340E-03 0 0 0 0 0 0 0 
8 0 0 0 1 1 4 -6.68565723079650E-01 0 0 0 0 0 0 0 
9 0 0 0 1 1 6 2.04338109509650E-01 0 0 0 0 0 0 0 
10 0 0 0 1 1 12 -6.62126050396870E-05 0 0 0 0 0 0 0 
11 0 0 0 1 2 1 -1.92327211560020E-01 0 0 0 0 0 0 0 
12 0 0 0 1 2 5 -2.57090430034380E-01 0 0 0 0 0 0 0 
13 0 0 0 1 3 4 1.60748684862510E-01 0 0 0 0 0 0 0 
14 0 0 0 1 4 2 -4.00928289258070E-02 0 0 0 0 0 0 0 
15 0 0 0 1 4 13 3.93434226032540E-07 0 0 0 0 0 0 0 
16 0 0 0 1 5 9 -7.59413770881440E-06 0 0 0 0 0 0 0 
17 0 0 0 1 7 3 5.62509793518880E-04 0 0 0 0 0 0 0 
18 0 0 0 1 9 4 -1.56086522571350E-05 0 0 0 0 0 0 0 
19 0 0 0 1 10 11 1.15379964229510E-09 0 0 0 0 0 0 0 
20 0 0 0 1 11 4 3.65821651442040E-07 0 0 0 0 0 0 0 
21 0 0 0 1 13 13 -1.32511800746680E-12 0 0 0 0 0 0 0 
22 0 0 0 1 15 1 -6.26395869124540E-10 0 0 0 0 0 0 0 
23 0 0 0 2 1 7 -1.07936009089320E-01 0 0 0 0 0 0 0 
24 0 0 0 2 2 1 1.76114910087520E-02 0 0 0 0 0 0 0 
25 0 0 0 2 2 9 2.21322951675460E-01 0 0 0 0 0 0 0 
26 0 0 0 2 2 10 -4.02476697635280E-01 0 0 0 0 0 0 0 
27 0 0 0 2 3 10 5.80833999857590E-01 0 0 0 0 0 0 0 
28 0 0 0 2 4 3 4.99691469908060E-03 0 0 0 0 0 0 0 
29 0 0 0 2 4 7 -3.13587007125490E-02 0 0 0 0 0 0 0 
30 0 0 0 2 4 10 -7.43159297103410E-01 0 0 0 0 0 0 0 
31 0 0 0 2 5 10 4.78073299154800E-01 0 0 0 0 0 0 0 
32 0 0 0 2 6 6 2.05279408959480E-02 0 0 0 0 0 0 0 
33 0 0 0 2 6 10 -1.36364351103430E-01 0 0 0 0 0 0 0 
34 0 0 0 2 7 10 1.41806344006170E-02 0 0 0 0 0 0 0 
35 0 0 0 2 9 1 8.33265048807130E-03 0 0 0 0 0 0 0 
36 0 0 0 2 9 2 -2.90523360095850E-02 0 0 0 0 0 0 0 
37 0 0 0 2 9 3 3.86150855742060E-02 0 0 0 0 0 0 0 
38 0 0 0 2 9 4 -2.03934865137040E-02 0 0 0 0 0 0 0 
39 0 0 0 2 9 8 -1.65540500637340E-03 0 0 0 0 0 0 0 
40 0 0 0 2 10 6 1.99555719795410E-03 0 0 0 0 0 0 0 
41 0 0 0 2 10 9 1.58703083241570E-04 0 0 0 0 0 0 0 
42 0 0 0 2 12 8 -1.63885683425300E-05 0 0 0 0 0 0 0 
43 0 0 0 3 3 16 4.36136157238110E-02 0 0 0 0 0 0 0 
44 0 0 0 3 4 22 3.49940054637650E-02 0 0 0 0 0 0 0 
45 0 0 0 3 4 23 -7.67881978446210E-02 0 0 0 0 0 0 0 
46 0 0 0 3 5 23 2.24462773320060E-02 0 0 0 0 0 0 0 
47 0 0 0 4 14 10 -6.26897104146850E-05 0 0 0 0 0 0 0 
48 0 0 0 6 3 50 -5.57111185656450E-10 0 0 0 0 0 0 0 
49 0 0 0 6 6 44 -1.99057183544080E-01 0 0 0 0 0 0 0 
50 0 0 0 6 6 46 3.17774973307380E-01 0 0 0 0 0 0 0 
51 0 0 0 6 6 50 -1.18411824259810E-01 0 0 0 0 0 0 0 
52 0 0 0 0 3 0 -3.13062603234350E+01 20 150 1.2 1 0 0 0 
53 0 0 0 0 3 1 3.15461402377810E+01 20 150 1.2 1 0 0 0 
54 0 0 0 0 3 4 -2.52131543416950E+03 20 250 1.3 1 0 0 0 
55 3.5 0.9 0.2 0 0 0 -1.48746408567240E-01 0 0.3 0 0 28 700 0.32 
56 3.5 1 0.2 0 0 0 3.18061108784440E-01 0 0.3 0 0 32 800 0.32 

 

All thermodynamic values for water-steam can be derived from equation 2.6.26 

Pressure (kPa): 
ȟ

ρ ‏
f ȟ

    (2.6.32) 

Entropy (kJ/(kgK)) : 
ȟ

†
f ȟ f ȟ

f †ȟ‏ f †ȟ‏   (2.6.33) 

Enthalpy (kJ/kg) : 
ȟ

ρ †
f ȟ f ȟ

‏
f ȟ

  (2.6.34) 

Isochoric specific heat Cp(kJ/(kgK)) : 



 
ȟ

† f †ȟ‏ f †ȟ‏

f ȟ f ȟ

f ȟ f ȟ
  (2.6.35) 

For saturation region following equations are given: 
ȟ

ρ ‏
f ȟ

    (2.6.36) 

ͼȟ

ͼ ρ ͼ‏
f ͼȟ

     (2.6.37) 

ȟ

ͼ
ὰὲ

ͼ
  (2.6.38) 

Where ” is saturated liquid density and ”ͼ is saturated vapor density. 

Auxiliary equations for ὖ, ” , ”ͼ, Ὤ , Ὤͼ, , ί , ίͼ is also given in IAPWS-95 as: 

Ὡὼὴ ὥ‮ ὥȢ‮ ὥ‮ ὥȢ‮ ὥ‮ ὥȢ‮   (2.6.39) 

ὰὲ ὥ‮ ρȢυὥȢ‮ σὥ‮ σȢυὥȢ‮ τὥ‮

χȢυὥȢ‮  (2.6.40) 

ρ ὦȾ‮ ὦȾ‮ ὦȾ‮ ὦ‮ Ⱦ ὦ‮ Ⱦ ὦ‮ Ⱦ   (2.6.41) 

ὰὲ
ͼ

ὩὼὴὧȾ‮ ὧȾ‮ ὧȾ‮ ὧ‮ Ⱦ ὧ‮ Ⱦ ὧ‮ Ⱦ  (2.6.42) 

Ὠ Ὠ— Ὠ— Ὠ—Ȣ Ὠ— Ὠ— Ȣ    (2.6.43) 

Ὡ Ὠ— Ὠὰὲ—Ὠ—Ȣ Ὠ— Ὠ— Ȣ  (2.6.44) 

Ὤ   (2.6.45) 

Ὤͼ
ͼ

    (2.6.46) 

ί •       (2.6.47) 

ίͼ •
ͼ

     (2.6.48) 

 Where ‮ ρ    and —  Coefficient of the Auxiliary equations are as 

follows: 

Table 2.6.10  Coefficients of Auxiliary Equations 2.39-2.6.42 
i A b c 

1 -7.85951783 1.99274064 -2.0315024 

2 1.84408259 1.09965342 -2.68302940 

3 -11.7866497 -0.510839303 -5.38626492 

4 22.6807411 -1.75493479 -17.2991605 

5 -15.9618719 -45.5170352 -44.7586581 

6 1.80122502 -6.74694450e5 -63.9201063 

 

Table 2.6.11  Coefficients of Auxiliary Equations 2.6.43-2.6.48 
i d e 

0 -1135.905627715 2319.5246 

1 -5.65134998e-8  

2 2690.66631  

3 127.287297  

4 -135.003439  

 

Program List of IAPWS95 EOS: 

steam_IAPWS95 Basic Equation of state 



steamTableIAPWS95 Graphic user interface program 

steamModel_IAPWS95 A subprogram for steamTableIAPWS95 

 

A sample output of output of GUI steamTableIAPWS95 

 
 

Sample code to show utilisation of class: 
public class steam_IAPWS95_test1 

{ public static void main(String arg[]) 
  { steam_IAPWS95 ap=new steam_IAPWS95(); 

   double T=300.0;  //degree K; 
   double P=100.0;  //kPa 

   double a[]=ap.property("tp",T,P); 

   double h=a[3]; 
   double s=a[5]; 

   double Cp=a[7]; 

   String ss="T = "+T+" degree K"+" P = "+P+" kPa"+" h = "+h+" kJ/kg"+" s= "+s+"kJ/kgK "+"Cp ="+Cp+"kJ/kgK "; 
   System.out.println(ss); 

  }  

}  

 
---------- Capture Output ---------- 
> "E:\co\java\bin\java.exe" steam_IAPWS95_test1 

T = 300.0 degree K P = 100.0 kPa h = 112.65367945804118 kJ/kg s= 0.393062433009772kJ/kgK Cp 

=4.180639522003496kJ/kgK  
 

> Terminated with exit code 0. 

 
Input known pairs of method property: 

tp tro vp hp 

vt pv rop ps 

rot pro ph sp 



 

Output array of property method: 
0 P, pressure kPa 

1 T, temperature Degree K 

2 v, specific volume m3/kg 

3 h, enthalpy         kJ/kg 

4 u, internal energy kJ/kg 

5 s, entropy          kJ/(kgK) 

6 x, quality          kg vapor/kg total 

7 Cp, specific heat at constant pressure kJ/(kgK) 

8 Cv, specific heat at constant volume kJ/(kgK) 

9 a isobaric thermal expansion coefficient 1/K 

10 k isothermal compressibility kPa 

11 m Dynamic viscosity Pa.s 

12 k Thermal conductivity W/(mK) 

13 Surface tension N/m 

14 Prandtl number  

15 density kg/m3 

16 speed of sound m/s 

 

Sample code to create T-s diagram 
public class steamtest2A 
{ public static void main(String arg[]) 

{  

steam_IAPWS95 st=new steam_IAPWS95(); 

double T2[]; 

double s2[]; 

double t=0.1; 
int nn=st.ats.length; 

Plot p=new Plot(st.ass,st.ats); 

double pp[]={100,500,1000,2000,3000,4000,5000,6000,7000,8000,9000,10000,15000,20000}; 
double pp1[]={22064,30000,40000,50000}; 

int n=200; 

T2=new double[n]; 

s2=new double[n]; 

for(int j=0;j<pp.length;j++) 

{   double a[]=st.property("px",pp[j],0.0); 
     T2[0]=a[1]; 

     s2[0]=a[5]; 

     a=st.property("px",pp[j],1.0); 
     T2[1]=a[1]; 

     s2[1]=a[5]; 

     //System.out.println("T2="+T2[0]+"s20="+s2[0]+"s21="+s2[1]); 
 for(int i=2;i<n;i++) 

   {t=T2[0]+i*5;  

    T2[i]=t; 
    a=st.property("tp",t,pp[j]); 

    s2[i]=a[5]; 

   }  
   p.addData(s2,T2); 

}  

for(int j=0;j<pp1.length;j++) 
{   double t1=st.Tc-200; 

    for(int i=0;i<n;i++) 

   {t=t1+i*5;  
    T2[i]=t; 

    double a[]=st.property("tp",t,pp1[j]); 

    s2[i]=a[5]; 
   }  

   p.addData(s2,T2); 

}  
p.plot(); 

} }  

 



 
Figure 2.6.5 T-s diagram of steam created by using steamIAPWS95 

 
Ice Equation of State (crystal structure Ih) 

The equation of state for ice Ih is in the Gibbs energy form. Independent variables are 

temperature and pressure. 

ὫὝȟὖ Ὣ ὖ ίὝ†

ὝὙὩ ὶ ὸ †ὰὲὸ † ὸ †ὰὲὸ † ςὸÌÎὸ
†

ὸ
 ςȢφȢτω 

Ὣ ὖ Ὣ “ “  

ὶὖ ὶ “ “  

With the reduced temperature † ὝȾὝ, the reduced pressure “ ὖȾὖ and the reduced normal 

pressure “ ὖȾὖ, where Ὕ, ὖ and ὖ are given in the table below. In the equation inside of the 

parenthesis is complex number and the real part of the complex number (Re) is taken out of the 

parenthesis. 

Table 2.6.12. Coefficients of equation of states 

Quantity Symbol Value Unit 

Experimental triple 

point pressure 

ὖ 611.657(10) Pa 

Numerical triple point 

pressure 

ὖ  611.654771007894 Pa 

Normal presure ὖ 101.325 Pa 

Triple point temperature Ὕ 273.16 Degree K 

 

Table 2.6.13 Coefficients of equation of states 

 Coefficient  Real part  Imaginary part  Unit 

 g00 -6.320202E+05    J/kg  
 g01 6.550222E-01    J/kg 



 g02 -1.893699E-08    J/kg 

 g03 3.397461E-15    J/kg 

 g04 -5.564649E-22    J/kg 

 s0(absolute) 1.891300E+02    J/kgK 

 g00(IAPWS-95) -3.327338E+03    J/kgK 

 t1 3.680171E-02 5.108781E-02   

  r1 4.470507E+01 6.568768E+01  J/kgK 

  t2 3.373157E-01 3.354494E-01   

  r20 -7.259746E+01 -7.810084E+01  J/kgK 

  r21 -5.571077E-05 4.645786E-05  J/kgK 

  r22 2.348014E-11 -2.856511E-11  J/kgK 

 

In the table2.6.13,  18 coefficients are listed. All thermodynamic properties can be calculated 

as derivatived of the gibbs energy function. 

Density 

”Ὕȟὖ
ρ

ὺὝȟὖ

‬ὫὝȟὖ

‬ὖ
  ςȢφȢυπ 

Specific entropy 

ίὝȟὖ
ρ

ὺὝȟὖ

‬ὫὝȟὖ

‬Ὕ

 

 ςȢφȢυρ 

Specific isobaric heat capacity 

ὅ Ὕȟὖ Ὕ
‬ίὝȟὖ

‬Ὕ

 

  ςȢφȢυς 

Specific enthalpy 

ὬὝȟὖ ὫὝȟὖ ὝίὝȟὖ  (2.6.53) 

Specific helmholtz energy 

όὝȟὖ ὫὝȟὖ ὝίὝȟὖ ὖὺ   ςȢφȢυτ 

Cubic expansion coefficient 

‌Ὕȟὖ
ρ

ὺ

‬ὺ

‬Ὕ

 

  ςȢφȢυυ 

Isothermal compressibility 

‖ Ὕȟὖ
ρ

ὺ

‬ὺ

‬ὖ

 

  ςȢφȢυφ 

A computer code ice_IAPWSR10_06 is developed to use equation of state for ice Ih  

 
public static void main(String arg[]) 

{  ice_IAPWSR10_06 ice=new ice_IAPWSR10_06(); 
    double T=0; 

    double t=0; 

    double P=0; 
    double b[][]=new double[10][10]; 

    System.out.println("Saturated solid-liquid interface"); 

    int i=0; 

     for(t=0;t>-10;t-=1) 

    {  T=t+273.15; 

     P=ice.Pmelt(T); 
     double 

a[]={T,P,1.0/ice.romelts_T(T),1.0/ice.romeltl_T(T),ice.umelts_T(T),ice.umeltl_T(T),ice.hmelts_T(T),ice.hmeltl_T(T),ice.s
melts_T(T),ice.smeltl_T(T)}; 

     b[i]=a; 

     i++; 
}  

     String s[]={"T degree K","P kPa","vs m^3/kg","vl m^3/kg","us kJ/kg","ul kJ/kg","hs kJ/kg","hl kJ/kg","ss 

kJ/kgK","sl kJ/kgK"}; 
     String s1="Saturated solid ice(Ih) - liquid water"; 

     Text.print(b,s,s1);  

}  

 



 
 

Ice Ih-liquid boundary Melting pressure equation(Temperature range from 273.16 to 

251.165 K) [7] 
ὖȟ

ὖ
ρ πȢφςφὼρπρ — πȢρωχρσυὼρπρ — Ȣ     ςȢφȢυχ 

Where —      Ὕ ςχσȢρφ (triple point) and ὖ πȢφρρφυχ Ὧὖὥ 

Ice III-liquid boundary Melting pressure equation(Temperature range from 251.165 to 

256.164 K)  
ὖȟ

ὖ
ρ πȢςωυςυςρ —     ςȢφȢυψ 

Where —      Ὕ ςυρȢρφυ and ὖ ςπωωππ Ὧὖὥ 

Ice V-liquid boundary Melting pressure equation(Temperature range from 256.164 to 

273.31 K)  
ὖȟ

ὖ
ρ ρȢρψχςρρ —     ςȢφȢυω 

Where —      Ὕ ςυφȢφτ ὑ and ὖ συπρππ Ὧὖὥ 

Ice VI-liquid boundary Melting pressure equation(Temperature range from 273.31 to 

355 K)  
ὖȟ

ὖ
ρ ρȢπχτχφρ —Ȣ     ςȢφȢυω 

Where —      Ὕ ςχσȢσρ ὑ and ὖ φσςτππ Ὧὖὥ 

Ice VII-liquid boundary Melting pressure equation(Temperature range from 355to 715 

K)  

ὰὲ
ὖȟ

ὖ
ρȢχσφψσρ — πȢπυττφπφρ —

πȢψπφρπφὼρπ ρ —     ςȢφȢυω 

Where —      Ὕ συυ ὑ and ὖ ςςρφπππ Ὧὖὥ 

The sublimation pressure equation (Temperature range from 0 K to 273.16 K)  

ὰὲ
ὖ

ὖ
ρσȢωςψρφωρ — Ȣ στȢχπχψςσρ — Ȣ     ςȢφȢφπ 

Where —      Ὕ ςχσȢρφ ὑ and ὖ πȢφρρφυχ Ὧὖὥ 



 
Figure 2.6.6a P-T diagram of steam using steamIAPWS95 

 
Figure 2.6.6b P-T diagram of steam using steamIAPWS95 

 



 
Figure 2.6.6c P-T diagram of steam using steamIAPWS95 

 

 
Figure 2.6.7 cyristal structure of ice Ih 

Source: https://en.wikipedia.org/wiki/Ice_Ih 

 

https://en.wikipedia.org/wiki/Ice_Ih


 
Figure 2.6.7 h-s Enthalpy-entropy diagram (Molier diagram) of water 

 

2.7 MARTIN -HOU EQUATION OF STATE  

 
The Martin-Hou Equation of State is originally published in [31] is 

ὖὝȟὠ В       (2.7.1) where  ‎    (2.7.2) 

In later use of this equation, specially for refrigerants, additional terms are added to obtain 

more accurate fit and equation becomes 

 

ὖὝȟὠ В    (2.7.3) 

 

As examples to the coefficients of these equation R22 coefficients are given in the table 

below: 

Table 2.6.1 R22 Martin Hou denklemi A,B,C kat sayēlarē 

i A B C 

1 0.0 0.0 0.0 

2 -0.87466122549 8.7054394311E-4 -8.8533742184 

3 -0.018939998642 1.4890632572E-4 1.6091656668 

4 0.013524290185 -3.7996244181E-5 0.0 

5 -0.0011768746066 3.0463870398E-6 -0.0058307411777 

6 940018.96962 -2075.798446 0.0 
 

 

 



For R22 refrigerant the other coefficients are: K=4.2, u=101.55456431, and Cô=0.0. It should 

be note that this equation is only valid for gas state. In order to model saturation state and 

liquid state, additional equations are required such as saturation pressure and liquid 

saturation density.  

ÌÏÇὖ ὃ
ὃ

Ὕ

ὃ

Ὕ
ὃÌÏÇὝ ὃὝ ὃὝ ὃὝ

ὃ ὃ Ὕ

Ὕ
ÌÏÇὃ Ὕὃ  

   (2.7.4) 

Saturation data for R22: 

i A i 

1 0.25189356867e2 

2 -0.21362184178e4 

3 0.0 

4 -0.786103122e1 

5 0.39436902792e-2 

6 0.0 

7 0.0 

8 0.445746703 

9 0.38116666667e3 

10 1.8 

 

In order to calculate properties such as enthalpy and entropy, ideal gas specific heat is also 

required, It can be calculated from data as curve fitting as mentioned in ideal gas section or if 

a curve fittig equation is already given, for the specified fluid, it can be used. For example 

for R22, equation in the form 

ὅ Ὕ Ὃ ὋὝ ὋὝ ὋὝ ὋὝ     (2.7.5)   

is given as an accurate approximation, with coefficients 

i Gi  

1 0.10183212e2 

2 0.14697171 

3 -0.76354723e-4 

4 0.0 

5 0.28754121e5 

6 0.0 

 

Density of saturated fluid is an important properties to calculate liquid and saturation 

properties. Martin-Hou equation of State is defined for gases only, therefore an accurate 

estimation for the liquid and saturated region is not available. For the liquid region of R22 

saturated liquid density is given as: 

” Ὁ В Ὁ† Ⱦ   (2.7.6)  

Where  † ρ   (2.7.7) 

With coefficients 

i Ei 

1 0.6068821e1 

2 0.1012108e2 

3 0.6807772e1 

4 -0.4129719e1 

5 0.3792696e1 

 



Saturation vapor pressure is not required as an additional equation to be given, it can be 

obtained directly from eqaution of state, but in order to avoid additional curve fitting 

calculations, it can be given as an additional equation. For R22 

ὰὲ ὰὲ” В Ὂ †Ⱦ Ὂ ÌÎ ρ †   (2.7.8) 

i Fi 

7 -0.1680024749e-4 

11 0.1344723347 

12 -2.845461973 

14 0.1292966614e3 

20 0.3106835616e4 

21 -0.1189422522e5 

22 0.1914759823e5 

23 -0.1472081631e5 

24 0.4527640563e4 

25 0.1306817379e3 

 

Unlisted coefficients in the table is zero. In order to calculate other thermodynamic 

properties, equations previously derived will be utilized as: 

Ὠί ὨὝ Ὠὺ       (1.47) 

Ὠό ὅὨὝ Ὕ ὖὨὺ         (1.48) 

 

If integration carried out for the given equations enthalpy and entropy functions will be as 

follows: 
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ὋὰὲὝ ὋὝ Ὃ Ὃ Ὃ Ὃ ὣ  (2.7.10) 

 

Saturation state can be solved from Classius-Clapeyron equation 

Ὤ Ὤ

Ὕὺ ὺ

‬ὖ

‬Ὕ
 

 

This EOS codes are listed in refrigerant.java program. Program code is given in A5. 

Program List of refrgerant: 

refrigerant Basic Equation of state 

ref_CS3 Saturation properties by using cubic 

spline 

refTable User graphic interface 
 

  



 

2.8 BENEDĶCT-WEBB-RUBĶN (BWR) EQUATION OF STATES: 

 

One of the most used real gas equation of state is Benedict-Webb-Rubin (BWR) equation of 

state which is published in 1940. While looking Lee-Kesler equation, which is a modified form 

of Benedict-Webb_rubin equation, we mentioned this EOS. EOS originally developed to 

predict real gas thermodynamic properties of hydrocarbons. A Modified form of BWR 

equation is also frequently used for refrigerant applications. A java program refrigerantEN is 

developed to predict several refrigerants an some of them are using BWR EOS. The listing of 

the program is given in appendix 5. In this program Refrigerants R134a, R123, R124, 

R125,R50, R702, R720,R732, R740 used a MBWR EOS. In this section, description of 

MBWR EOS will be introduced. 

Modified BWR Equation of state 

В Ὡὼὴ В    (2.8.1) 

 

an  coefficients in the equation is function of temperature  and given in the table below 

Table 2.8-1 an coefficientss for MBWR EOS  
i ai 

1 ὙὝ 

2 
ὦὝ ὦὝȢ ὦ

ὦ

Ὕ

ὦ

Ὕ
 

3 ὦὝ ὦ
ὦ

Ὕ

ὦ

Ὕ
 

4 
ὦ Ὕ ὦ

ὦ

Ὕ
 

5 ὦ  

6 

ὦ

Ὕ

ὦ

Ὕ
 

7 

ὦ

Ὕ
 

8 

ὦ

Ὕ

ὦ

Ὕ
 

9 

ὦ

Ὕ
 

10 

ὦ

Ὕ

ὦ

Ὕ
 

11 

ὦ

Ὕ

ὦ

Ὕ
 

12 

ὦ

Ὕ

ὦ

Ὕ
 

13 

ὦ

Ὕ

ὦ

Ὕ
 

14 

ὦ

Ὕ

ὦ

Ὕ
 

15 

ὦ

Ὕ

ὦ

Ὕ

ὦ

Ὕ
 

 

In this equation T is temperature, degree K, V is specific volume in m3/kmole, Vc is critical 

specific volume in m3/kmole, P is pressure in kPa, R is gas constant. As an example 

constants for R134a refrigerant is given below:  

Table 2.7-2 R134a bi MWBR EOS coefficients 

i bi  i bi 

1  ï6.545 523 5227 Eï02  17  ï1.015 436 8796 Eï02 

2    5.889 375 1817 E+00  18    1.173 423 3787 E+00 

3  ï1.376 178 8409 E+02  19  ï2.730 176 6113 Eï02 

4    2.269 316 8845 E+04  20  ï6.633 850 2898 E+05 

5  ï2.926 261 3296 E+06  21  ï6.475 479 9101 E+07 



6  ï1.192 377 6190 Eï04  22  ï3.729 521 9382 E+04 

7  ï2.721 419 4543 E+00  23    1.261 473 5899 E+09 

8    1.629 525 3680 E+03  24  ï6.474 220 0070 E+02 

9    7.294 220 3182 E+05  25    1.236 245 0399 E+05 

10  ï1.172 451 9115 Eï04  26  ï1.569 919 6293 E+00 

11    8.686 451 0013 Eï01  27  ï5.184 893 2204 E+05 

12  ï3.066 016 8246 E+02  28  ï8.139 632 1392 Eï02 

13  ï2.566 404 7742 Eï02  29    3.032 516 8842 E+01 

14  ï2.438 183 5971 E+00  30    1.339 904 2297 Eï04 

15  ï3.160 316 3961 E+02  31  ï1.585 619 2849 Eï01 

16    3.432 165 1521 Eï01  32    9.067 958 3743 E+00 

 

Table 2.7-3 R134a other coefficients MWBR EOS coefficients 

Chemical formula Sembol CH2FCF3 

Molecular weight  M 102.03 

Boiling temperature 

( 1 Atm) 

  -26.06 

 Critical temperature Tc  101.08 C = 374.23K 

 Critical pressure Pc  4060.3 kPa 

 Critical density rc  515.3 kg/m3 

 Critical volume vc  0.00194 m3/kg 

 

Table 2.7-4 R134a other referance values 

Name of constant     

Ideal Gas constant  R 8.314 J/(mole)K 

Referance enthalpy hf  200 kJ/kg O C de 

 Referance entropy sf  1 kJ/kg 0 C de 

 Atmospheric pressure Patm  101.325 kPa 

 

Saturation pressure equation is defined as partially continious in the range Ὕ Ὕ Ὕ  

 ÌÏÇὖ ὃ ὃÌÏÇὝ ὃὝ ὃὝ ὃὝ ÌÏÇὃ Ὕὃ  

 (2.8.2) 

This equation divided into 6 temperature zones. For R134a for CTC 101100 ¢¢- range, Ai 

coefficients are given in the table below 

       

Table 2.7-5 R134a Saturation pressure equation coefficients at range CTC 101100 ¢¢-  

i A i 

1 4.069889 E+01  

2 ï2.362540 E+03 

3 0.0  

4 ï1.306883 E+01  

5 7.616005 Eï03 

6 0.0 

7 0.0  

8 2.342564 Eï01 

9 3.761111 E+02 

10 1.0 

 

Ideal gas specific heat at constant volume is another important propery to create EOS    

ὅ Ὕ Ὃ ὋὝ ὋὝ ὋὝ                     (2.7-3) 

Saturated liquid density (a property used in Classius-Clapeyron equation for saturation 

enthapy and entropy) can be calculated directly from MBWR EOS, and additional equation 

can still be given for mathematical simplicity 

” Ὁ В Ὁ† Ⱦ  (2.8.4) 



In this equation      is defined as (T and Tc in degree K)  † ρ          (2.8.5) 

     

For R134a saturated liquid density equation coefficients :  

 

Table 2.8.6 -R134a MBWR EOS additional saturated liquid density equation coefficients  

i Ei 

1 5.281464E+02  

2 7.551834E+02  

3 1.028676E+03 

4 ï9.491172E+02 

5 5.935660E+02 

Program List of refrgerant: 

refrigerant Basic Equation of state 

ref_CS3 Saturation properties by using cubic 

spline 

refTable User graphic interface 

 

2.9 IAPWS EQUATION OF STATE FOR DRY AIR  

International Assosiation for Properties of Water and Steam (IAPWS) published and 

equation for dry air [60]. Equation of State (the specific Helmholtz energy) for dry 

air has the following form: 

 

Ὢ Ὕȟ” ‌ †ȟ‏ ‌ †ȟ‏ ‌ †ȟ‏          (2.9.1) 

 

Where RL=8.31451 J/(molK) molar gas constant, MA=0.02896546 kg/mol Molar 

mass of dry air. ‌  ȟ† is ideal gas part of the reduced specific Helmholtz energy‏

and  ‌  .ȟ† is the residual part of the reduced specific Helmholtz energy‏

‌ †ȟ‏ ÌÎ‏ В ὲ† ὲ†Ȣ ὲÌÎ† ὲÌÎρ ÅØÐ ὲ †
ὲÌÎρ ÅØÐ ὲ † ὲ ÌÎςȾσ ÅØÐ ὲ †                  (2.9.2) 

‌ †ȟ‏ В ὲ‏† В ὲ‏† ÅØÐ ὲ‏         (2.9.3) 

Where †
ᶻ

    Ὕᶻ ρσςȢφσρς ὑ  ‏  z  ”ᶻ ρπττχȢχ άέὰȾά  

Table (2.9.1 Coefficients of Equation 2.9.2 
i  ὲ 

1 6.05719400E-08 

2 -2.10274769E-05 

3 -1.58860716E-04 

4 9.74502517E+00 

5 1.00986147E+01 

6 -1.95363420E-04 

7 2.49088803E+00 

8 7.91309509E-01 

9 2.12236768E-01 

10 -1.97938904E-01 

11 2.53636500E+01 

12 1.69074100E+01 

13 8.73127900E+01 

 

Table (2.9.2 Coefficients of Equation 2.9.3 
i ik  jk lk nk 

1 1 0 0 1.181607472290E-01 

2 1 0.33 0 7.131163920790E-01 



3 1 1.01 0 -1.618241920670E+00 

4 2 0 0 7.141401789710E-02 

5 3 0 0 -8.654213966460E-02 

6 3 0.15 0 1.342111767040E-01 

7 4 0 0 1.126267042180E-02 

8 4 0.2 0 -4.205332288420E-02 

9 4 0.35 0 3.490084319820E-02 

10 6 1.35 0 1.649571831860E-04 

11 1 1.6 1 -1.013650379120E-01 

12 3 0.8 1 -1.738136909700E-01 

13 5 0.95 1 -4.721031837310E-02 

14 6 1.25 1 -1.225235542530E-02 

15 1 3.6 3 -1.466296097130E-01 

16 3 6 2 -3.160558798210E-02 

17 11 3.25 2 2.335948061420E-04 

18 1 3.5 3 1.482878919780E-02 

19 3 15 3 -9.387828846670E-03 

 

All thermodynamic values for dry air can be derived from equation (2.9.4) 

Pressure (kPa): ὖὝȟὶέ ”
ȟ

    (2.9.5) 

Entropy (kJ/(kgK)) : ίὝȟὶέ
ȟ

  (2.9.6) 

Enthalpy (kJ/kg) : ὬὝȟὶέ Ὢ Ὕȟ” Ὕ
ȟ

”
ȟ

  (2.9.7) 

Isochoric specific heat Cp(kJ/(kgK)) : 

 ὅ Ὕȟὶέ Ὕ
ȟ

ȟ

ȟ ȟ
  (2.9.8) 

Program List of air_IAPWS: 

Air_IAPWS Basic Equation of state & input-output 

main program 
 

 

 

 

 



 

 
Our basic reason to define equation of states is using them in thermodynamic processes fro 

that reason user of the book should have the ability to use them in their own codes. In order 

to do that a small program example is given here on how to use dry air EOS in your own. 

 
 public class air_IAPWS_test1 

{ public static void main(String arg[]) 

  {air_IAPWS ap=new air_IAPWS(); 

   double T=300.0;  //degree K; 

   double P=100.0;  //kPa 

   double a[]=ap.property("tp",T,P);  

   double h=a[3]; 

   double s=a[5]; 

   double Cp=a[7]; 

   String ss="T = "+T+" degree K"+" P = "+P+" kPa"+" h = "+h+" kJ/kg"+" s= "+s+"kJ/kgK "+"Cp ="+Cp+"kJ/kgK "; 

   System.out.println(ss); 

  }  

}  

 
---------- Capture Output ---------- 

> "E:\co\java\bin\java.exe" air_IAPWS_test1 

T = 300.0 degree K P = 100.0 kPa h = 27.013616191103285 kJ/kg s= 0.09810900607279928kJ/kgK Cp 

=1.0063533483681613kJ/kgK  

 

> Terminated with exit code 0. 

 

Input known pairs of method property: 
tp tro vp hp ts 

vt pv rop ps st 

rot pro ph sp  

 

Output array of property method: 
0 P, pressure kPa 

1 T, temperature Degree K 

2 v, specific volume m3/kg 

3 h, enthalpy         kJ/kg 

4 u, internal energy kJ/kg 

5 s, entropy          kJ/(kgK) 



6 x, quality          kg vapor/kg total 

7 Cp, specific heat at constant 

pressure 

kJ/(kgK) 

8 Cv, specific heat at constant 

volume 

kJ/(kgK) 

9 a isobaric thermal expansion 

coefficient 

1/K 

10 k isothermal compressibility kPa 

11 m Dynamic viscosity Pa.s 

12 k Thermal conductivity W/(mK) 

13 Surface tension N/m 

14 Prandtl number  

15 density kg/m3 

16 speed of sound m/s 

 
2.10 IAPWS EQUATION OF STATE FOR HUMID AIR (DRY AIR ï WATER VAPOR 

MIXTURE)  

 

Equation of state formulations of humid air will be considered three basic parts. The 

first part is for water properties, the second part is for the dry air properties and the 

third part is for the mixed interactions of dry air and water(air-water cross virial 

part). The equation of state is represented here in terms of the specific Helmholtz free 

energy of humid air, f AV, expressed as a function of dry-air mass fraction A (kg dry 

air/kg total), temperature T (degree K) and humid-air mass density ɟ(kg/m3).[58] 

 

Ὢ ὃȟὝȟ” ρ ὃὪ Ὕȟ” ὃὪ Ὕȟ” Ὢ ὃȟὝȟ”  (2.10.1) 

 

In this equation ” ὃ” (2.10.2)  and ” ρ ὃ” (2.10.3) 
The water-vapor part is given by IAPWS-95 Helmholtz free energy for water and steam[58]. 

Which was given in chapter 2.4. Dry air part of the equation is given in chapter 2.8[60]. In real 

gas mixtures interaction between different molecules requaires additional terms in the 

equation. Equation of state for water-dry air interaction: 

 

Ὢ ὃȟὝȟ” ὄ Ὕ ” ὅ Ὕ ὅ Ὕ     

(2.10.4) 

 

ὄ Ὕ ὦВz ὧὝ    (2.10.5) 

ὅ Ὕ ὧВz ὥὝ    (2.10.6) 

ὅ Ὕ ὧᶻὩὼὴВ ὦὝ   (2.10.7) 

 

Where Ὕ  Coefficients of the equation is given in Table 2.10.1 

     Table (2.10.1 Coefficients of Equation 2.10.4-2.10.7        
i  ai  bi  ci  di 

0 4.827370E-04 -1.072888E+01 0.000000E+00 0.000000E+00 

1 1.056780E-03 3.478020E+01 6.656870E+01 -2.370000E-01 

2 -6.563940E-03 -3.833830E+01 -2.388340E+02 -1.048000E+00 

3 2.944420E-02 3.340600E+01 -1.767550E+02 -3.183000E+00 

4 -3.193170E-02 0.000000E+00 0.000000E+00 0.000000E+00 

 

It should be note that this equation is also function of dry-air mass fraction A(kg dry 

air/kg total).  Now we can look at termodynamic properties of humid air as combined 

equation. 

Pressure (kPa): ὖὃȟὝȟὶέ ”
ȟȟ

    (2.10.8) 



Entropy (kJ/(kgK)) : ίὝȟὶέ
ȟȟ

  (2.10.9) 

Enthalpy (kJ/kg) : ὬὝȟὶέ Ὢ ὃȟὝȟ” Ὕ
ȟȟ

”
ȟȟ

  (2.10.10) 

Isochoric specific heat Cp(kJ/(kgK)) : 

 ὅ Ὕȟὶέ Ὕ
ȟȟ

ȟȟ

ȟȟ ȟȟ
  (2.10.11) 

 
Humid air  As a gas mixture, usually utilised in air conditioning industry, definitions used in 

standart air conditioning industry should also be expressed. Some of these properties are: 

 

Humidity ratio  ύ ρ    (2.10.12) 

Mole fraction of dry air ὼ
Ⱦ

Ⱦ
    (2.10.13) 

Mole fraction of water: ρ ὼ (2.10.14) 

Mass fraction of dry air: ὃ
Ⱦ

     (2.10.15) 

Partial pressure of water: ὖ ρ ὼ ὖ   (2.10.16) 

Partial pressure of saturated water: ὖ ρ ὼ ὖ ὖ(T)    (2.10.17) 

Relative humidity: ὙὌ     (2.10.18) 

Degree of saturation ὈὕὛ      (2.10.19) 

Dew point temperature (saturation temperature at partial pressure of water) Ὕ ὖ

Ὕ ρ ὼ ὖ   (2.10.20) 

 

Program List of  humid_air_IAPWS: 
air_IAPWS Basic Equation of state & input-output main program for dry 

air 

steam_IAPWS95 Basic Equation of state for water & steam 

humid_air_IAPWS Basic Equation of state & input-output main program for 
humid air 

 
   public static void main(String arg[]) 

   {humid_air_IAPWS.open("English");} 

 

 



 

 

 

 
Our basic purpose of giving EOS codes are creating processes by using them. In order to do 

this a sample code of using the class and the key input and outputs are given below: 
public class humid_air_IAPWS_test2 

{public static void main(String arg[]) 

 { humid_air_IAPWS ha=new humid_air_IAPWS(); 

   double w=0.01;    //kg su buharē/kg kuru hava 

   double T=300.0;   // derece Kelvin 

   double P=101.325; // kPa   

   double a[]=ha.property("wTP",w,T,P); 

   double h=a[3]; 

   double s=a[5]; 

   double rh=a[8]; 

   double Tas=a[9]; 

   double Td=a[10]; 

   String ss="T = "+T+" degree K"+" P = "+P+" kPa"+"w = "+w+"kg water vapor/kg dry air"+" h = "+h+" kJ/kg humid 

air"+" s= "+s+"kJ/kg humid airK "+"rh="+rh+" Tas="+Tas+" degree K"+" Tdew="+Td+" degree K"; 

   System.out.println(ss); 

   }  

}  

 



---------- Capture Output ---------- 

> "E:\co\java\bin\java.exe" humid_air_IAPWS_test2 

T = 300.0 degree K P = 101.325 kPaw = 0.01kg water vapor/kg dry air h = 51.98926992503951 kJ/kg humid air s= 

0.01kJ/kg humid airK rh=0.453344930359494 Tas=18.657901835175323 degree K Tdew=14.04311399616131 degree K 

> Terminated with exit code 0. 

 

Input property triplets of property class 
String 

variable 

First variable Unit of first 

variable 

second variable Unit of 

secondvariable 

third variable Unit of third 

variable 

ATP A mass ratio Kg dry air/kg 

moist air 

T temperature Degree K P pressure kPa 

ATro A mass ratio Kg dry air/kg 

moist air 

T temperature Degree K r density Kg moist 

air/m3 

wTro Specific 

humidity 

Kg water 

vapor/kg dry air 

T temperature Degree K r density Kg moist 

air/m3 

xATP xA molar 

ratio 

Kmol dry 

air/kmol moist 

air 

T temperature Degree K P pressure kPa 

wTP Specific 

humidity 

Kg water 

vapor/kg dry air 

T temperature Degree K P pressure kPa 

TwP T 

temperature 

Degree K P pressure  P pressure kPa 

rhTP Relative 

humidity 

0-1 T temperature Degree K P pressure kPa 

TrhP T 

temperature 

Degree K Relative 

humidity 

0-1 P pressure kPa 

TTasP T 

temperature 

Degree K T adiabatic 

saturation 

temperature 

Degree K P pressure kPa 

TTdpP T 

temperature 

Degree K T dew point 

temperature 

Degree K P pressure kPa 

AhP A mass ratio Kg dry air/kg 

moist air 

enthalpy kJ/kg moist air P pressure kPa 

whP Specific 

humidity 

Kg water 

vapor/kg dry air 

enthalpy kJ/kg moist air P pressure kPa 

hwP enthalpy kJ/kg moist air Specific 

humidity 

Kg water 

vapor/kg dry air 

P pressure kPa 

ArhP A mass ratio Kg dry air/kg 

moist air 

enthalpy kJ/kg moist air P pressure kPa 

wrhP Specific 

humidity 

Kg water 

vapor/kg dry air 

enthalpy kJ/kg moist air P pressure kPa 

rhwP   Specific 

humidity 

Kg water 

vapor/kg dry air 

P pressure kPa 

 

Output properties of property class 

No name unit 

0 P, pressure kPA 

1 T, temperature deg C 

2 v, specific volume mį/kg humid air 

3 h, enthalpy KJ/kg humid air 

4 s, entropy KJ/kg humid air K 

5 w, specific humidity, humidity ratio kg vap/kg dry air 

6 A, mass fraction of dry air kg dry air/kg humid air 

7 xA, mole fraction of dry air kmol dry air/kmol humid 
air 8 relative humidity   

9 Adyabatic saturation temperature degree C 

10 dew point temperature degree C 

11 ɖ Dynamic viscosity Pa.s 

12 k Thermal conductivity W/mK 

13 degree of saturation   

14 Pa dry air partial pressure kPA 

15 Pv water moisture partial pressure kPa 



16 ɟ density kg humid air/mį 

17 Cp isochoric specific heat kJ/(kg humid air K) 

18 Cv isovolumetric specific heat kJ/(kg humid air K) 

19 ha enthalpy of dry air KJ/kg dry air kJ/(kg humid air ) 

20 hv enthalpy of vapor KJ/kg water kJ/(kg water ) 

 

2.11 PENG-ROBINSON-STRYJEK-VERA (PRSV) EQUATION OF 

STATES: 

Peng-Robinson-Stryjek-Vera (PRSV) equation of state is usually employed fluid mixtures 

rather than the pure fluids. This equation can be used as EOS for refrigerants R404A, R407C, 

R401A, R401B, R402A, R402B 

ὖὺȟὝ             (2.11-1) 

Coefficients defined as 

ὥ ὼὼὥ   ςȢρρς 

ve     

ὦ ὼὦ  ςȢρρσ 

where 

xi=i mole percentages of fluid i in the mixture. 

ὥ πȢτυχςσυ
ὙὝ

ὖ
‌   ςȢρρτ 

ὦ πȢπχχχωφ
ὙὝ

ὖ
  ςȢρρυ 

      kij=interaction coefficient for species i and j  

‌ ρ ‖ὝȢ     ςȢρρφ 

‖ ‖ ‖ ρ ὝȢ πȢχ Ὕ  

      Note: ki=koi  for Tr>0.7  

k πȢσχψψωσρȢτψωχρυσ‫ πȢρχρσρψτψ‫ πȢπρωφυυ‫    (2.11-8) 

Where the value of i1k is the single pure compound adjustable parameter. The value of i1k is 

depends on the values for critical constants Tc, Pc and acentric factor w. Tri is the reduced 

temperature and defined as 

Ὕ   (2.11-9) 

As an example component values for R407C refrigerants is as follows 

Table 2.10-1 R407C component values 

Component i Tci Pci 
iw  i1k  

xi 

R32 1 351.60 5830.0 0.2763 -0.0250 0.38110 

R125 2 339.19 3595.0 0.3023  0.0310 0.17956 

R134a 3 374.20 4056.0 0.3266 -0.0060 0.43934 

For R407C ijk values: 

11k =   0.00000               
12k = -0.00028              13k =-0.00815 

21k =  -0.00028               
22k =  0.00000              23k =-0.00240 



31k =  -0.00815               32k = -0.00240              33k = 0.00000 

 

Ideal gas specific heat should also be given for the EOS. For R407 refrigerant these equation 

is: 

ὅ ὼὅ    ςȢρρȢρπ 

ὅ τȢρψτὃὭ ὄὭὝ ὅὭὝ
ς
ὈὭὝ

σ
ὉὭὝ

τ
ὊὭὝ

υ
   ςȢρρ ρρ          

 

Table 2.11-2 ïfor R407C Cpi coefficients Ai,Bi,Ci,Di,Ei,Fi  : 

A1= 1.226880E+01 B1=-0.699113E-01 

A2= 1.170140E+01 B2= 0.216411E-01 

A3= 0.463685e+01 B3= 0.617914E-01 

  

C1= 0.394642E-03 D1=-0.837462E-06 

C2= 0.868526E-04 D2=-0.112776E-06 

C3=-0.309907E-04 D3= 0.000000E+00 

  

E1=  0.859548E -09 F1=0.000000E+00 

E2=  0.000000E+00 F2=0.000000E+00 

E3=  0.000000E+00 F3=0.000000E+00 

 

Saturation pressure equation:  

logn Psat =A+B/T +C logn T+D T2                                (2.11-12) 

In this equation   Psat is saturation pressure 

For R407C A,B,C,D coefficient of the equation. 

A=4.27103E+01   B=-3.34460E+03  C=-4.39387E+00  D=6.86997E-06 

Program List of refrgerant: 

refrigerant Basic Equation of state 

ref_CS3 Saturation properties by using cubic 

spline 

refTable User graphic interface 

 

 
 



 

 

2.12 THERMODYNAMIC PROPERTIES OF AMMONIA WATER MIXTURE  

 

Ammonia-Water mixture is used in absorbtion refrigeration systems and Kalina power 

cycles, therefore its properties are important for technical applications. So proporties 

of this mixture will be investigated in this chapter. Pure water and ammonia equation 

of states were introduced previously. Mixture properties of this pair can not be obtain 

direcly by using simple mixing rules due to additional energy transfers while mixing 

up this two fluids. In order to investigate thermodynamic properties of the mixture, we 

will start up from liquid saturation temperature of mixture. The equation is:  
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In this equation x is the molar percentage of ammonia in liquid phase. P is pressure in MPa, T0= 100 K,  

p0= 2 MPa are reference values. ai, mi and  ni, are curve fitting values of the equation and given in the 

table below.  

 

Table 2.12-1 liquid- saturation temperature 

equation coefficients of ammonia-water mix 
i mi ni ai 
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3.223020000000E+00 

-3.842060000000E-01 

4.609650000000E-02 

-3.789450000000E-03 

1.356100000000E-04 

4.877550000000E-01 

-1.201080000000E-01 

1.061540000000E-02 

-5.335890000000E-04 

7.850410000000E+00 

-1.159410000000E+01 

-5.231500000000E-02 

4.895960000000E+00 

4.210590000000E-02 

 

vapor saturation temperature of mixture is 
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In this equation y is the molar percentage of ammonia in gas phase. P is pressure in MPa, T0= 100 K,  

p0= 2 MPa are reference values. ai, mi and  ni, are curve fitting values of the equation and given in the 

table below.  

 

Table 2.12-2 vapor- saturation temperature 

equation coefficients of ammonia-water mix 
 

i mi ni ai 
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3.240040E+00 

-3.959200E-01 

4.356240E-02 

-2.189430E-03 

-1.435260E+00 

1.052560E+00 

-7.192810E-02 

1.223620E+01 

-2.243680E+00 

-2.017800E+01 

1.108340E+00 
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1.453990E+01 

6.443120E-01 

-2.212460E+00 

-7.562660E-01 

-1.355290E+00 

1.835410E-01 

 

Liquid phase enthalpy of the mixture : 
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In this equation x is the molar percentage of ammonia in liquid phase. T0= 273.16 K,  h0= 100 kJ/kg,  are 

reference values. ai, mi and  ni, are curve fitting values of the equation and given in the table below.  

 

Table 2.12-3 mixture liquid enthalpy 
i mi ni ai 
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-7.61080000E+00 

2.56905000E+01 

-2.47092000E+02 

3.25952000E+02 

-1.58854000E+02 

6.19084000E+01 

1.14314000E+01 

1.18157000E+00 

2.84179000E+00 

7.41609000E+00 

8.91844000E+02 

-1.61309000E+03 

6.22106000E+02 

-2.07588000E+02 

-6.87393000E+00 

3.50716000E+00 

 

Mixture gas enthalpy : 
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In this equation y is the molar percentage of ammonia in gas phase.  T0=324.0 K, h0=1000 kJ/kg,  are 

referance temperature and pressure. ai, mi and  ni, are curve fitting values of the equation and given in 

the table below.  

Table 2.12-4 mixture vapor enthalpy 
i mi ni ai 
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1.288270000E+00 

1.252470000E-01 

-2.087480000E+00 

2.176960000E+00 

2.356870000E+00 

-8.869870000E+00 

1.026350000E+01 

-2.374400000E+00 

-6.701550000E+00 

1.645080000E+01 

-9.368490000E+00 

8.422540000E+00 

-8.588070000E+00 

-2.770490000E+00 

-9.612480000E-01 

9.880090000E-01 

3.084820000E-01 

 



Mixture specific volume can directly calculated from pure component specific 

volumes. For comparisons, table form of the mixture specific vol¿me values are given 

in the table below.  

 
Table 2.12-5 Saturated liquid phase ammonia vapor mixture specific volume  m3/kg 

T. 
Ammonia concentration  % mass 

  

  

  

  

  

T 

 C 0 10 20 30 40 50 60 70 80 90 100 C 

-10 0.00100 0.00103 0.00106 0.00109 0.00114 0.00118 0.00122 0.00128 0.00135 0.00142 0.00151 -10 

0 0.00100 0.00103 0.00107 0.00110 0.00114 0.00119 0.00124 0.00130 0.00137 0.00146 0.00156 0 

10 0.00100 0.00104 0.00107 0.00111 0.00115 0.00120 0.00125 0.00132 0.00139 0.00149 0.00160 10 

20 0.00100 0.00104 0.00108 0.00112 0.00116 0.00121 0.00127 0.00133 0.00142 0.00152 0.00164 20 

30 0.00100 0.00105 0.00108 0.00113 0.00117 0.00123 0.00128 0.00135 0.00145 0.00156 0.00168 30 

40 0.00101 0.00105 0.00109 0.00114 0.00119 0.00124 0.00130 0.00138 0.00148 0.00159 0.00173 40 

50 0.00101 0.00106 0.00110 0.00115 0.00120 0.00125 0.00132 0.00140 0.00151 0.00163 0.00177 50 

60 0.00102 0.00106 0.00111 0.00116 0.00121 0.00127 0.00134 0.00143 0.00154 0.00167 0.00183 60 

70 0.00102 0.00107 0.00112 0.00117 0.00122 0.00129 0.00136 0.00146 0.00158 0.00172 0.00190 70 

80 0.00103 0.00108 0.00113 0.00118 0.00124 0.00130 0.00139 0.00149 0.00162 0.00178 0.00198 80 

90 0.00104 0.00109 0.00114 0.00119 0.00125 0.00132 0.00141 0.00153 0.00167 0.00184 0.00208 90 

100 0.00104 0.00110 0.00115 0.00121 0.00127 0.00135 0.00145 0.00157 0.00172 0.00191 0.00219 100 

 

 

A program developed to solve water-ammonia mixture.  

Program List of refrgerant: 

ammonia Basic Equation of state 

ammoniaTable Graphical user interface of ammonia 

amoniaModel Subprogram of GUI 

steam Basic equation of state 

water_ammonia_mix Basic Equation of state (utilises 

ammonia and steam classses) 
 

Program 2.12-1 Water ammonia saturation phase diagram at 1 atm pressure 

 import java.io.*; 

import javax.swing.*; 

public class water_ammonia_mix_test{ 

    

   public static void main(String arg[]) 

{      

   water_ammonia_mix1 wamix=new water_ammonia_mix1(); 

   double T1[]=new double[501]; 

   double T2[]=new double[501]; 

   double X[]=new double[501]; 

   double x1[]=new double[2]; 

   double x2[]=new double[2]; 

   double t1[]=new double[2]; 

   double t2[]=new double[2]; 

   double P=101.325; //kPa 

   for(int i=0;i<T1.length;i++) 

   {X[i]=i/500.0;  

   T1[i]=wamix.T_l(P,X[i])-273.15; 

   T2[i]=wamix.T_g(P,X[i])-273.15; 

   }  

   graph2D p=new graph2D(); 

   p.addData(X,T1); 



   p.addData(X,T2); 

   x1[0]=0.3; 

   x1[1]=0.3; 

   x2[0]=0.7; 

   x2[1]=0.7; 

   t1[0]=wamix.T_l(P,x1[0])-273.15; 

   t1[1]=wamix.T_g(P,x1[1])-273.15; 

   t2[0]=wamix.T_l(P,x2[0])-273.15; 

   t2[1]=wamix.T_g(P,x2[1])-273.15; 

   p.addData(x1,t1,0,"blue"); 

   p.addData(x2,t2,0,"red"); 

   p.setPlabel("Water-Ammonia mixture phase diagram P ="+P+" kPa"); 

      p.setXlabel("x molar fraction of NH3 in the liquid phase"); 

      p.setYlabel("Temperature degree C"); 

   p.plot(); 

 

   }  

}  

 

 
Figure 2.14-1 Water ammonia saturation phase diagram at 101.325 kPa pressure 

 

2.13 THERMODYNAMIC PROPERTIES OF LITHIUM BROMIDE WATER 

MIXTURE  

 

2.13 THERMODYNAMIC PROPERTIES OF LITHIUM BROMIDE WATER 

MIXTURE  

 

Lithium bromide-water mixture can also be used in absorbtion cycle and liquid air 

drying process, therefore it is important to obtain thermodynamic properties of this 

mixture as well Similar to Ammonia-Water mixture, mixture properties of 

lithiumbromide-water can not be obtain direcly by using simple mixing rules due to 

additional energy transfers while mixing up this two fluids. The pure 



Lithiumbromide is a salt and can not be obtain in liquid form, therefore the properties 

of pure liquid is not available to us. We will be looked at how to obtain 

thermodynamic properties of this mixture.  

ὖὝȟὼ ὖȟ — Ὕ В ὥὼ πȢτ ὼ   (2.10.1) 

Where Tc=647.096 K 

Table 2.10-1 Coefficients of P(T,x) 

i mi ni ti ai 

1 3 0 0 -2.41303000E+02 

2 4 5 0 1.91750000E+07 

3 4 6 0 -1.75521000E+08 

4 8 3 0 3.25430000E+07 

5 1 0 1 3.92571000E+02 

6 1 2 1 -2.12626000E+03 

7 4 6 1 1.85127000E+08 

8 6 0 1 1.91216000E+03 

 

Mixture density : 

”Ὕȟὼ ρ ὼ”ǋὝ ”В ὥὼ       (2.10.2) 

Where rc=17.873 kmol/m3  , Tc=647.096 K 

 

Table 2.10-2 Coefficients of r(T,x) 

i mi ti ai 

1 1 0 1.746 

2 1 6 4.709 

 

ὅ Ὕȟὼ ρ ὼὅǋὝ ὅȟВ ὥὼ πȢτ ὼ       (2.10.3) 

Where Tc=647.096 K, Cp,t=76.0226 kJ/(kmol K), T0=221 K 

 

Table 2.10-3 Coefficients of Cp(T,x) 

i mi ni ti ai 

1 2 0 0 -1.420940E+01 

2 3 0 0 4.049430E+01 

3 3 1 0 1.111350E+02 

4 3 2 0 2.299800E+02 

5 3 3 0 1.345260E+03 

6 2 0 2 -1.410100E-02 

7 1 3 3 1.249770E-02 

8 1 2 4 -6.832090E-04 

 

Ὕȟὼ ρ ὼ ǋὝ В ὥὼ πȢτ ὼ                  (2.10.4) 

Where hc=37548.5 kJ//kmol, Tc=647.096 K, T0=221 K 

 

Table 2.10-4 Coefficients of h(T,x) 

i mi ni ti ai 

1 1 0 0 2.274310E+00 

2 1 1 0 -7.995110E+00 

3 2 6 0 3.852390E+02 

4 3 6 0 -1.639400E+04 

5 6 2 0 -4.225620E+02 

6 1 0 1 1.133140E-01 

7 3 0 1 -8.334740E+00 

8 5 4 1 -1.738330E+04 

9 4 0 2 6.497630E+00 

10 5 4 2 3.245520E+03 

11 5 5 2 -1.346430E+04 

12 6 5 2 3.993220E+04 



13 6 6 2 -2.588770E+05 

14 1 0 3 -1.930460E-03 

15 2 3 3 2.806160E+00 

16 2 5 3 -4.044790E+01 

17 2 7 3 1.453420E+02 

18 5 0 3 -2.748730E+00 

19 6 3 3 -4.497430E+02 

20 7 1 3 -1.217940E+01 

21 1 0 4 -5.837390E-03 

22 1 4 4 2.339100E-01 

23 2 2 4 3.418880E-01 

24 2 6 4 8.852590E+00 

25 2 7 4 -1.787310E+01 

26 3 0 4 7.351790E-02 

27 1 0 5 -1.794300E-04 

28 1 1 5 1.842610E-03 

29 1 2 5 -6.242820E-03 

30 1 3 5 6.847650E-03 

 

ίὝȟὼ ρ ὼίǋὝ ίВ ὥὼ πȢτ ὼ                  (2.10.5) 

Where sc=79.3933 kJ/(kmolK) , Tc=647.096 K, T0=221 K 

 

Table 2.10-5 Coefficients of s(T,x) 

i mi ni ti ai 

1 1 0 0 1.530910E+00 

2 1 1 0 -4.525640E+00 

3 2 6 0 6.983020E+02 

4 3 6 0 -2.166640E+04 

5 6 2 0 -1.475330E+03 

6 1 0 1 8.470120E-02 

7 3 0 1 -6.595230E+00 

8 5 4 1 -2.953310E+04 

9 1 0 2 9.563140E-03 

10 2 0 2 -1.886790E-01 

11 2 4 2 9.317520E+00 

12 4 0 2 5.781040E+00 

13 5 4 2 1.389310E+04 

14 5 5 2 -1.717620E+04 

15 6 2 2 4.151080E+02 

16 6 5 2 -5.556470E+04 

17 1 0 3 -4.234090E-03 

18 3 4 3 3.052420E+01 

19 5 0 3 -1.676200E+00 

20 7 1 3 1.482830E+01 

21 1 0 4 3.030550E-03 

22 1 2 4 -4.018100E-02 

23 1 4 4 1.492520E-01 

24 2 7 4 2.592400E+00 

25 3 1 4 -1.774210E-01 

26 1 0 5 -6.996500E-05 

27 1 1 5 6.050070E-04 

28 1 2 5 -1.652280E-03 

29 1 3 5 1.229660E-03 

 

In these equations T is in degree K, T0=221 K is a nonlinear parameter of equations. the pressure 

p(T,x) is expressed in terms of the pure water saturation pressure ps(T).  Pure water properties will be 

taken from equation of state described above. The properties of saturated pure liquid water as a 

function of temperature are denoted by apostrophe (rô (T), Cpô(T),hô(T) and sô(T)) in the equations. 

whereas quantities describing the solution have no subscript (p(T,x), h(T,x) etc.).  In these set of 



equations x is the mole fraction of LiBr in solution.  Specific quantities and mass fraction w used in 

common computational practice are related to the molar quantities by the following relations: 

ύ                                                                         (2.10.6) 
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ύ                                                                  (2.10.8) 

and similarly for density, entropy and isobaric heat capacity. Graphical representation of the enthalpy- 

mass percentages of LiBr- Water mixture is given in figure 2.10.1 

 

 
Figure 2.10-1 LithiumBromide-Water mixture enthalpy diagram 

Program List of: water_lithiumbromide_mix 

water_lithiumbromide_mix Basic Equation of state 

steam Basic equation of state 
 

Sample test program: 
public class water_lithiumbromide_mixtest  

{  

public static void main(String arg[]) 

{  

water_lithiumbromide_mix wlb=new water_lithiumbromide_mix(); 

System.out.println("hl(8.550668891085447,0.5)="+wlb.h_lt(8.550668891085447,0.5)); 

System.out.println("hlw(30,0.5)="+wlb.h_ltw(30.0,0.5)); 

System.out.println("T_l(30.0,0.5)="+wlb.t_l(30.0,0.5)); 

System.out.println("T_w(8.550668891085447,0.5)="+wlb.t_w(8.550668891085447,0.5)); 

System.out.println("P(30)="+wlb.P(30)); 

System.out.println("tp(4.245832460932154)="+wlb.t_P(4.245832460932154)); 

}}  

 
---------- Capture Output ---------- 

> "E:\co\java\bin\java.exe" water_lithiumbromide_mixtest 

hl(8.550668891085447,0.5)=60.10609196250109 



hlw(30,0.5)=60.10609196250109 

T_l(30.0,0.5)=8.550668891085447 

T_w(8.550668891085447,0.5)=30.0 

P(30)=4.245832460932154 

tp(4.245832460932154)=29.999999999999968 

 

> Terminated with exit code 0. 

 
import java.io.*; 

import javax.swing.*; 

public class water_lithiumbromide_mixtest2{ 

 

public static void main(String arg[]) 

{     water_lithiumbromide_mix wamix=new water_lithiumbromide_mix(); 

   double T1[]=new double[501]; 

   double T2[]=new double[501]; 

   double X[]=new double[501]; 

   double P=101.325;  //kPa 

   for(int i=0;i<T1.length;i++) 

   {X[i]=i/500.0;  

   T1[i]=wamix.t_w(P,X[i]); 

   T2[i]=wamix.t_w(P,X[i]); 

   }  

   Plot p=new Plot(X,T1); 

   //p.addData(X,T2); 

   p.setPlabel("Water-Lithium bromide mixture phase diagram P ="+P+" kPa"); 

      p.setXlabel("x molar fraction of lithium bromide"); 

      p.setYlabel("Temperature degree C"); 

   p.plot(); 

   }  

}  

 

 
2.14 THERMODYNAMIC PROPERTIES OF SECONDARY COOLANTS & HE AT 

TRANSFER FLUIDS 

As a practical heat transfer fluid a secondary coolant or heat transfer fluid is utilized. In some 

of the refrigeration applications, it is required that transfer medium should performed in low 

temperature ranges (sub zero temperatures). The most common heat transfer fluid is water 

and air. For low temperature applications most common heat transfer fluids are brines 

(mixture of sodiumchloride NaCl and water or potasiumchloride and water), ethylene 

gylicol-water and propylene gylicol-water. Since they are binary mixtures, their properties 

depends on the mixture rate. In addition to that several synthetic oils are used as heat transfer 

fluids both on heat applications and cold applications. Curve fitting functions are used to 

express properties of binary mixtures. For example freezing points of a binary mixture is 

expressed as: 
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In such a binary mixture, properties of density will be given with a curve fitting function again as: 
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ὅ Ὕȟὼ ὥ ὥὼ ὥὝ ὥὼ ὥὝ ὥὼὝ ὥὝ ὥὼὝ ὥὝ ὥὼὝ  

ὥ Ὕ ὥ ὼὝ ὥ Ὕ ὥ ὼὝ ὥ Ὕ  (2.14.3) 

For the enthalpy and entropy general thermodynamic relation is used  

Ὕȟὼ ᷿ ὅ ὝȟὼὨὝwhere Tref=0 degree C     (2.14.4) 
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Some of the basic properties for such binary mixtures are given below as table and graphic 

forms 

 

 Table 2.14.1 Salt (CaCl) -water mixture     
  Cp Freezing  Density at 16 C  Densities at different temperatures   

CaCl 15 C temperatur

e 

NaCl water         

% 

mixtur

e 

J/kgK degree C     -20 C -10 0 C 10 C 

0 4184 0 0 999     ,   

5 3866 -2.4 52.2 1044     1042 1041 

6 3824 -2.9 63 1049     1051 1050 

7 3757 -3.4 74.2 1059     1060 1059 

8 3699 -4.1 85.5 1068     1070 1068 

9 3636 -4.7 96.9 1078     1079 1077 

10 3577 -5.4 108.6 1087     1088 1086 

11 3523 -6.2 120.5 1095     1097 1095 

12 3464 -7.1 132.5 1104     1107 1104 

13 3414 -8 144.8 1113     1116 1114 

14 3364 -9.2 157.1 1123     1126 1123 

15 3318 -10.3 169.8 1132   1140 1136 1133 

16 3259 -11.6 182.6 1141   1150 1145 1142 

17 3209 -13 195.7 1152   1160 1155 1152 

18 3163 -14.5 209 1161   1170 1165 1162 

19 3121 -16.2 222.7 1171   1179 1175 1172 

20 3084 -18 236 1180   1189 1185 1182 

21 3050 -19.9 249.6 1189         

22 2996 -22.1 264.3 1201 1214 1210 1206 1202 

23 2958 -24.4 278.7 1211         

24 2916 -26.8 293.5 1223 1235 1231 1227 1223 

25 2882 -29.4 308.2 1232         

26 2853 -32.1 323.1 1242         

27 2816 -35.1 338.5 1253         

28 2782 -38.8 354 1264         

29 2753 -45.2 369.9 1275         

29.87 2741 -55 378.8 1289         

30 2732 -46 358.4 1294         

32 2678 -28.6 418.1 1316         

34 2636 -15.4 452 1339         

 



 
SPECIFIC HEAT OF CALCIUM 

CHLORIDE  

 

 
VISCOSITY OF CALCIUM CHLORIDE  

 

 

 
DENSITY  OF CALCIUM CHLORIDE  

 

 
THERMAL CONDUCTIVITY OF CALCIUM 

CHLORIDE  

 

 

 Table 2.14.2 Salt (NaCl) ïwater mixture 

properties 

    
  Spec. heat Freezing Density at 16 C  Density in various temperatures   

NaCl 15 C point NaCl water         

% by 

mass 

J/kgK degree C     -10 C 0 C 10 C 20 C 

0 4184 0 0 1000         

5 3925 -2.9 51.7 1035   1038.1 1036.5 1034 

6 3879 -3.6 62.5 1043   1045.8 1043.9 1041.2 

7 3836 -4.3 73.4 1049   1053.7 1051.4 1048.5 

8 3795 -5 84.6 1057   1061.2 1058.9 1055.8 

9 3753 -5.8 95.9 1065   1069 1066.4 1063.2 

10 3715 -6.6 107.2 1072   1076.8 1074 1070.6 

11 3678 -7.3 118.8 1080   1084.8 1081.6 1078.1 

12 3640 -8.2 130.3 1086   1092.4 1089.6 1085.6 

13 3607 -9.1 142.2 1094   1100.3 1097 1093.2 

14 3573 -10.1 154.3 1102   1108.2 1104.7 1100.8 

15 3544 -10.9 166.5 1110 1119.4 1116.2 1112.5 1108.5 

16 3515 -11.9 178.9 1118 1127.6 1124.2 1120.4 1116.2 


