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1. JULIA PROGRAMMING LANGUAGE BASICS
M. Turhan Coban
1.1 LOADING JULIA ENVIRONMENT INTO YOUR COMPUTER

The main source for julia programming languagetips://julialang.org

&% The Julia Programming Languag: X 4
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Donate to the Julia Language through the NumFocus End of the Year Giving program. Donations will be matched 1:1!
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The Julia Programming Language

Download v1.5.3 Documentation

Julia in a Nutshell

It is a free Access programming language with MIT licence.

After loadingup julia programming langage, you will findoin command under julia_home/bin
directory. When you run this julia command, console environment will be opened. If you wish, you
can run your command in console.

E:\co\Julia\bin>julia

Documentation: https://docs.julialang.org
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Or alternatively, write your program in a editor environment and then run by using julia confeand.
julia>julia script.jl argl arg?2...
One of my favorite editor is crimson editbttp://www.crimsoneditor.comto run the programs. It is

a simple editowith build in console environment command runner so you can run your julia
commands without going into console.

Y Crimson Editor - [Text?] - O ®
File Edit Search View Document Project Teols Macros Window Help - &8 x
@ NAY3Ajava @ fwijava @ Buthcherjava & Ru Preferences... @ MNA9Bjava @& MNASFjava & NAJBAjava & NAISjava & diferansiy * "
|
1 Evaluate Line Ctrl+Enter
M5-D05 Shell F10
View in Browser Alt+B
Load User Tools b
Conf, User Tools...



https://julialang.org/downloads/
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I |ser Taoks Initial Dir: ${FileDir] |LI
* User Macros Hot Key: F9
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After setting up write your program (name.jl) iritee editor and run it by usinbe selected hot key
for julia command

E Crimson Editor - [EN\okul\STOTjulial,jl]

— [m| X
File Edit Search View Document Project Tools Macros Window Help - &8 %
& juliat.
—
A
v
>
-——- Capture Cutput ---- -
> "E:\co\Julia\bin\julia.exe™ Jjulial.jl
23
Int&4
> Terminated with exit code 0.

Another good runing and editing environment &iliaPro It is an environment with editors and more
library facilities https://juliacomputing.com/products/juliapyo/

pug %

sz Julia § . e § IR
computing

JuliaPro is free to download and is the fastest on-ramp to Julia for individual researchers, engineers, scientists,
quants, traders, economists, students and others. Julia developers can build better software quicker and easier
while benefiting from Julia’s unparalleled high performance



https://juliacomputing.com/products/juliapro/

1.2BASIC PROCESSESAND VARIABLES

In Julia language when defining the variables, method and classes variable types is not specified.

When the data is loaded to a value into the variable language determine the variable type. Julia can use
variable base definitions for numbers and strings.

Integer types:

Type JavdC Signed? Number of Bits Smallest value Largest value
equivalent

Int8 byte X 8 ¢ =128 ¢ p=127
UInt8 8 0 G [QEVN0)
Int16 short X 16 C ag¢ X o ¢ p=-32767
UInt16 16 0 q 65536
Int32 int X 32 C C p

CPTIXTUY CPTXTUYQg
UInt32 32 0 ¢ 4294967296
Int64 long X 64 C C o]

W COAXY WB COodxWy
Uint64 64 0 1.844674e19
Int128 X 128 C C p

PX TP TP P PX TP TP P
Uint128 128 0 3.402823669e38
Bool 8 false(0) true(1)

Floatingpoint (real ) types

Type Java equivalent| Signed? Number of Bits Smallest value Largest value
Float16 X 16 ¢ =128 ¢ p=127
Float32 float 32 0 q (VN0
Float64 double X 64 q gq¢X @ ¢ p=-32767

Variable type can be investigated by using typeof method

julia> x=277

277

julia> typeof(x)

Int64

julia> y=1.2454353e38
1.2454353e38

julia> typeof(y)

Float64

Additionally, full support for Complex and Rational Numbers is built on top of these primitive
numeric typesBinary and octoganal types can also be used

julia> x=0b01001
0x09




julia> y=0014
0x0c

Types can be converted by using their variable types
julia> x=-1.2

-1.2

julia> y=Float32(x)

-1.2f0

julia> z=0b0010101

0x15

julia> w=Float64(z)

21.0

Floating point numbers have two zeros, positive zeranagdtive zero. Values are equal to each
other, but bit values are different

julia> x=0.0

0.0

julia> y=-0.0

-0.0

julia> z=x==y

true

julia> bitstring(x)
"0000000000000000000000000000000@@O00000000000000000000000000"
julia> bitstring(y)
"100000000000000@MO000000000000@®O000000000000000000000000000"
julia>

Infinities and Notanumber type is also
Paositive infinite Infinite numbers: Infl6 Inf32 Inf
Negative infinite numbersinfl6 -Inf32 -Inf

Not a number: NaN16 NaN32 NaN

An epsilon values also defined
julia> epsl=eps(Float32)
1.192092947

julia> eps2=eps(Float64)
2.220446049250313E5

The following arithmetic operators are defined in Julia

Expression Name Description

+X Unary plus The identitiy operation

-X Unary minus Map values tdheir additive
inverses

X+y Binary plus Perform addition

X-y Binary minus Perform substraction

x*y multiplication Perform multiplication

xly divide Performs division

X Fy integer divide Division truncated to an intege

x\y Knver se di vi de¢Equaivalento y/x




XNy power

X%y remainder

Raises x to the yth power

Negetiation of Bool type

IX negatiation

Bitwise operators

Change true to false false to
true

The following bitwise operators are supported on all primitive integer types:

Expression Name

~X bitwise not

xX&y bitwise and

x|y bitwise or

x% U bitwise xor(exclusive or)
X>>>y Logical shift right

X>>y Arithmetic shift right
X<<y Logical/arithmetic shift left
julia> 123 | 234

251

julia> xor(123,234)

145

julia> 123 & 234

106

julia>

Numeric comparison operators:

== Equality

=T Not equal

< Less than

<=,K Less than or egaul to
> Greater than

BI' = » Greater than or equal to

julia> x=1

1

julia>y=2

2

julia> z=x<=2
true

julia>

Some additional functions for comparisons arailable

Function Test if

isequal(x,y) x and y are identical
isfinite(x) x is a finite number
isinf(x) X is an infinite number
isnan(x) X is a nan

Rounding functions




div(x,y)
fld(x,y)
cld(x,y)
rem(x,y)
mod(X,y)
mod1(Xx,y)
Mod2p(x)
divrem(x,y)
Fldmod(x,y)

gcd(x,y, é
Lcm(x,y, é)

Function Description Return type
round(x) round X to the nearest integer typeof(x)
round(T, X) round x to the nearest integer T
floor(x) round x towardsinf typeof(x)
floor(T,x) round x towardsinf T
ceil(x) round x towards +Inf typeof(x)
ceil(T,x) round x towards +Inf T
trunc(x) round x towards zero typeof(x)
trunc(T,x) round x towards zero T
Division functions
Function Description

Truncated division, quotinent rounded towards zero
floored division, quotinent rounded towardisf
ceeling division, quotinent rounded towards Inf
remainder

modulus

modulus with offset 1

modulus with respect td‘'2

returns (div(x,y),rem(x,y)

returns (div(x,y),mod(x,y)

greatest common divisor pf xy,..

leasposi tive common mul tiple

Sign and absolute value functions

Function
abs(x)
abs2(x)
sign(x)
signbit(x)
copysign(x,y)
flipsign(xy)

Description

a positive value with the magnitude of x

the squared magnitude of x

indicates the sign of x, returning, 0, or +1
indicateswhether the sign bit is on (true) or off (false)
a value with the magnitude of x and the sign of y

a value with the magnitude of x and the sign of x*y

Powers logs and roots

Function
sqrt(x),K E
cbrt(x),z x
hypot(x,y)
exp(x)
expml(x)
Ixdexp(x,n)
log(x)
log(b,x)
log2(x)
log10(x)
log1p(x)
exponent(x)
Significant(x)

Description
Square root of x
Cube root of x

Hypotenuse of righéingled triangle @ ®
natural exponent of XQ
Q o
w; where ninteger
natural logarithm of x
base b logarithm
base 2 logarithm
base 10 logarithm
log(1+x)
Binary exponent of x
binary significand (a.k.a. mantissa) of a floafegnt number x




julia> x=1

1

julia> y=exp(x)
2.718281828459045
julia>

Trigonometric and hyperbolitinctions

sin cos tan cot sec csc sinh cosh tanh coth sech csch asin acos atan acot asec acsc asinh acosh atanh

acoth asech acsch sinc cosc
Trigonometric functions in degree

sind cosd tand cotd secd cscd asind acosd atand acotd asecd acscd

julia> y=exp(x)
2.718281828459045
julia> x=sin(pi)
1.2246467991473532E5
julia> y=cos(pi)

-1.0

julia>

Complex Numbers:

julia> x=1+2.5im

1.0 + 2.5im

julia> y=1.25+2im

1.25 + 2.0im

julia> z=x*y

-3.75 + 5.125im

julia> w=sin(x)

5.16014867579705 + 3.268939432079549im
julia>

Rational numbers

julia> x=6//9
2113

julia> y=-4//8
-1//12

julia> z=x+y
1//6

julia>

Special functions

| Pkg.add(SpecialFunctiong"

Gamma Function

Function Description
gamma(z) gamma functionGa mma ( z ) @ ( z )
loggamma(x) accuratdog(gamma(x)¥or largex

logabsgamma(x)

accuratdog(abs(gamma(x))ijpr largex



https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.gamma-Tuple{Number}
https://en.wikipedia.org/wiki/Gamma_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.loggamma-Tuple{Number}
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.logabsgamma

logfactorial(x)

accuratdog(factorial(x))for largex; same asoggamma(x+1Jor x
> 1, zero otherwise

digammay(x)

digamma functior{i.e. the derivative dbggammaat x)

invdigamma(x)

invdigamma functiorfi.e. inverse ofligammafunction atx using
fixed-point iteration algorithm)

trigamma(x)

trigamma functior(i.e the logarithmic second derivative
of gammaat x)

polygamma(m,x)

polygamma functioti.e the (m+1}th derivative of
theloggamna function atx)

gamma(a,z)

upper incomplete gamnfanction\Ga mma ( a, z) G ( a,

loggamma(a,z)

accuratdog(gamma(a,x)jor large arguments

gamma_inc(a,x,IND)

incomplete gamma function ratio P(a,x) and Q(é,g)evaluates
P(a,x) and Q(a)for accuracy specified by IND and returns tuple

(p.9))

beta_inc(a,b,x,y)

incomplete beta function ratio Ix(a,b) and ly(aibg evaluates
Ix(a,b) and ly(a,b) and returns tuple (p,q))

gamma_inc_inv(a,p,q)

inverse of incomplete gamma function ratio P(a,x) and Q(aex)
evaluates x given P(a,x)=p and Q(a,x)=q

beta(x,y) beta functioratx,y
logbeta(x,y) accuratdog(beta(x,y)Yor largex ory
logabsbeta(x,y) accuratdog(abs(beta(x,y))jor largex or y

logabshinomial(x,y)

accuratdog(abs(binomiln,k))) for largen andk nearn/2

Exponential and Trigonometric Integrals

Function Description

expint (3, z) exponential integrabperatorname{E}\n u ( £z) E 3
expinti(x) exponential integrabperatorname{Ei}(x)Ei(x)

expintx(x) scaledexponential integrad”z\operatorname{E}\n u ( z Jzp z E
sinint(x) sine integraloperatorname{Si}(x)Si(x)

cosint(x) cosine integraloperatorname{Ci}(x)Ci(x)

Error Functions, Dawsor

Function Description

erf(x) error functionatxx

erf(x,y) erfly) T ey f (

erfc(x) complementary error function, i.e. the accurate versidn of
erfcinv(x) inverse function terfc()

erfex(x) scaled complementary error function, i.e. accuea{e"2}
logerfc(x) log of the complementary error function, i.e.

logerfcx(x) log of the scaled complementary error function, i.e.

erfi(x) imaginary error function defined ais

erfinv(x) inverse function terf()

dawson(x) scaled imaginary error function, a.k.a. Dawson function, i.e.

Airy and Related Functions
Function

Description

airyai(z)

Airy Ai function atz



https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.logfactorial
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.digamma
https://en.wikipedia.org/wiki/Digamma_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.invdigamma
http://bariskurt.com/calculating-the-inverse-of-digamma-function/
http://bariskurt.com/calculating-the-inverse-of-digamma-function/
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.trigamma
https://en.wikipedia.org/wiki/Trigamma_function
https://en.wikipedia.org/wiki/Trigamma_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.polygamma
https://en.wikipedia.org/wiki/Polygamma_function
https://en.wikipedia.org/wiki/Polygamma_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.gamma-Tuple{Number,Number}
https://en.wikipedia.org/wiki/Incomplete_gamma_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.loggamma-Tuple{Number,Number}
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.gamma_inc
https://en.wikipedia.org/wiki/Incomplete_gamma_function
https://en.wikipedia.org/wiki/Incomplete_gamma_function
https://en.wikipedia.org/wiki/Incomplete_gamma_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.beta_inc
https://en.wikipedia.org/wiki/Beta_function#Incomplete_beta_function
https://en.wikipedia.org/wiki/Beta_function#Incomplete_beta_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.gamma_inc_inv
https://en.wikipedia.org/wiki/Incomplete_gamma_function
https://en.wikipedia.org/wiki/Incomplete_gamma_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.beta
https://en.wikipedia.org/wiki/Beta_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.logbeta
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.logabsbeta
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.logabsbinomial
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.expint
https://en.wikipedia.org/wiki/Exponential_integral
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.expinti
https://en.wikipedia.org/wiki/Exponential_integral
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.expintx
https://en.wikipedia.org/wiki/Exponential_integral
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.sinint
https://en.wikipedia.org/wiki/Trigonometric_integral#Sine_integral
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.cosint
https://en.wikipedia.org/wiki/Trigonometric_integral#Cosine_integral
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erf
https://en.wikipedia.org/wiki/Error_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erf
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erfc
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erfcinv
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erfc
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erfcx
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.logerfc
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.logerfcx
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erfi
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erfinv
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.erf
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.dawson
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.airyai
https://en.wikipedia.org/wiki/Airy_function

airyaiprime(z)

derivative of the Airy Ai function at

airybi(z)

Airy Bi function atz

airybiprime(z)

derivative of the Airy Bi function at

airyaix(z),airyaiprimex(z) airybix(z), airybiprimex(z)

scaled Airy Ai function andth derivatives ar

Bessel Functions

Function Description
besselj(nu,z) Bessel functiorof the first kind ofordernu atz
besselj0(z) besselj(0,2)
besselj1(z) besselj(1,2)

besseljx(nu,z)

scaled Bessel function of the first kind of orderat z

sphericalbesselj(nu,z)

Spherical Bessel functiaof the first kind of ordenuatz

bessely(nu,z)

Bessel functiorof the second kind of ordeu atz

bessely0(z)

bessely(0,z)

besselyl(z)

bessely(1,z)

besselyx(nu,z)

scaled Bessel function of the second kind of orieat z

sphericalbessely(nu,z)

Spherical Bessel functiaof the second kind of ordewu atz

besselh(nu,k)

Bessel functiorof the third kind (a.k.a. Hankel function) of

hankelh1(nu,z)

besselh(nu, 1, z)

hankelhl1x(nu,z)

scaledbesselh(nu, 1, z)

hankelh2(nu,z)

besselh(nu, 2, z)

hankelh2x(nu,z)

scaledbesselh(nu, 2, z)

besseli(nu,z)

modified Bessefunctionof the first kind of ordenuat z

besselix(nu,z)

scaled modified Bessel function of the first kind of ondieat z

besselk(nu,z)

modified Bessel functiorof the second kind of ordau at z

besselkx(nu,z)

scaled modified Bessel function of the second kind of ardat z

jinc(x)

scaledBessel function of the first kind divided By A.k.a. sombrero

Elliptic Integrals

Function Description
ellipk(m) complete elliptic integral of 1st kind(m)K(m)
ellipe(m) complete elliptic integral of 2nd kir(m)E(m)

Zeta and Related Functions

Function Description
eta(x) Dirichlet eta functioratx
zeta(x) Riemann zeta functioatx

using SpecialFunctions
x=0:5.0
yl=besselj0.(x)

print("x = $x y = $y1")

---------- Capture Output---------
> "C:\cdJulidbin\julia.exe" bessel2.jl

0.1775967713143383]
> Terminated with exit code 0.

x=0.0:1.0:5.0 y =[1.0, 0.7651976865579666, 0.22389077914123b8800519549019335).3971498098638474,

Strings and character

Strings are finite sequences of characters. Of course, the real trouble comes when one asks what a
character isChracters is letters, punctuations, numbers etc. In starting of computer times a standart

called ASCII (American Standart code for Informatloterchange) is developed which basicaly
includes control characters, letters and numbers of american alphabet.

ASCIl Control code chart

Binary Oct | Dec | Hex | Abbreviation

[c] [d] Name (1967)



https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.airyaiprime
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.airybi
https://en.wikipedia.org/wiki/Airy_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.airybiprime
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselj
https://en.wikipedia.org/wiki/Bessel_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselj0
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselj1
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besseljx
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.sphericalbesselj
https://en.wikipedia.org/wiki/Bessel_function#Spherical_Bessel_functions:_jn,_yn
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.bessely
https://en.wikipedia.org/wiki/Bessel_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.bessely0
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.bessely1
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselyx
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.sphericalbessely
https://en.wikipedia.org/wiki/Bessel_function#Spherical_Bessel_functions:_jn,_yn
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselh
https://en.wikipedia.org/wiki/Bessel_function
https://en.wikipedia.org/wiki/Bessel_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.hankelh1
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.hankelh1x
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.hankelh2
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.hankelh2x
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besseli
https://en.wikipedia.org/wiki/Bessel_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselix
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselk
https://en.wikipedia.org/wiki/Bessel_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.besselkx
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.jinc
https://en.wikipedia.org/wiki/Sombrero_function
https://en.wikipedia.org/wiki/Sombrero_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.ellipk
https://en.wikipedia.org/wiki/Elliptic_integral#Notational_variants
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.ellipe
https://en.wikipedia.org/wiki/Elliptic_integral#Complete_elliptic_integral_of_the_second_kind
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.eta
https://en.wikipedia.org/wiki/Dirichlet_eta_function
https://juliamath.github.io/SpecialFunctions.jl/dev/functions_list/#SpecialFunctions.zeta
https://en.wikipedia.org/wiki/Riemann_zeta_function
https://en.wikipedia.org/wiki/Binary_numeral_system
https://en.wikipedia.org/wiki/Octal
https://en.wikipedia.org/wiki/Decimal
https://en.wikipedia.org/wiki/Hexadecimal
https://en.wikipedia.org/wiki/ASCII#cite_note-48
https://en.wikipedia.org/wiki/ASCII#cite_note-49

000 0000
000 0001
000 0010
000 0011
000 0100
000 0101
000 0110
000 0111
000 1000
000 1001
000 1010
000 1011
000 1100
000 1101
000 1110
000 1111
10 000
10 001
10 010
10011
10 100
10 101
10 110
10 111
11 000
11 001
11 010
11011
11100
11101
11 110
11111
1111111

ASCII Character

100 000
100 001
100 010
100 011
100 100
100 101
100 110
100 111
101 000
101 001
101 010
101 011
101 100
101 101
101110
101 111
110 000
110 001
110 010
110 011
110 100
110 101
110 110
110111
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40
41
42
43
44
45
46
47
50
51
52
53
54
55
56
57
60
61
62
63
64
65
66
67

0 0
1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 0A
11 | 0B
12 | oc
13 | oD
14 | OE
15 | OF
16 | 10
17 |11
18 | 12
19 | 13
20 14
21 | 15
22 | 16
23 17
24 | 18
25 | 19
26 1A
27 1B
28 | 1C
29 1D
30 | 1E
31 | 1F
127 | 7F
chart

32 | 20
33 | 21
34 | 22
35 | 23
36 | 24
37 | 25
38 | 26
39 | 27
40 | 28
41 | 29
42 | 2A
43 | 2B
44 | 2c
45 2D
46 | 2E
47 | 2F
48 | 30
49 | 31
50 | 32
51 | 33
52 34
53 | 35
54 | 36
55 37

1963

NULL
SOM
EOA
EOM
EOT
WRU
RU
BELL
FEO
HT/SK
LF
VTAB
FF
CR
e}
S
DCO
DC1
DC2
DC3
DC4
ERR
SYNC
LEM
)
s1
s2
s3
S4
S5
S6
s7
DEL

space
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1965

NUL
SOH
STX
ETX

ENQ
ACK
BEL
BS
HT

VT

DLE

NAK
SYN
ETB
CAN
EM
SS
ESC
FS
GS
RS
us

HHH

SUB

\0

\a
\b
\t
\n
\v
\f
\r

\el!

Null

Start of Heading
Start of Text

End of Text

End of Transmission
Enquiry
Acknowledgement
Bell

Backspacéll
Horizontal Tal$!
Line Feed
Vertical Tab

Form Feed
Carriage Returfl
Shift Out

Shift In

Data Link Escape
Device Control
Device Control 2
Device Control
Device Control 4
Negative
Synchronous Idle
End of Transmission Block
Cancel

End of Medium
Substitute
Escapt

File Separator
Group Separator
Record Separator
Unit Separator
Deletelf


https://en.wikipedia.org/wiki/%5E@
https://en.wikipedia.org/wiki/%5C0
https://en.wikipedia.org/wiki/Null_character
https://en.wikipedia.org/wiki/%5EA
https://en.wikipedia.org/wiki/Start_of_Heading
https://en.wikipedia.org/wiki/%5EB
https://en.wikipedia.org/wiki/Start_of_Text
https://en.wikipedia.org/wiki/%5EC
https://en.wikipedia.org/wiki/End-of-Text_character
https://en.wikipedia.org/wiki/%5ED
https://en.wikipedia.org/wiki/End-of-Transmission_character
https://en.wikipedia.org/wiki/%5EE
https://en.wikipedia.org/wiki/Enquiry_character
https://en.wikipedia.org/wiki/%5EF
https://en.wikipedia.org/wiki/Acknowledge_character
https://en.wikipedia.org/wiki/%5EG
https://en.wikipedia.org/wiki/%5Ca
https://en.wikipedia.org/wiki/Bell_character
https://en.wikipedia.org/wiki/%5EH
https://en.wikipedia.org/wiki/Backspace
https://en.wikipedia.org/wiki/%5EI
https://en.wikipedia.org/wiki/%5Ct
https://en.wikipedia.org/wiki/%5EJ
https://en.wikipedia.org/wiki/%5Cn
https://en.wikipedia.org/wiki/Line_Feed
https://en.wikipedia.org/wiki/%5EK
https://en.wikipedia.org/wiki/%5Cv
https://en.wikipedia.org/wiki/Vertical_Tab
https://en.wikipedia.org/wiki/%5EL
https://en.wikipedia.org/wiki/%5Cf
https://en.wikipedia.org/wiki/Form_Feed
https://en.wikipedia.org/wiki/%5EM
https://en.wikipedia.org/wiki/%5Cr
https://en.wikipedia.org/wiki/%5EN
https://en.wikipedia.org/wiki/Shift_Out
https://en.wikipedia.org/wiki/%5EO
https://en.wikipedia.org/wiki/Shift_In
https://en.wikipedia.org/wiki/%5EP
https://en.wikipedia.org/wiki/Data_Link_Escape
https://en.wikipedia.org/wiki/%5EQ
https://en.wikipedia.org/wiki/%5ER
https://en.wikipedia.org/wiki/Device_Control_2
https://en.wikipedia.org/wiki/%5ES
https://en.wikipedia.org/wiki/%5ET
https://en.wikipedia.org/wiki/Device_Control_4
https://en.wikipedia.org/wiki/%5EU
https://en.wikipedia.org/wiki/Negative-acknowledge_character
https://en.wikipedia.org/wiki/Negative-acknowledge_character
https://en.wikipedia.org/wiki/%5EV
https://en.wikipedia.org/wiki/Synchronous_Idle
https://en.wikipedia.org/wiki/%5EW
https://en.wikipedia.org/wiki/End-of-Transmission-Block_character
https://en.wikipedia.org/wiki/%5EX
https://en.wikipedia.org/wiki/Cancel_character
https://en.wikipedia.org/wiki/%5EY
https://en.wikipedia.org/wiki/End_of_Medium
https://en.wikipedia.org/wiki/%5EZ
https://en.wikipedia.org/wiki/Substitute_character
https://en.wikipedia.org/wiki/%5E%5C
https://en.wikipedia.org/wiki/File_Separator
https://en.wikipedia.org/wiki/Group_Separator
https://en.wikipedia.org/wiki/ASCII#cite_note-56
https://en.wikipedia.org/wiki/Record_Separator
https://en.wikipedia.org/wiki/Unit_Separator
https://en.wikipedia.org/wiki/%5E%3F
https://en.wikipedia.org/wiki/Space_(punctuation)
https://en.wikipedia.org/wiki/Exclamation_mark
https://en.wikipedia.org/wiki/Quotation_mark
https://en.wikipedia.org/wiki/Number_sign
https://en.wikipedia.org/wiki/Dollar_sign
https://en.wikipedia.org/wiki/Percent_sign
https://en.wikipedia.org/wiki/Ampersand
https://en.wikipedia.org/wiki/Apostrophe
https://en.wikipedia.org/wiki/Left_parenthesis
https://en.wikipedia.org/wiki/Right_parenthesis
https://en.wikipedia.org/wiki/Asterisk
https://en.wikipedia.org/wiki/Plus_sign
https://en.wikipedia.org/wiki/Comma
https://en.wikipedia.org/wiki/Hyphen-minus
https://en.wikipedia.org/wiki/Full_stop
https://en.wikipedia.org/wiki/Slash_(punctuation)
https://en.wikipedia.org/wiki/0_(number)
https://en.wikipedia.org/wiki/1_(number)
https://en.wikipedia.org/wiki/2_(number)
https://en.wikipedia.org/wiki/3_(number)
https://en.wikipedia.org/wiki/4_(number)
https://en.wikipedia.org/wiki/5_(number)
https://en.wikipedia.org/wiki/6_(number)
https://en.wikipedia.org/wiki/7_(number)

111 000 700 56 |38 8

111 001 71 57 39 9

111 010 72 | 58 | 3A

111 011 73 |59 |3 ;

111 100 74 60 | 3C <

111101 7% 61 | 3D =

111 110 7% 62 | 3E | >

111 111 77 63 |3F | ?

1000 000 100 | 64 | 40 | @

1000 001 101 65 | 41 | A

1000 010 102 66 | 42 | B

1000 011 103 | 67 | 43 | C

1000 100 104 68 | 44 | D

1000 101 105 69 | 45 | E

1000 110 106 | 70 | 46 | F

1000 111 107 | 71 | 47 | G

1001 000 110 72 | 48 | H

1001 001 111 73 | 49 | |

1001010 112 | 74 | 4A | J

1001011 113 75 | 4B | K

1001 100 114 76 | 4C | L

1001101 115 77 | 4D | M

1001 110 116 | 78 | 4E | N

1001111 117 79 | 4F | O

1010 000 120 | 80 | 50 | P

1010 001 121181 | 51 | Q

1010010 122 82 | 52 | R

1010011 123 83 | 53 | S

1010 100 124184 54 | T

1010 101 1258 | 55 | U

1010 110 126 86 | 56 |V

1010 111 127 | 87 | 57 | W

1011 000 130 | 88 | 58 | X

1011001 131 89 | 59 | Y

1011010 132 90 | 5A | Z

1011011 13391 | 5B | [

1011100 134|192 | 5C |\ ~
1011101 135 | 93 | 5D | ]

1011110 136 | 94 | 5E | ¥ "
1011111 137 | 95 | 5F |V _
1100 000 140 96 | 60 @
1100 001 141 97 | 61 a
1100 010 142 | 98 | 62 b
1100011 143 99 | 63 c
1100 100 144 100 @ 64 d
1100 101 145 101 | 65 e
1100 110 146 102 | 66 f
1100 111 147 103 | 67 g
1101 000 150 104 | 68 h
1101001 151 105 | 69 i
1101010 152 106 | 6A j
1101011 153 107 | 6B k
1101 100 154 108 | 6C I
1101101 155 109 | 6D m
1101110 156 110 @ 6E n
1101111 157 111 | 6F 0
1110 000 160 112 | 70 p
1110001 161 113 | 71 q
1110010 162 114 | 72 r
1110011 163 115 | 73 S
1110 100 164 116 @ 74 t



https://en.wikipedia.org/wiki/8_(number)
https://en.wikipedia.org/wiki/9_(number)
https://en.wikipedia.org/wiki/Colon_(punctuation)
https://en.wikipedia.org/wiki/Semicolon
https://en.wikipedia.org/wiki/Less-than_sign
https://en.wikipedia.org/wiki/Equals_sign
https://en.wikipedia.org/wiki/Greater-than_sign
https://en.wikipedia.org/wiki/Question_mark
https://en.wikipedia.org/wiki/At_sign
https://en.wikipedia.org/wiki/Grave_accent
https://en.wikipedia.org/wiki/At_sign
https://en.wikipedia.org/wiki/A
https://en.wikipedia.org/wiki/B
https://en.wikipedia.org/wiki/C
https://en.wikipedia.org/wiki/D
https://en.wikipedia.org/wiki/E
https://en.wikipedia.org/wiki/F
https://en.wikipedia.org/wiki/G
https://en.wikipedia.org/wiki/H
https://en.wikipedia.org/wiki/I
https://en.wikipedia.org/wiki/J
https://en.wikipedia.org/wiki/K
https://en.wikipedia.org/wiki/L
https://en.wikipedia.org/wiki/M
https://en.wikipedia.org/wiki/N
https://en.wikipedia.org/wiki/O
https://en.wikipedia.org/wiki/P
https://en.wikipedia.org/wiki/Q
https://en.wikipedia.org/wiki/R
https://en.wikipedia.org/wiki/S
https://en.wikipedia.org/wiki/T
https://en.wikipedia.org/wiki/U
https://en.wikipedia.org/wiki/V
https://en.wikipedia.org/wiki/W
https://en.wikipedia.org/wiki/X
https://en.wikipedia.org/wiki/Y
https://en.wikipedia.org/wiki/Z
https://en.wikipedia.org/wiki/Left_square_bracket
https://en.wikipedia.org/wiki/Backslash
https://en.wikipedia.org/wiki/Tilde
https://en.wikipedia.org/wiki/Backslash
https://en.wikipedia.org/wiki/Right_square_bracket
https://en.wikipedia.org/wiki/Up_arrow_(symbol)
https://en.wikipedia.org/wiki/Caret
https://en.wikipedia.org/wiki/Left_arrow_(symbol)
https://en.wikipedia.org/wiki/Underscore
https://en.wikipedia.org/wiki/At_sign
https://en.wikipedia.org/wiki/Grave_accent
https://en.wikipedia.org/wiki/A
https://en.wikipedia.org/wiki/B
https://en.wikipedia.org/wiki/C
https://en.wikipedia.org/wiki/D
https://en.wikipedia.org/wiki/E
https://en.wikipedia.org/wiki/F
https://en.wikipedia.org/wiki/G
https://en.wikipedia.org/wiki/H
https://en.wikipedia.org/wiki/I
https://en.wikipedia.org/wiki/J
https://en.wikipedia.org/wiki/K
https://en.wikipedia.org/wiki/L
https://en.wikipedia.org/wiki/M
https://en.wikipedia.org/wiki/N
https://en.wikipedia.org/wiki/O
https://en.wikipedia.org/wiki/P
https://en.wikipedia.org/wiki/Q
https://en.wikipedia.org/wiki/R
https://en.wikipedia.org/wiki/S
https://en.wikipedia.org/wiki/T

1110101 165 | 117 | 75
1110110 166 | 118 | 76
1110111 167 | 119 | 77
1111 000 170 | 120 | 78
1111001 171 | 121 | 79
1111010 172 | 122 | 7A
1111011 173 | 123 | 7B
1111100 174 | 124 | 7C | ACK
1111101 175 | 125 | 7D
1111110 176 | 126 | 7E SC
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ASCII code does not include the characters of the other languages. A more extended coding for
charactersleveloped by Unicode organisation (Unicode.org)
Table Some unicode character codes
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https://en.wikipedia.org/wiki/U
https://en.wikipedia.org/wiki/V
https://en.wikipedia.org/wiki/W
https://en.wikipedia.org/wiki/X
https://en.wikipedia.org/wiki/Y
https://en.wikipedia.org/wiki/Z
https://en.wikipedia.org/wiki/Left_curly_bracket
https://en.wikipedia.org/wiki/Acknowledge_character
https://en.wikipedia.org/wiki/Not_sign
https://en.wikipedia.org/wiki/Vertical_bar
https://en.wikipedia.org/wiki/Right_curly_bracket
https://en.wikipedia.org/wiki/Escape_character
https://en.wikipedia.org/wiki/Vertical_bar
https://en.wikipedia.org/wiki/Tilde
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2200 Mathematical Operators 22FF
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Chauacters either ASCII or Unicodean be defined by single quote sign. Characters can be combined
to create String variables

julia> c1="0"

'0": UnicodeU+00FC (categy LI: Letter, lowercase)

julia> c2=\u00c7'

'C": Unicode U+00C70ategory Lu: Letter, uppercase)
julia> ¢3="x'

'X": ASCII/Unicode U+0078dategory LI: Letter, lowercase)




julia> c4="y'
'y": ASCII/Unicode U+0079 (category LI: Lettdowercase)

julia> s=string(c1,c2,c3,c4)
"GCxy"

julia> s1="0\u00c7 x y"
"UCxy"

julia>

julia> b1="0"
'0": Unicode U+00FC (category LI: Letter, lowercase)

julia> b2="7"

7 Unicode U+011F (category LI Letter,
julia> b3='¢'

'¢": Unicoce U+00E7 (category LI: Letter, lowercase)

julia> b4="a'

'a": ASCII/Unicode U+0061 (category LI: Letter, lowercase)

julia> b5="b'

'b": ASCIl/Unicode U+0062 (category LI: Letter, lowercase)

julia> b6="c'

'c": ASCIl/Unicode U+0063 (category LI: Lettéowercase)

julia> d="$b1$b2$b3$b4$b53$b6"

"¢] -abcec”

julia> b1=\u03B1'

VR Unicode U+03B1 (category LI Letter,
julia> b2=\u03B2'

b Uni code U+03B2 (category LI Letter,
julia> b3=\u03B3'

"o Uni code U+t B®ercase)at egory LI

julia> b4=\u03B4'

a Unicode U+03B4 (category LI Letter,
julia> b5=\u03B5'

0 Uni code U+03B5 (category LI Letter,
julia> b6=\u03B6'

"' Unicode U+03B6 (category LI Letter

julia> d="$b1$b2$3$b4$b5$b6"
"UboUuUg™




Welcome message (String)

julia> print("Welcome to Julia programming language")
Welcome to Julia programming language

julia>

julia> x="Welcome to Julia Programming language"
"Welcome to Julia Programming language”

julia> print(x)

Welcome to Julia Programming language

julia>

In order to combine different string together (concatenatiGmused
julia> x="Hello"*" world"*" \n"
"Hello world\n"

julia> print(x)
Constructing strings using concatenation can becomecaribersome, however. To reduce the need for these

verbose calls to string or repeated multiplications, Julia allows interpolation into string literals using $,
julia> s1="Hello"
"Hello"
julia> s2="World"
"World"
julia> x="$s1,$sh"
"Hello,World\n"
The slortest complete expression after the $ is taken as the expression whose value is to be interpola

the string. Thus, you can interpolate any expression into a string using parentheses:
julia> x=1
1
julia> y=2
2
julia> s="x+y=$(x+y)"
wby=3"

julia> c1="0"
'0": Unicode U+00FC (category LI: Letter, lowercase)

julia> c2=\u00c7'
'C": Unicode U+00C7 (category Lu: Letter, uppercase)

julia> x="Hello,$c1,$c2"

"Hello,u,C"
Longer than one |line of strings can be defined by wusing
julia> s1=""
Hello Friend,

how are you today?
| am quite fine thanks

"Hello Friend\nhow are you today®l am quite fine thanks"

Strings can be compare by using the same comparisongsigmsin the table above.
julia>"1+2=3"=="1+2=$(1+2)"
true

julia> "Turhan">"turhan"
false

You can search for the index of a particular character using the findfirst and findlast functions:
julia> x="Ali veli 49 elli"
"Ali veli 49 elli"
julia> findfirst(isequal(‘e"),x)
6
julia> findlast(isequal('e’),x)
13




You can use the occursin function to check if a substring is found within a string:

julia> x="Ali veli 49 elli"
"Ali veli 49 elli"

julia> occursin("veli",x)
true

Repeat is a usefull string function
julia> repeat("Turhati,3)

Some other useful String functions:

A firstindex(str) gives the mini mal (byte) in
necessarily true for other containers).

A lastindex(str) gives t hedtomdexintarss.l (byte) ind
A length(str) the number of characters in str
A length(str, i, j) the number of wvalid chara
A ncodeunits(str) number of code wunits in a s
A codeunit(str, i ) gstringestsatindexd. code unit val ue
A thisind(str, i) given an arbitrary index in
points.

A nextind(str, i, n=1) find the start oindthesart

of the nth character starting before index i.

FUNCTIONS

In Julia, a function is an object that maps a tuple of argument values to a return value.

function f(x,y)
X+y
end

x=1.2
y=2.3
z=f(x,y)
print("z=",z)

---------- Capture Outpu---------

> "E:\colJulidbin\julia.exe" funcl.jl
z=3.5

> Terminated with exit code 0.

function f(x,y)
return x*y
end

x=1.2

y=2.3

z=f(xy)

s="x=$(x) y=$(y) z=$z"
print(s)

> "E:\colJulidbin\julia.exe" funcl.jl
x=1.2 y=2.3 z=2.76
> Terminated with exit code 0.

julia> s(x,y)=x+y

s (@eneric function with 1 method)
julia>s(2,3.2)

5.2

function hypot(x,y)
x = abs(x)

y = abs(y)

ifx>y




r=ylx

return x*sqrt(1+r*r)
end

ify==

return zero(x)

end

r=xly

return y*sqrt(1+r*r)
end

x=1.2

y=2.3

z=hypot(x,y)

s="x=$(x) y=$(y) z=$z"
print(s)

---------- Capture Output---------

> "E:\coJuliabin\julia.exe" func2.jl
x=1.2 y=2.3 z=2.5942243542145693

> Terminated with exit code 0.

For functions that do nateed to return a value (functions used only for some side effects), the Julia convention is to return the value
nothing:
function printx(x)
printin("x = $x")
return nothing
end

x=1.23

printx(x)

—————————— Capture Outpu---------

> "E:\coJulidbin\julia.exe" func3.jl
x=1.23

> Terminated with exit code 0.

Function output type can be defined
function g(x, y)::Int8
return X *y
end,;

z=g(1, 2)

w=typeof(z)

print("z = $z w = $w")

---------- Capture Output---------

> "E:\coJuliabin\julia.exe" func5.jl
z=2w=Int8

> Terminated with exit code 0.

Tupples
Julia has a buiin data structure called a tplp that is closely related to function arguments and return values. A
tuple is a fixedength container that can hold avglues, but cannot be modified (it is immutable). Tuples are
constructed with commas and parentheses, and can be accessed via indgxleg are in a way similar to
array variables in languages like java or c++. But unlike these languages tupplekladiffdrent types of data
in its structures.
julia> x=(1.2,"hello",6*7)
(1.2, "hello", 42)

julia> x[2]
"hello"

julia> x[1]




[1.2

It should also be note that topple references started from 1 (not 0)

The components of tuples can optionally be namedhislwcase a named tuple is constructed:
julia> x=(a=1.2,b="hello",c=6*7)
(@a=1.2, b ="hello", c = 42)

julia> x.a
1.2

julia> x[1]
1.2

julia> x.b
"hello"

julia> x[2]
"hello"

julia>

In Julia, one returns a tuple of values to simulate retunminigiple values. However, tuples can be created and
destructured without needing parentheses, thereby providing an illusion that multiple values are being returned,
rather than a single tuple value. For example, the following function returns a paines:val

function g(x, y)
return X * y,x+y
end;

z=g(1, 2)
print("z = $z")

> "E:\co\Julidbin\julia.exe" funcé.jl
z=(2,3)
> Terminated with exit code 0.

It is often possible to provide sensible default value$uioction arguments. This can save users from
having to pass every argument on every call. For example, the function Date(y, [m, d]) from Dates
module constructs a Date type for a given year y, month m and day d. However, m and d arguments
are optional antheir default value is 1. This behavior can be expressed concisely as:

function Datel(y::Int64, m::Int64=1, d::Int64=1)
err = validargs(Date, y, m, d)

err === nothing || throw(err)

return Date(UTD(totaldays(y, m, d)))
end

using Dates

d1=Date(2020,12,15)
printin("d1 $d1")
d2=Date(2020,12)
printin("d2 $d2")
d3=Date(2020)
printin("d3 $d3")

> "E:\co\Julidbin\julia.exe" func7.jl
d1202012-15




d2 202012-01
d3 202001-01

> Terminated with exit code 0.

Compound expressions:
If more than one expression should be defined and execute as aTisckan be done two ways:
The first method is begin end block

julia> z=begin
x=1
y=2
z=3
X+y*z
end
7

julia>

The second one is chaggnthax

julia> w=(x=1;y=2;z=3;x+y*z)
7

julia>

Conditional evaluation (if block):

function greater(x,y)
b=true
if X<y
b=false
elseif x==y
b=false
return b
end
end

x=1
y=2
c=greater(x,y)
printin("c =$c")

---------- Capture Output---------
> "E:\co\Julidbin\julia.exe" func8.j|
c =false

> Terminated with exit code 0.

function test(x,y)
a="greater than"
if x<y
a="smaller than"
elseif x==y
a="equal to"
end
b="$x is $a $y"
return b
end




x=1

y=2
c=test(x,y)
printin(c)

—————————— Capture Output---------
> "E:\co\Juliabin\julia.exe" func9.jl
1 is smaller than 2

> Terminated with exit code O.

For statement and loop structure

iteration yes

complete?

block

Y

increment
index

—

FOR iteration

A

Sum of numbers 1 ton

function sum(n)

s =0 # new local

fori=1:n

s = s + i # assign existirgcal
end

return s # same local

end

x=100
a=sum(x)
print("s = $a")

---------- Capture Output---------

> "E:\co\Juliabin\julia.exe" funcl0.jl
s = 5050

> Terminated with exit code 0.

Numbers can be added up by sum function

x=[1.1179,2.21,3.31,4.41,5.51,6.61]
a=sum(x)
print("a = $a")

---------- Capture Output---------
> "C:\co\Julidbin\julia.exe" mean.jl
a=23.1679




| > Terminated with exit code 0.

Average of number set

function average(x)
s =0 # new local
n=length(x)

fori inx

S=S+i

end

s=s/n

return s # same local
end

x=[1.1179,2.21,3.31,4.41,5.51,6.61]
a=average(x)

print("a = $a")

---------- Capture Output---------

> "E:\ca\Juliabin\julia.exe" funcl0.jl
a=3.8613166666666667

> Terminated with exit code 0.

The same thing can be achived by using mean function of Statistics library

using Statistics
x=[1.1179,2.21,3.31,4.41,5.51,6.61]
a=mean(x)

print("a = $a")

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" mean.jl
a=3.8613166666666667

> Terminated with exit code O.

Printing string values:

a=["ali","veli","49" "elli"]
foriina

printin("i =",i)
end

> "E:\co\Juliabin\julia.exe" funcl.jl
i =ali

i =veli

i =49

i =elli

> Terminated with exit code 0.

List of greek characters

julia> c1=\u03B1'
VA Unicode U+03B1 (category LI: Letter, | ow

julia> c2=\u03D2"
‘=" Unicode U+03D2 (category Lu: Letter, uppercase)

julia> fori=c1:c2
print(" ",i)
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List of ASCII characters

cl=\u0021'
c2=\uO07E'
fori=cl:c2

print(" ",i)
end

—————————— Capture Output---------

> "E:\ca\Juliabin\julia.exe" funcl2.jl
I"#$ % &'"()*+,-./0123

LMNOPQRSTUVWXYZ

wxyz{]|}-~

> Terminated with exit code O.

456789:;<=>?@ABCDEFGHIIJ
f1" "abcdefghjklimnopgrstuyv

While statement
While loop statement basically carry out the same duty as for statement

Listing of ASCII characters

c1=\u0021"

c2=\uOO7E'

i=cl

while i<c2
print(" ",i)
global i+=1

end

> "E:\co\Juliabin\julia.exe" func12.j|

" #3$3% &' ()*+,-./0123456789:;<=>?2@ABC
EFGHIJKLMNOPQRSTUVWXYZJ]" “abcdef
ghijklmnopgrstuvwxyz{]}
> Terminated with exit code 0.

Listing of greek characters in unicode

julia> c1=\u03B1’

u': Un i c(oatkgoryUl:H 6t@erBldwercase)

julia> c2=\u03D2'
'a": Unicode U+03D2 (category Lu: Letter, uppercase)

julia> i=c1
"0 Uni code U+03B1 (category LI: Letter, | owercase)

julia> while i<=c2
print(" ",i)

global i+=1

end

U b odisUssade 3 3 8 °~ pe-d & U g G 6 y ¥ y h f i 1
julia>

Finding average value
function average(x)
s =0 # new local




n=length(x)

i=1

s=0

while i<=n

S =s+X[]

i=i+1

end

s=s/n

return s # same local
end

x=[1.1179,2.21,3.31,4.41,5.51,6.61]
a=average(x)
print("a = $a")

> "E:\co\Julidbin\julia.exe" funcl2.jl
a=3.8613166666666667
> Terminated with exit code O.

Anonymous function (Lambda variables??)
Array proc ess:

fun = (X,y,z}>2x+y-z
x=[1,2,3]

y=[2,3,4]

z=[1,3,5]

w=fun(x, vy, z)
print(w)

Tupple process

fun = (x,y,z}>2x+y-z
x=(1,2,3)

y=(2,3,4)

z=(1,3,5)
w=map(fun,x, y, z)
print(w)

—————————— Capture Output---------

> "E:\colJulidbin\julia.exe" funcl4.jl
3,4,5)

> Terminated with exit code 0.

Read data from screen and convert it to Float64: (a line of data seperated with ,)

print("enter x = ")

x=readline()

y=split(x,",")

z=map(x>(v = tryparse(Float64,x)),y)
print(z)

---------- Capture Output---------
> "E:\co\Julidbin\julia.exe" funcl5.jl
enter x1,2,3,4




[1.0, 2.0, 3.0, 4.0]
> Terminated with exit code 0.

Read data from screen and convert it to Float64: (a line of data seperated with space)
print("enter x =")
x=readline()
y=split(x," ")
z=map(x>(v = tryparse(Float64,x)),y)
print(z)

> "E:\co\Julidbin\julia.exe" func26.jl
enterx=12345

[1.0, 2.0, 3.0, 4.0, 5.0]

> Terminated with exit code 0.

Read a single datdrom screenand convert it to Float64
print("enter x = ")
x=readline()
z=tryparse(Float64,x)
print(z)
---------- Capture Output---------
> "E:\co\Julidbin\julia.exe" func26.jl
enter x = 1.253453
1.253453
> Terminated with exit code 0.

Anonymous function (Lambda variables??)
function readdouble(s)

print(s)

x=readline()

y=split(x,",")

z=map(x>(v = tryparse(Float64,x)),y)

return z

end

fun = (x,y,z}>2x+y-z
x=readdouble("x=")
y=readdouble("y=")
z=readdouble("z=")
w=map(fun,x, y, z)

print(w)

—————————— Capture Output---------
> "E:\colJulidbin\julia.exe" funcl7.jl
x=1,2,3

y=4,5,6

z=7,8,9

[-1.0, 1.0, 3.0]

> Terminated with exit code 0.

X=1.4142135623719696 y3.183231456205249E2
x=1.4142135623719696 y3.183231456205249¢82

Arrays and matrices in Julia



Arrays and arragimensiongan be defined by using several ways. The most inportant point
that should be mentioned here is that array index in Julia start from 1. In languages like
C,C++,java,python array index start from zero.

B=Array{Float64}(undef,2)

show(IOContext(stout, :limit=>false), MIME"text/plain"(), B)
---------- Capture Output---------

> "C:\coJulidbin\julia.exe" arrayl.jl

2-element Vector{Float64}:

0.0

0.0

> Terminated with exit code 0.

B=Array{Float64}(undef,4)
n=size(B)[1]
printin("n = $n")
fori=1:n
y=BIi]
printin("B[$i] = $y")
end
---------- Capture Outpu---------
> "C:\coJulidbin\julia.exe" array?2.jl
n=4
B[1] =0.0
B[2] =0.0
B[3] =0.0
B[4] = 0.0

> Terminated with exit code 0.

B=zeros(Float64,4)
n=size(B)[1]
printin("n = $n")
fori=1:n

y=BI[i]

printin("B[$i] = $y")
end

> "C:\co\Julidbin\julia.exe" array3.j|
n=4

B[1] = 0.0

B[2] = 0.0

B[3] = 0.0

B[4] = 0.0

> Terminated with exit code 0.

B=ones(Float64,4)
n=size(B)[1]
printin("n =$n")
for i=1:n

y=BIi]

printin("B[$i] = $y")
end

> "C:\cdJulidbin\julia.exe" array3.j|
n=4

B[1]=1.0

B[2]=1.0

B[3]=1.0

B[4]=1.0

> Terminated with exit code 0.

B=[1.1,2.2,3.3,4.4]
n=size(B)[1]
printin("n = $n")
fori=1:n

y=BIi]

printin("B[$i] = $y")




---------- Capture Output---------

> "C:\cadJulidbin\julia.exe" array4.j|
n=4

B[1]=1.1

B[2]=2.2

B[3]=3.3

B[4]=4.4

> Terminated with exit code 0.

If it is two dimensionahrrayi, it is given as:

A = Array{Float64,2}(undef, 2, 3)
show(IOContext(stdout, :limit=>false), MIME"text/plain"(),A)

---------- Capture Output---------

> "C: \co\Julia\bin\julia.exe" array2D_1.jI
2X3 Matrix{Float64}:

0.0 0.0 0.0

0.0 0.0 0.0

> Terminated with exit code 0.

julia> include("array2D_1.jI")

2x3 Matrix{Float64}:

1.18628e314 1.18628814 1.18628814
1.18628e314 1.18628814 1.0e323
julia>

A = Array{Float64,2}(undef, 2, 3)
n=size(A)[1]
m=size(A)[2]
printin("n = $n m = $m")
fori=1:n
for j=1:m
y=Ali.]]
print("A[$i,$j] = Sy ")
end
printin(* *)
end

—————————— Capture Output---------

> "C:\co\Julidbin\julia.exe" array2D_2.jI
n=2m=3

A[1,1] = 0.0 A[1,2] = 0.0 A[1,3] = 0.0
A[2,1]=0.0 A[2,2] = 0.0 A[2,3] =@

> Terminated with exit code 0.

A = Array{Float64,2}(undef, 2, 3)
print(A)

—————————— Capture Output---------

> "C:\co\Julidbin\julia.exe" array2D_3.jl
[0.00.00.0;0.00.00.0]

> Terminated with exit code 0.

A = zeros(Float64,2, 3)
print(A)

—————————— Capture Output---------

> "C:\coJulidbin\julia.exe" array2D_4.jI
[0.00.00.0; 0.00.00.0]

> Terminated with exit code 0.

A = ones(Float64,2, 3)
print(A)

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" array2D_4.jI
[1.01.01.0;1.01.01.0]

> Terminated with exit code 0.

A =fill(5.34,(2,3))
show(lIOContext(stdout, :limit=>false), MIME"text/plain"(),A)

> "C:\cdJulidbin\julia.exe" array2D_5.jl
2X3 Matrix{Float64}:




5.34 5.34 5.34
5.34 5.34 5.34
> Terminated with exit code 0.

A = Matrix{Float64}(undef, 2, 3)

show(IOContext(stdout, :limit=>false), MIME"text/plain"(),A)
---------- Capture Output---------

> "C:\coJuliabin\julia.exe" array2D_6.jl

2X3 Matrix{Float64}:

0.0 0.0 0.0

0.0 0.0 0.0

> Terminated with exit code 0.

If, it is desired that array indis start from some other values rather than 1, class OffsetArrays
can be usedf a program originally written in C,C++,java or python array indices started

from 1 so sometimes it is easier to use it that way instead of translatign all the index variables
form O to 1. Package OffsetArrays is used for this purpose.

import Pkg
Pkgadd ( A Of f set Arrayso)

using OffsetArrays
A=OffsetArray{Float64}(undef,0:2,0:3)
n=size(A)[1]

m=size(A)[2]

for i=0:n-1
for j=0:m-1
y=10%i+j
Alijl=y
end

end

print("A= $A")

show(lIOContext(stdout, :limit=>false), MIME"text/plain"(),A)
—————————— Captue Output----------

> "C:\cdJulidbin\julia.exe" zeroarray_2.jl

A=10.01.02.03.0;10.011.0 12.0 13.0; 20.0 21.0 22.0 23.0]

3X4 OffsetArray(:

Matrix{Float64}, 0:2, 0:3) with eltype Float64 with indices X@:3:
0.0 1.0 20 3.0

10.0 11.0 12.0 13.0

20.0 21.0 22.0 23.0

> Terminated with exit code 0.

function print_OA(A)
n=size(A)[1]
m=size(A)[2]
for i=0:n-1
for j=0:m-1
y=Ali.]]
print("($i,$))$y ")
end
printin(" *)
end
end

using OffsetArrays
A=OffsetArray{Float64}(undef,0:2,0:3)
n=size(A)[1]

m=size(A)[2]

for i=0:n-1
for j=0:m-1
y=10%i+j
Alijl=y
end

end

print_OA(A)

—————————— Capture Output---------
> "C:\cdJulidbin\julia.exe" zeroarray_2.jl
(0,0)0.0 (0,1)1.0 (0,2)2.0 (0,3)3.0




(1,010.0 (1,1)11.0 (1,2)12.0 (1,3)13.0
(2,0)20.0 (2,1)21.0 (2,2)22.0 (2,3)23.0

> Terminated with exit code 0.

Plotting data

A rich plotting environment is existed in Julia. There are several packages to utilised.The
basic Plot Packages are:

Plots

PyPlot

GR

PlotlyJS

In order to use a plot package it should be loaded up. For exampteer to add Plots
package to juliaise

using Pkg

Pkg. add(iAPIl ot s

o
N

Julia>include(APlotl.j1d)

function plt(f,x0,x1,dx)
x=x0:dx:x1
y=map(f,x)

plot(x,y)

end

usingPlots
f1(x)=x*x-2.0*x+5.0
plt(f1,0.0,10.0,0.1)
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function plt(f,x)
y=map(f,x)
plot(x.y)

end

using Plots
f(x)=cos(x)
x=0:0.1:10
plt(f,x)
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using Plots
f(x)=x*x-2.0

x =1:0.5:20.0
y =map(f,x)
plot(x,y)
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using Plots
m= 100
f(x)=cos(x)
x = fill(0.0, (m))
y =fill(0.0, (m))
dx=4.0*pi/(m1)
fori=1:m
X[i] = dx*(i-1)
yli] = #(x[i])
end
plot(x.y)
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using Plots
f(x)=x*x-2.0*x+3.0
x =0:0.1:100
y=map(f,x)
plot(x.y)
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using Plots

pl = plot(sin, 0:0.01:2*pi)

p2 = plot(0:0.01:2*pi, sin)

x = Array(0:0.01:2*pi);

y = sin.(x); # elementwise sin(x)
p3 = plot(x,y)

p4 = plot(y,x)

plot(p1,p2,p3,p4)
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using Plots
f1=(x)->2.0*x+3.0
f2=(x)->sin(x)
plot([f1, f2],0:0.1:pi)
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using Plots

f3(x)=2.0*x+3.0
f4(x)=8.0*sin(x)
plot([f3, f4],0:0.1:pi)
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using Plots
x=0:pi/200:7*pi
y=€0s.(X)
plot(x.y)
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usingSpecialFunctions
using Plots
x1=0.0:0.1:10.0
f1(x)=besselj(0,x)
f2(x)=besselj(1,x)
f3(x)=besselj(2,x)

plot([f1,f2,13],x1 title="Bessel_ polynomials J",label=["J0" "J1" "J2"],ylims-%.0,1.0),xaxis = ("x"),yaxis = ("J(n,x)"))
B GKS OtTerm - a X
Bessel_ polynomials |
10 - — .
-
A n
R
05 - -
\ . ) |
E 00 | & \\v//
£ \ X
s |
-10
00 25 50 75 100
X

usingSpecialFunctions
using Plots




x1=0.0:0.1:10.0
f1(x)=besselj(0,x)
f2(x)=besselj(1,x)
f3(x)=besselj(2,x)
plot([f1,f2,f3],x1 title="Bessel_ polynomials J",label=["J0" "J1" "J2"],ylims-%.0,1.0)xlims = (0.0,5.0)xaxis = ("x"),yaxis = ("J(n,x)"))
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Contour Plot:

using Pkg

Pkg. build(fAPyCall o)
using Plots
Plots.pyplot() # back to pyplot
x =1:0.5:20
y=1:0.5:10
9(x, y) = begin
(Bx +y~ 2) * abs(sin(x) + cos(y))
end
= repeat(reshape(x, 1, :), length(y), 1)
Y =repeat(y, 1, length(x))
Z=map(g, X, Y)
pl = contour(x, vy, g, fill=true)
p2 = contour(x, y, Z)
plot(p1, p2)
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function contour_plt(f,x,y)
pl = contour(x, yf)
plot(p1)

end

using Plots
Plots.pyplot() # back to pyplot
x =1:0.5:20
y =1:0.5:10




g(x, y) = sin.(x)*cos.(y)
contour_plt(g,x,y)

. Figure 1
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function contour_plt1(f,x,y)
pl = contour(x, y, dill=true)
plot(p1)

end

using Plots

Plots.pyplot() # back to pyplot
x =1:0.5:20

y =1:0.5:10

g(x, y) = sin.(x)*cos.(y)
contour_pltl(g,x,y)
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contourplot

function contour_plt1(f,x,y)

= repeat(reshape(x, 1, :), length(y), 1)
Y = repeat(y, 1, length(x))
Z =map(f, X, Y)
pl = contour(x, y, g,fill=true)
plot(p1)
end




using Plots

Plots.pyplot() # back tpyplot
x =1:0.5:20

y=1:0.5:10

f(x)=x*x-2.0/x

g(x, y) = sin.(x)*.(y)
contour_plt1(g,x,y)
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3D plot (3D line plot)

using Plots

t=0:pi/200:7*pi

x=cos.(t)

y=sin.(t)

plot3d(x,y,t,lw=2 leg=false)
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Pyplot surf (3D surface plot)

using PyPlot;

x = collect(Float16, rangef,length=100,stop=2));

y = collect(Float16, range(sqrt(2),length=100, stop=2));
Z = (X.*y)-y.-x.+1;

surf(x,y,z);

. Figure 1 = O X
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Plots surface (3D surface plot)

using Plots

function rosenbrock(x::Vector)
return (1.0- x[1])*2 + 100.0 * (x[2]- x[1]*2)"2
end




default(size=(600,600), fc=:heat)

X,y =-1.5:0.1:1.5;1.5:0.1:1.5

z = Surface((x,yrosenbrock([x,y]), X, y)
surface(x,y,z, linealpha = 0.3)
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using Plots
x=-1:0.1:2.0*pi
y=-1:0.1:2.0*pi
h(x,y)=sin.(x)*cos.(y);
surface(x,y,h)
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| using PyPlot




XS = ys = rangeR, stop=2, length=100)
f(x,y) =2 + x"2 + y"2

zs = [f(x,y) for y in ys, x in xs]
PyPlot.plot_surface(xs, ys, zs)
PyPlot.contour3D(xs, ys, zS)

ax = PyPlot.gca()

ax.contour(xs, ys, zs, offset=0)

. Figure 1 — O X
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using PyPlot

XS = ys = rangeR, stop=2, length=100)
f(x,y) =2 + x"2 + y"2

zs = [f(x,y) for y in ys, x in xs]
PyPlot.plot_surface(xs, ys, zs)
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a € '1" Q=¥ B x=-2.4433, y=-0.4333, 2=2.494

using PyPlot

xs = ys = rangeb, stop=5, length=100)

f(x,y) = sin(sqrt(x*2+y”"2))

zs = [f(x,y) for y in ys, x in xs]

PyPlot.plot_surface(xs, ys, zs, rstride=2,edgecolors="k", cstride=2,
cmap=ColorMap(“gray"), alpha=0.8, linewidth=0)25
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a (‘ =3 "I" Q = |/ X=—5.7965, y=1.6432, z=-0.9578

using PyPlot

Xs = ys = range8, stop=8, length=50)

f(x,y) = sin(sqrt(x*2+y"2))

zs = [f(x,y) for y in ys, x in xs]

PyPlot.plot_surface(xs, ys, zs, rstride=2,edgecolors="k", cstride=2,
cmap=ColorMap(“gray"), alpha=0.8, linewidth=0.25)

PyPlot.contour3D(xs, ys, zS)

ax = PyPlot.gca()

ax.contour(xs, ys, zs, offse®)




’x‘ i,
|‘:’|'!‘ ’IIM) )

Multiline plot with GR

using Plots
ar()
styles = filter((s>begin

s in Plots.suppted_styles()

end), [:solid, :dash, :dot, :dashdot, :dashdotdot])

styles = reshape(styles, 1, length(styles))
n = length(styles)
y = cumsum(randn(20, n), dims = 1)
plot(y, line = (5, styles), label = map(string, styles), legendtitlerestyle")
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using Plots

ar0

x = ["1st year", "2nd year", "third year","fourth year"]
y =[0.3, 0.35,0.25,0.1]

pie(x, y, title = "Class population distribution”, | = 0.5)

B9 GKS QtTerm - (m]

Class population distribution
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using Plots

arQ)

tetha = range(0, stop2.0*pi, length = 100)
r = abs.(0.1 * randn(100) + sin.(3*tetha))
plot(tetha, r, proj = :polar, m = 2)
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READING AND WRITING DATA FROM A SEQUENTIAL FILE

In order to read/write data into a sequaential file open statement will beTigedtatement has the
following form:

oper(filename

Where fAfilenamed is the name of input/output

open(“"test.txt") do f

# line_number
line=0

# read till end of file
while ! eof(f)
# read a new / next line for everyriéion
s = readline(f)
line+=1
printin("$line . $s")
end

—————————— Capture Output---------

> "C:\cdJulidbin\julia.exe" filel.jl

1. once upon a time in a country far far a way
2 . there was a littlprincess

> Terminated with exit code 0.

julia> include("filel.jI")

1. once upon a time in a country far far a way
2 . there was a little princess

julia>

Reading file b.txt (first two varibles as x,y in each line)

File b.txt

f



1.2343.245.67 7.78
1.3455.255.67 7.78
3.748 6.38 5.67 7.78
2.1755.245.67 7.78
1.222 3.455.67 7.78

function convert_to_float(column)
new_column = map(% (
X = ismissing(x) ? " : x; # no method matching tryparse(::Type{Float64}, ::Missing)
x = tryparse(Float64, x); # returns: Float64 or nothing
isnothing(x) ? missing : x; # options: missirg,", or 0.0, or nothing
), column) # input
# returns Array{Float64,1} OR Array{Union{Missing, Float64},1}
return new_column
end

function readDouble(name)
name="b.txt"
open(name) do f
# read till end of file
m=0
while ! eof(f)
m+=1
line = readline(f)
s=split(line," )
n=length(s)
global m1=m
global n1=n
end #while
close(f)
end #open
global x=Matrix{Float64}(undef,n1,m1)
open(name) do f
# read till end of file
m=0
global z=Array{Float64}(undef,n1,0)
while ! eof(f)
m+=1
line = readline(f)
s=split(line," ")
n=length(s)
x1=convert_to_float(s)
z=hcat(z,x1)
global x=z
end #while
close(f)
end #open
#transpose matrix
global y=x
return y
end

function readOffsetDouble(name)
y=readDouble(name)
n=size(y)[1]
m=size(y)[2]
global x=OffsetArray(y, 0:f1,0:m1)
return x
end

using OffsetArrays

name="b.txt"

y=readDouble(name)

n=size(y)[1]

m=size(y)[2]

print("n=$n m = $m")

print("array indis starting from 1")

show(lOContext(stdout, :limit=>false), MIME"text/plain"(), y)
print("array indis starting from 0")
x=readOffsetDouble(name)




show(lOContext(stdout, :limit=>false), MIME"text/plain”(), x)

> "C:\cdJuliabin\julia.exe" readouble.jl

n =5 m = 4array indis starting from 1

5X4 adjoint(::Matrix{Float64}) with eltype Float64:
1.234 3.24 5.67 1.0

1.345 5.25 5.67 2.0

3.748 6.38 5.67 3.0

2.175 5.24 5.67 4.0

1.222 3.45 5.67 5.0array indis starting from 0
5X4 OffsetArray(adjoint(::Matrix{Float64}), 0:4, 0:3) with eltype Float64 with indicesXZB:
1.234 3.24 567 1.0

1.345 525 5.67 2.0

3.748 6.38 5.67 3.0

2.175 5.24 5.67 4.0

1.222 3.455.67 5.0

> Terminated with exit code 0.

Writing into a text file:

io = open("myfile.txt", "w"
write(io, "Hello world!")
close(io)

Text f,le myfile.txt contains:
| Hello world!

2. TAYLOR SERIES AND SERIES APPROXIMATION TO FUNCTIONS

2.1 TAYLOR SERIES

Taylor equation can be considered the roots of many numerical analysis methods. It will give us serial.
Taylor seriesis a representation offanctionas an infinite sum of terms calculated from the values of

its derivatives at a single point. It is nanegter the English mathematician Brook Taylor. If the series

is centered at zero, the series is also callddelaurin series, named after the Scottish mathematician
Colin Maclaurin. It is common practice to use a finite number of terms of the seriggroxianate a
function.Taylor series around a point a can be written as

e QO ., RO, Qo ., .,
Qw Qw F 0w w F 0w w oA W w E
Or if it is written in summation notation
20 EA
Or if a is replaces withand x is replaced with¥ equation becomes
Qw A w w

B
Computers could not calculatmything more complex than addition, the rest usually accomplish through
Taylor series approximations. For example function f(X}zea be approximated as
"0 o W 0w £ @ W 0 @
w p = = — p —_ — — —
| PA CA OA ~ © " C @ CT PG |
Some of the formulation used in Numerical analysis is direct derivation from the Taylor series.

For example for the Newton root finding equation, above linear terms of the equation is ignorede
and function value is replaced with 0

Qw T "Qw Ry W W Will yield to

[ w —



Taylor series can also be used to estimate error. The series usually used up to a certain term and
error will be proportinal to one upptarm in the series. For example If exponetial function is
taken as

Qw Q p & — — —
The error term will be proportional to the next term of the series
Ol | ¢ +—
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22SERKES SOLUTI ONS OF FUNCTI ONS
Digital computers can only cal@ik addition process, therefore most of the mathematical expressions are
calculated by using series. Series solutions of a few functions will be listed in here.
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20.0 & — B P Bessel function
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Exponential functiod @& B —

function exp(x)
total=0;
factorial=1;
power=1,
for i =1:50
total=total+power/factorial;
power=power*x
factorial=factorial*i
end
return total
end
x=1.0
r=exp(x);
print("exp($x) = $r");

---------- Capture Outpu---------

> "C:\co\Julidbin\julia.exe" exp.j|
exp(1.0) = 2.7182818284590455
> Terminated wittexit code 0.

Natural logarithmi T ¢B —— —

function In(x)
total=0;
y=(x-1.0)/(x+1.0);
power=y;
for k =1:100
total=total+power/(2.0*KL.0);
power=power*y*y
end
return 2.0*total
end
e=exp(1.0);
r=In(e);
print("In($e) = $r");

---------- Capture Outpu---------
> "C:\coJulidbin\julia.exe" In.jl
In(2.718281828459045) = 0.9999999999999997
> Terminated with exit code 0.

In(x)

k x=

2,7182818285

y=(x-1)/(x+1)

0,4621171573

power

total

0,4621171573

0

0,0986861666

0,9242343145

0,0210746546

0,9900250922

0,0045005403

0,9984549541

0,0009611006

0,9997408227

0,0002052452

0,9999544006
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function sin1(x)

total=0.0

factorial=1.0

power=x;

plusminus=1

i=0;

for k=1:80
total=total+power/factorial*plusminus;
power=power*x*x;
i=2*k+1;
factorial=factorial*(i1)*i;
plusminus*=1;
end

return total

end

x=pi/3.0;
y=sin(x)
yl=sin1(x)
print("sin=$y1 math library sin = $y")

> "C:\coJulidbin\julia.exe"sinl.jl
sin=0.8660254037844385 math library sin = 0.8660254037844386
> Terminated with exit code 0.
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function asin1(x)

total=0.0

factorial1=1.0

factorial2=1.0

power=x;

power2=1.0;

i=0;

for k=1:80
total=total+power*factoriall/(power2*factorial2*factorial2)/(2.0*®+1.0);
power*=x*x;
power2*=4;
i=2%k;
factoriall=factorial1*(i1)*i
factorial2=factorial2*k
end

returntotal

end

x1=pi/3.0

x2=sin(x1);

y2=asin1(x2)

y3=asin(x2)

print("asin =$y2 math.asin = $y3")

---------- Capture Output---------

> "C:\cdJulidbin\julia.exe" asin.jl

asin =1.047197551196467 math.asin = 1.0471975511965976
> Terminated with exit code.

® Q

function exp1(x)

total=0.0;

factorial=1.0;

power=1.0;

fori=1:100
total=total+power/factorial;
power=power*x
factorial=factorial*i
end

return total

end




function In1(x)

total=0.0;

y=(x-1.0)/(x+1.0);

power=y;

for k =1:100
total=total+power/(2.0*KL.0);
power=power*y*y
end

return 2.0*total

end

function pow1(x,a)
y=x*In1(a)
return expl(x*Inl(a))
end

x=2.0

a=3.0

r=powl(x,a)
print("pow($x,$a) = $r")

---------- Capture Output---------

> "C:\co\Julidbin\julia.exe" pow.jl
pow(2.0,3.0) = 8.999999999999986
> Terminated with exit code O.
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function erf1(x)

A=2.0/sqrt(pi)

total=0.0

plusminus=1

power=x

factorial=1.0

for n=1:200
total=total+power*plusminus/factorial/(2.0*h)+1.0)
power=power*x*x
factorial=factorial*n
plusminus*=plusminus*({)
end

return A*total

end

using SpecialFunctions

x=0.1

yl=erfl(x)

y=erf(x)

print("x=$x,y1=3y y=$y")

—————————— Capture Outpu---------

> "C:\co\Julidbin\julia.exe" erf.j|
x=0.1,y1=0.1124629160182849 y=0.1124629160182849
> Terminated with exit code 0.

Some of the algorithmsight not be as clear as a directly given function. For example let us lookRtfs&an
peasant multiplication problem:




Take two integer for example 21 and 37 then double the first one(left hand side) and divide by two the second
one(right side) ignore remaining in divisiprocess and stop when thehtigand side reached to 1 and then

cross each line where the right side number is even add up remaining left hand side numbers farléxaenple
given integer numbers to maultiplied is 21 and 17, the process will follow the path given below:

2137

42-18cross out (18 is even)
849

168-4cross out(4 is even)
336-2cross out(2 is even)
6721

then 21+84+672=777
21*37=777

Now let us convert this to an algorithmic structure:

function isOdd(x)
return bool(x %2 !=0)
end

function multiply(x1,x2)

y2=X2,

y1=x1,

b2=0;

total=0;

while y2>=1
b2=(y2 %2 1=0)
ify2 %2 1=0

total=total+y1

end
printin(“total = $total, y1= $y1,y2= $y2")
y1=y12;
y2=Int64(floor(y2/2))
end

return total

end

x1=21

x2=37

x=multiply(x1,x2)

print("russian multiplication $x1*$x2 = $x")

> "Clco\Julidbin\julia.exe" russian.jl
total = 21, y1= 21,y2= 37

total = 21,y1= 42,y2= 18

total = 105, y1=84,y2=9

total = 105, y1=168,y2= 4

total = 105, y1= 336,y2= 2

total = 777, y1= 672,y2= 1

russian multiplication 21*37 = 777
> Terminated with exit code 0.

1. DERIVATIVES
3.1 DEFINITIONS
Definition of derivatves:
QD 3 Qo Yo O
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Other definition



¥ axis

X

X axis
Derivative is the slope of tangent to the function at a given x value
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Some common analytic formulas for derivatives:
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Examples of analytical derivations

EX1: take derivative ofo Qo Ccw ow UL

Answer: "@an Qw0 QW

EX2: take derivative oo "Qw 06 0L @ C OWw UL W
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EX3: take derivative ofd Qo —
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EX4: Use the chain rule to calculate
Ww O60w COw p whered w w T
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EX5: Use the chain rule to calculate
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NUMERICAL DERIVATIONS (DI FFERENCE FORMULAS)
In order to approximate derivation difference equations can be used.Difference equations can basically
be cerived from Taylor formulations

_ . (%) o, FP0%) e, T9X)
f(x,)=F(x)+f'(x)h+ > h? + 3 h® + 2 h +...

If the first derivative is solved from this equation it is found as
_ " 3 (4)
f|()(i):f(x+l) f(Xn)_ f ()g)h_ f (X)hz_ f (x)h3+o(h4)

h 2 3 4

or
i) =180 10D L o

TermO(h)is the order of error. Error is proportional to the difference pararmeWhen h is getting
smaller, error wil also shrinked. If the second derivative is written the same way:
f(x,)-2f(x,)+f(x
fn(xi) = ()g+2) h(2X|+1) (Xl) +O(h)
In order to decrease the error, if the second derivative difference equation is substituted into thefirst
derivative Taylor equ#on a first derivative equation with a second order error can be obtained.
f|(Xi):f()§+l)_ f(X) _ f(X+2)_2f(i(|+1)+f(>g)h+o(h2)
h 2h

2f -2f(x)- f(x,,) +2f(x.,)- f(X ,
fr(x) =21 ) = 2(X) (;m) (%)= TO9) ey

- f(x,,) +4f(x,,) - 3f(x 2
fl()g) - (X|+2) 2|(ﬁl)g+1) (XI) +O(h )




Difference equation can be written as forward or backward way. The backward difference equation:

f(x)- f(x
fi() =) : (%)
central formula

+0(h). By taken avarage of forward and bakward formulas can create a

o S0 Fx) ) - f(x)
fy= Ol egei_ h o h ) F) g
2 2 2 2h
Difference formulas for calculating derivatives are given (as coefficients) in the following tables

Derivative (Difference) equations
Central finite difference

Derivativ | Accurac T 5 T4 T3 T2 T 1 0 1 2 3 4 ®
1 2 11/ 0 1/2
4 1/12 12/ 0 2/3 11/ 1
6 T 1/ 1 3/20 13/ 0 3/4 13/ 2 1/60
8 1/280 | 1 4/ 1/5 T4/ 0 4/5 T 1/ 54106 1 1/ !
2 2 1 T2 1
4 11/ 1 413 15/ 2 413 11/ 1
6 1/90 13/ 2 32 149/ 3/2 13/ 2 1/90
8 T 1/ 8/315 11/ 5 85 1203 8/5 T 1/ 587315 1 1/ !
3 2 11/ 2 1 0 T1 1/2
4 1/8 T1 13/8 0 T 13/ 1 T 1/
6 T 7/ 7 310 | 116 D/ 61/30 0 T 61, 169/1D |1 30 | 7/240
4 2 1 T 4 6 T4 1
4 T 1/ 2 113, 283 113/ 2 T 1/
6 7240 | 1 2/ 169/60 112 91/8 T 127 169/60 | 1 2/ 7/240
5 2 T 1/ 2 15/ 0 5/2 T2 1/2
4 1/6 T3/ 13/3 129/ 0 29/6 113/ 32 T 1/
6 T 13/ 19/36 | 1 87, 13/2 132 0 323/48| 1 13//87/32, 119, 13/28
6 2 1 16 15 120 5 16 1
4 T 1/ 3 T13 29 175/ 29 713 3 T 1/
6 13/240| 17 19 | 87/16 139/ 323)8/ 1102 323/8 139/ 87/16| 1 19/ 13/24

Forward finite difference



Derivative | Accuracy 0 1 2 3 4 5 6 7 8

1 T 1 1
2 13/ 2 2 11/ 2
3 111/ 3 13/ 2 1/3

1
4 125/ 4 T3 4/3 11/ 4
5 1137 5 15 10/3 15/ 4 1/5
6 149/ 6 115/ 7 203 115/ 6/5 11/ 6
1 1 T2 1
2 2 T5 4 T1
3 35/12 126/ 19/2 114/ 1112

2
4 15/4 1771 107/6 113 61/12 15/ 6
5 203/45 1871/ 117/4 1254 33/2 127/ 137/180
6 469/90 | 1 223/ 879/20 1949 41 1201/ 1019/180 | 1T 7/ 1
1 T1 3 13 1
2 15/ 2 9 112 7 13/ 2
3 117/ 71/4 159/ 4 492 141/ 714

3
4 149/ 29 1461/ 62 1307 13 115/
5 1967/ 63815 13929 3893 | 12545 268/5 1849, 2915
6 1801 349/6 718353 2391/10| T 1457 4891/30 1561/ 527/30 |1 469/
1 1 T4 6 T4 1
2 3 114 26 124 11 12

4 3 35/6 131 137/2 1242 1072 T19 17/6
4 28/3 T111 142 1121 176 1185 82/3 171 %
5 1069/80 | 7 1316 15289/60 |1 214| 10993/24 1 4772 280320 |1 536, 967/240

Backward finite difference
Derivative | Accuracy 0 -1 -2 -3 -4 -5 -6 -7 -8

1 1 -1

1
2 3/2 -2 1/2




3 11/6 -3 3/2 -1/3
4 25/12 -4 3 -4/3 1/4
5 137/60 -5 5 -10/3 5/4 -1/5
6 49/20 -6 15/2 -20/3 15/4 -6/5 1/6
1 1 T2 1
2 2 15 4 T1
3 35/12 126/ 19/2 T 147 11212
2
4 15/4 1771 107/6 113 61/12 T5/6
5 203/45 187/ 117/4 1254 33/2 T 271/| 137/180
6 469/90 | T 223/ 879/20 1949 41 1201/ 1019/180| 1 7/ 1
1 1 -3 3 1
2 5/2 29 12 = 32
3 17/4 -71/4 59/2 -49/2 41/4 714
3
4 49/8 -29 461/8 -62 307/8 -13 15/8
5 967/120 | -638/15 3929/40 -389/3 2545/24 -268/5 | 1849/120| -29/15
6 801/80 -349/6 | 18353/120| -2391/10 | 1457/6 | -4891/30 561/8 -527/30 | 469/240
1 1 T4 6 T4 1
2 3 114 26 124 11 T2
4 3 35/6 131 13772 T 242| 10772 T19 17/6
4 28/3 T111 142 1121 176 1185 82/3 171
5 1069/80 | 1 1316/ 15289/60 | 1T 214« 10993/24| 1 47 7 2 2803/20 | 1 53 6| 967/240

In order to Show utilisation of the table, the derivativégf=sin(x)

y=F{x)=sin(x}
Derivative Accuracy -5 -4 -3 -1 -1 0 1 2 By 4 s
2 0.00000000| 0.00000000| 0.00000000 0.00000000] -0 Q 0 0.00000000 0.00000000| 0.00000000| 0.00000000
l 4 0. 0. 0 0.08333333 | -0.66666667| 0.00000000 | 0.66666667 |-0.08333333 0 0. 0.
6 0. 0. -0.01666667| 0.15000000 |-0.75000000| 0.00000000 | 0.75000000 |-0.15000000| O0.01666667 0 0.
8 0.00000000| 0.00357143 | -0.03809524| ©. -0 0. 0. 0. 003809524 | -0.00357143 | 0.00000000
|AX 0.01 -5 -4 -3 -1 -1 0 1 2 By 4 5
|x 0 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05]
y=f{x} Acouracy | -0.049979| -0.039589| -0.029996( -0.019998667 -0.01 0| 0.009999833| 0.0199587| 0.0299955( 0.0399893| 0.049979|E f'{x)
2 0 0 0 0| 0.0049999 0| 0.004999917 0 0 0 1] 0.01] 0.999983
4 0 0 0| -0.001666556| 0.0066666 0| 0.006666556| -0.001667| 0 0 0 0.01 1
6 0 0] 0.0004999| -0.0029998| 0.0074939| 0| 0.007439875 -0.003| 0.000439925 0 1] 0.01 1
3 0| -0.000143| 0.0011427| -0.003999733| 0.0079999 0| 0.007999867 -0.004| 0.001142686( -0.000143 0 0.01 1




Derivative |Accuracy -5 -4 -3 -2 -1 0 1 2 3 4 5
2 1 -2 1
4 -0.083333333| 1.3333333 -2.5 1.333333333( -0.083333
2 6 0.0111111 -0.15 1.5 -2.722222 1.5 -0.15] 0.011111111
8 -0.001786| 0.0253968 -0.2 1.6] -2.847222 1.6 -0.2| 0.025396825| -0.001786
Ax 0.01 -5 -4 -3 -1 -1 o 1 2 Zf 4 5
|x 0 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05
y=f(x) Accuracyy | -0.049979| -0.039989| -0.029996| -0.019998667 -0.01 0| 0.009999833| 0.0193987 0.0299955| 0.0399893| 0.049979|E (%)
2 0 0 0 0 -0.01 0| 0.009999833 0 0 0 0 0| 0|
+ 0 0 0| 0.001666556| -0.013333 0| 0.013333111) -0.001667 0 0 0| -2.2E-19| -2.2E-17|
5 0 0| -0.000333 0.0029998 -0.015 0| 0.01459975 -0.003| 0.000333283 0 0| 2.71E-19| 2.71E-17|
3 0| 7.141E-05| -0.000762| 0.003993733 -0.016 0| 0.015999733 -0.004| 0.00076179| -7.14E-05 0| 2.17E-19| 2.17E-17|
Derivative |Accuracy -5 -4 =2 =4 -1] 0 pl! 2 3 4 2
2 o 0 0 -0.5 1 o -1 0.5 0 0 0
3 4 0 0 0.125 -1 1.625 0 -1.625 1 -0.125 0 0
6 0] -0.029167| 0.30000000| -1.40833333|2.03333333| 0.00000000| -2.03333333| 1.40833333| -0.30000000| 0.02916667 0
Ax 0.0001 -5 -4 -3 -2 -1 0 1 2 B 4 s Third
X 0 -0.05 -0.04] -0.03 -0.02] -0.01] 0 0.01 0.02 0.03 0.04 0.05 Derivative
y=F(x) Accuracy | -0.045979| -0.039985( -0.0299955| -0.019998667( -0.0099398 0| 0.009999833| 0.01999367 0.0299955( 0.03998933( 0.049979|X "'(x)
2 0 0 0| 0.009999333| -0.0099598 0| -0.009999833| 0.00999933 0 0 0 -1E-06] -0.995975|
4 0 0| -0.0037454| 0.019998667| -0.0162497| 0| -0.016249729| 0.019959867| -0.003749438| 0 0 -1E-06] -1
§ 0| 0.0011664( -0.0085987| 0.028164783| -0.020333 0| -0.020332994( 0.02816479| -0.00899865( 0.00116636| o -1E-06] -1
First derivatives:
(central difference Formula)
o Rpu-p— Y
= y
(Forward difference formulaame as in derivative definition except the limit)
Vo e —=
= y
(Backward difference formula)
Ve e Y
= y

In order to minimize errox should be relatively small, to have a further approximation a second or
higherorder derivative (differencepfmulas can also be used

Qo e Y Y > Y ’_ (255)

Qe y y y : y y y (2.5.6)
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Second derivatjves: )
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function f(x)
y=x*x-2.0*x+5.0
return y
end

function df(fx)
dx=0.001
y=(f(x+dx)-f(x-dx))/(2.0*dx)
returny
end

function d2f(f,x)
dx=0.001
y=(f(x+dx)-2.0*f(x)+f(x-dx))/(dx*dx)
returny
end

function read(s)
print("enter x = ")
x=readline()
z=tryparse(Float64,x)
print("z = $z")
return z




end

x=read("x=")

y=f(x);

dy=df(f,x)

d2y=d2f(f,x)
print("x=$x,y=83y,dy=,$dy,d2y= $d2y")

> "C:\caJuliabin\julia.exe" derivativel.jl

enterx=1

z = 1.0x=1.0,y=4.0,dy=,0.0,d2y= 2.000000000279556
> Terminated with exit code 0.

function f(x)
y=x*x-2.0*x+5.0
returny
end

function f(x)
y=x*x-2.0*x+5.0
return y
end

function df(f,x)
dx=0.001
y=(-f(x+2.0*dx)+8.0*f(x+dx)-8.0*f(x-dx)+f(x-2.0*dx))/(12.0*dx)
return y
end

function d2f(f,x)
dx=0.001
y=(-f(x+2.0*dx)+16.0*f(x+dx)30.0*f(x)+16.0*f(x-dx)-f(x-2.0*dx))/(12.0*dx*dx)
returny
end

function read(s)
print("enter x = ")

x=readline()
z=tryparse(Float64,x)
print("z = $z")

return z

end

x=read("x=")

y=f(x);

dy=df(f,x)

d2y=d2f(f,x)
print("x=$x,y=$y,dy=,$dy,d2y= $d2y")

—————————— Capture Output---------

> "C:\co\Julidbin\julia.exe" derivative2.jl

enterx=1

z = 1.0x=1.0,y=4.0,dy=7.40148683083437784,d2y= 2.00000000064963
> Terminated with exit code 0.

The derivativdformulacoefficients carbe calculated numerically by using Taylor expansion. The

general derivation formula is applied into abstract class f_x in order to achieve a general derivation

format of any given funan. Algorithm used in here is given by Bength Fornberg[47] article
inGeneration of Finite Difference Formulas on Arb

d™f (x) [

—= °3d" f(x+tah) m=0L..M;n=mm+1..N
de X=Xo n=0 e

Enter M,»,a0,a1,a2,as,... ,an

d:o =1

cl=1

for n:=1to N do
c2:=1




for n:=0 to n1 do
C3:=an- an
c2:=c2*c3
if n¢Mthend" =0
For m:=0 to min(n,M) do
" = ((a, - %), - M)/ c3
next m

nextn
For m:=0 to min(n,M) do

ahn = %[mdrntkl.ln-l -(@nq- Xo)dnn-‘l.n-l]

next m
cl:=c2
nextn

3. INTEGRAL

4.1 DEFINITIONS

Integral defines the area under the curve. It can also be defined as antiderivative(inverse derivative)
It can be defined as without limits, or with integratimundaries

O HOIAYOXN)
Or with limits

O QwQw

Some analytical integration formulas are given below:
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Examples of analytical integrations
EX1: take theintegralab ™Qw C¢® ow U
Answer: 0 -@® -® LW O
EX2: take integral ofo "Qw 06aav L ® C 0w UL CW ¢
DO - -0 LW 0 W (¢
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4.2NEWTON-COTES NUMERICAL INTEGRAL

T



If function f(x) is givenand ,it is desired to calculate integral of the function between integration limits
a and b. Definition of the integral is the area under the function between integration limits. The
simplest approximation is to connect f(a) and f(b) points with a limeaiahd calculate the area of the
trapezoidal under the line. This approach is called trapezoidal rule of N&ates formulations

(Area finding formulations)

iz

a ]

Figure 4.2 Finding integration with trapezoidal rule (yellow area) and error created by the
method(blue area)

Integration formula :

0 QOA® O ©

i) ey )
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Figure 4.3 Finding integration with trapezoidal rule (yellow area) with multiple trapezoidal rule

If total area is divided into smaller areas amount of error will be redueetbdbe fact that smaller
piece of functions are closer to the line compare to a big piece of function. The same integration
Formula for multipart equation will be:

"Qw ¢B Qo Mw
&

0O Qwonw »w

Now assume an example integratfonction of



| = ﬁi V1- x*dx=1.0
p

Since the value of the function is known exactly, it will be easy to evaluate the error of numerical
function evaluation process.

Trapezoidal intergral rule of Newton-Cotes approximation n=1

function newton_cotes2(ff,a,b,n)
#Newtoncotes integral 2 points
#trapezoidal rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@/n;
h=(b-a)/n
hl=h;
sum=0.0;
x=zeros(3)
f=zeros(3)
for p=1:n
fori=1:2
X[i]=a+(i-1)*h1+(p-1)*h
fli1=f(x[i])
end
sum=sum-+h*(f[1]+f[2])/2.0
end
return sum
end
f(x)=4.0/pi*sqgrt(1.0x*x)
I=newton_cotes2(f,0.0,1.0,1)
print("Integral = $I")
---------- Capture Output---------
> "C:\coJulidbin\julia.exe" newton_cotes2.jl
Integral = 0.6366197723675814
> Terminated with exit code O.

In order to se¢he error happened in the function visiually a graphical output form of the same program is
createdn=1

function newton_cotes2(ff,a,b,n)
#Newtoncotes integral 2 points
#trapezoidal rule
# ff integrating function
# a,bintegral limits
# n : number of sub division h=@/n;
h=(b-a)/n
hl=h;
sum=0.0;
x=zeros(3)
f=zeros(3)
xi=zeros(n+1)
fi=zeros(n+1)
xi[1]=a
fi[1]=ff(a)
for p=1:n




for i=1:2
X[i]=a+(i-1)*h1+(p-1)*h
fli]=f(x[i])
xi[p+1]=x]i]
fi[p+1]=f[i]
end
sum=sum+h*(f[1]+f[2])/2.0
end
xx=[sum,xXi,fi]
return xx
end
using Plots
f(x)=4.0/pi*sqgrt(1.0x*x)
xx=newton_cotes2(f,0.0,11),
I=xx[1]
print("Integral = $I")
x1=0:0.01:1
y1=f.(x1)
x2=xx[2]
y2=xXx[3]
p=plot(x1,y1)
plot!(p,x2,y2)

—————————— Capture Output---------

> "C:\coJulidbin\julia.exe" newton_cotes2.jl

Integral = 0.6366197723675814

> Terminated with exit codefewton_cotes2
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n=2

---------- Capture Output---------




> "C:\coJulidbin\julia.exe" newton_cotes2.jl
Integral = 0.8696387816055828
> Terminated with exit code O.
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---------- Capture Output---------

> "C:\coJulidbin\julia.exe" newton_cotes2.jl
Integral = 0.9286860839333196

> Terminated with exit code 0.
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---------- Capture Output---------

> "C:\coJulidbin\julia.exe" newton_cotes2.jl

Integral = 0.9535638125074375
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---------- Capture Output---------

> "C:\coJulidbin\julia.exe" newton_cotes2.jl

Integral = 0.9958212998047945




> Terminated with exit code 0.
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As it is seen from the example when trapezoidal siepincreased, approximation is getting better

but even with 100 steps there are stil some error in the approximation. The next step in the approach
is to use higher degrees of polinomials to connect points of integration. Quadratic (second degree)
polinomial rule is callecGimpson 1/3 rule If step size of formulation is taken as h

h=(bi a)/n
Quadratic polynomial Newton-Cotes formula(Simpson 1/3 rule)

(bga’[f(xo)+4f(x1)+f(x2)] or

I=|7jf(x)dx=

ho(b-23) _(b-a)
n 2
given in this Formula)

h
| =i f (x)dx = g[ f(%)+4f(x)+ f(X)] (n=2 or thee points are

Quadratic polynomial Newton-Cotes formula(Simpson 1/3 rule) with multipoint approach

f(x)+4af(x)+a f(x)+F(x)
i=1,3,5 j=2,4,6
6

Cubic polynomial NewtonCotes formula(Simpson 3/8 rule)

_(b-2a)
I

=g f (x)dx = (b- a)

| =5 f (x)dx [F(%)+3F(x)+31 )+ T(X)] or



h= (b- a) _ (b- a)
n 3

(n=3 or four points areequired for this formula)

| =R (X0x= T[F(x)+3F(x) #37(x) + F(x)]

Fourth order polynomial Newton-Cotes formula(Bode rule)

=8 f (x)dx = (bs;oa) [7F(x ) +32f (x) +12f (x,) +32f (x,) + 7 f (x,)]
h= (b;]a) = (b'4a) | =8 (x)dx= j—g[ﬁ (%) +32f (x) ++12f (x,) +32f (x) + 7 f (X,)]

(n=4 or five points are used in this Formula)

Fifth order polynomial Newton-Cotes formula(Boole rule)
I :fjf (X)dx = %[1% (%,) +75f (x) +50f (x,) +50f (x,) + 75f (x,) +19f (x,)]

or

(b-a) _(b-a)
n 5

h=

| =@ f (x)dx = 25—;‘8[19f (x,) + 75f (x) +50f (x,) +50f (x,) + 75f (x,) +19f (x)]

(n=5 or six points are used in this Formula)
Eight order polynomial Newton-Cotes formula

| =§ f (x)dx = %0[989‘: (x,) +5888f (x,) - 928f (x,) +10496f (x,) - 4540f (x,)

+10496f (x,) - 928f (x,) +5888f (x,) +989f (x,)]

or

4h

(b-a)_(b-3) | =41 (9adx= L [08f (x,) +5888 (x,) - 928 (x,) +10496f (x,) - 45401 (x,)

n 8 141
+10496f (x,) - 928f (x,) +5888f (x,) +989f (x,)]

h=

(n=8 or nine points are used in this Formula)
Programs for this approaches are given below:

quadratic polynomial Newton - Cotes Formula (Simpson 1/3 rule)

function newton_cotes3(ff,a,b,n)

#Newtoncotes integral 2 points

#trapezoidal rule

# ff integrating function

# a,b integral limits

# n : number of sub division h=@)/n;

h=(b-a)/n

h1=h/2.0;

sum=0.0;

x=zeros(3)

f=zeros(3)

for p=1:n

for i=1:3

X[i]=a+(i-1)*h1+(p-1)*h
fli=Ff(x[i])

end




sum=sum-+h1*(f{1]+4.0*f[2]+{[3])/3.0

end

return sum

end
using Plots
f(x)=4.0/pi*sqrt(1.0x*x)
I=newton_cotes3(f,0.0,1.0,1)
print("Integral Newtorcotes 1/3 = $I")
---------- Capture Output---------
> "C:\coJulidbin\julia.exe" newton_cotes3.j|
Integral Newtorcotes 1/3 = 0.9473117846849166
> Terminated with exit code 0.

If the quadratic NewtofCotes Formula (Simpson 1/3 rule) applied as two timegralzone (0 to 1)

---------- Capture Output---------

> "C:\caJulidbin\julia.exe" newton_cotes3.j|
Integral Newtorcotes 1/3 = 0.9815388228080559
> Terminated with exit code 0.

cubic polynomial Newton- Cotes Formula (Simpson 3/8 rule)

function newton_cotes4(ff,a,b,n)
#Newtoncotes integral 2 points
#trapezoidal rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@y)/n;
h=(b-a)/n
h1=h/3.0;
sum=0.0;
x=zeros(4)
f=zeros(4)
for p=1:n
for i=1:4
x[i]=a+(i-1)*h1+(p-1)*h
fli=Ff(x[i])
end
sum=sum-+h*(f[1]+3.0*[2]+3.0*f[3]+f[4])/8.0
end
return sum
end
using Plots
f(x)=4.0/pi*sqgrt(1.0x*x)
I=newton_cotes4(f,0.0,1.0,1)
print("Integral Newtorcotes 3/8 $I")
—————————— Capture Output---------
> "C:\coJulidbin\julia.exe" newton_cotes4.j|
Integral Newtorcotes 3/8 = 0.965194372879037
> Terminated with exit code 0.

If the cubic NewtorCotes Formula (Simpson 3/8 rule) applied as two tiimiegralzone (0 to 1) and divided up
into 2

—————————— Capture Output---------

> "C:\coJuliabin\julia.exe" newton_cotes4.j|
Integral Newtorcotes 3/8 = 0.9877870530380952
> Terminated with exit code 0.

fourth order polynomial Newton - Cotes Formula (Boole ule)

function newton_cotes5(ff,a,b,n)
#Newtoncotes integral 2 points
#trapezoidal rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@y/n;
h=(b-a)/n
h1=h/4.0;
sum=0.0;
x=zeros(5)
f=zeros(5)




for p=1:n
for i=1:5
x[i]=a+(i-1)*h1+(p-1)*h
flil=ff(x[i)
end
sum=sum+h*(7.0*f[1]+32.0*f[2]+12.0*[3]+32.0*{[4]+7.0*[3)/90.0
end
return sum
end
using Plots
f(x)=4.0/pi*sqrt(1.0x*x)
I=newton_cotes5(f,0.0,1.0,1)
print("Integral Newtorcotes (boole rule) = $I")
---------- Capture Output---------
> "C:cdJuliabin\julia.exe"newton_cotes5.jl
Integral Newtorcotes (boole rule) = 0.9838206253495985
> Terminated with exit code 0.

If the fourth order polynomial Newte@otes Formula (Boole rule) applied as two tirimgegralzone (0 to 1)
and divided up into 2

---------- CaptureOutput----------

> "C:\coJulidbin\julia.exe" newton_cotes5.j|

Integral Newtorcotes (boole rule) = 0.9943031391613758
> Terminated with exit code 0.

fifth order polynomial Newton - Cotes Formula

function newton_cotes6(ff,a,b,n)
#Newtoncotes integral 2 points
#trapezoidal rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@/n;
h=(b-a)/n
h1=h/5.0;
sum=0.0;
x=zeros(6)
f=zeros(6)
for p=1:n
for i=1:6
x[i]=a+(i-1)*h1+(p-1)*h
fli]=ff(x[i)
end
sum=sum-+h*(19.0*f[1]+75.0*f[2]+50.0*{[3]+50.0*f[4]+75.0*{[5]+19.0*[6])/288.0
end
returnsum
end
using Plots
f(x)=4.0/pi*sqrt(1.0x*x)
I=newton_cotes6(f,0.0,1.0,1)
print("Integral Newtorcotes (boole rule) = $I")
---------- Capture Output---------
> "C:\coJuliabin\julia.exe" newton_cotes6.jl
Integral Newtorcotes (boole rule) £.9872489399864514
> Terminated with exit code 0.

If the fifth order polynomial NewtorCotes Formula applied as two tinategralzone (0 to 1) and divided up
into 2

---------- Capture Output---------

> "C:\cdJulidbin\julia.exe" newton_cotes6. ||

Integral Newtorcotes (boole rule) = 0.9955081956385212
> Terminated with exit code 0.

RKCHARDSON AND AITKEN | NTERPOLATI ON FORMULAS

RKCHARDSON EXTRAPOLATI ON ( ROMBERG | NTEGRATI ON)



Richardson extrapolation formula can be applied to decreageatita error. Richardson
extrapolation Formula has the folloving form :

1
I @ (h,) +m[| (h,)- 1(h)]

In this Formula hshould be smaller than hifh,=hi/2 equation becomes:

4 1
@5 1(hy)- S1(h)]

As a starting interpolation any of the NewAGotes formulations can be taken. A General form of the
above equation can be written as

k-1
4 I j+Lk-1 - I

Ijvk @ 4k—1_ 1

If trapezoidal rule is used as starting point of this iterative formulation, it is datletberg
Integration

jk-1

4
Consider the previous integrélzlﬁzvl' x*dx=1.0 that solved by excel, if the results are

integrated into the romberg integration formula:

Romberg:  Trapezoidal Romberg:  Simpson 1/3

2*h 10 11 12 2*h 10 11 12

0.125 0.98352 0.99771 0.999685 0.125 0.993505 |0.999111 |0.999877
0.0625 0.994162 | 0.999191 0.0625 0.99771 0.999685

0.03125 0.997934 0.03125 0.999191

Romberg integration with trapezoidal rule (Newton-Cotes 2)f(x)=2.0/(1.0+2.0*x*x)

function newton_cotes2(ff,a,b,n)
#Newtoncotes integral 2 points
#trapezoidal rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=g/n;
h=(b-a)/n
hl=h;
sum=0.0;
x=zeros(2)
f=zeros(2)
for p=1:n
for i=1:2
x[il=a+(i-1)*h1+(p-1)*h
fli=Ff(x[i])
end
sum=sum-+h1*(f[1]+f[2])/2.0
end
return sum
end
function rombergintegral(f, a,b,n)
m=n
R = zeros(Float64,n,m)
# calculate Newtowtotes 2
h=(a- b)/2.0
for j=1:n
m1=2%
R[j,1]=newton_cotes2(f,a,b,m1)
y=RI}1]
printin("R[$j,1] = $y")




end
for k=2:n
for j=1:m-1
n1=4"(k1)
n2=nkl
R[j,K]=(n1*R[j+1,k-1]-R][j,k-1])/n2
end
end
return R
end

function output(R,nn)
for i=1:nn
for j=i:nn-1
print(R[j,i])
print(" ")
end
printin(" *)
end
return nothing
end

f(x)=2.0/(1.0+2*x*x)

a=3.0

b=3.0

n=8

R=romberg_integral(f, a,b,n)

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), R)

---------- Capture Output---------

> "C:\coJulidbin\julia.exe"integral_romberg.jl

R[1,1] = 6.315789473684211

R[2,1] = 4.248803827751196

R[3,1] = 3.883040935672515

R[4,1] = 3.8058295411062657

R[5,1] = 3.789612338685158

R[6,1] = 3.786638312954102

R[7,1] = 3.7864174566839495

R[8,1] = 3.786675582381121

8X8 Matrix{Float64}:

6.31579 3.55981 3.77454 3.78147 3.78454  3.78577 3.7864 3.7868
42488 3.76112 3.78136 3.78453 3.78577 3.7864 3.786837943
3.88304 3.78009 3.78448 3.78576  3.7868.7868 -0.337691  0.00569917
3.80583 3.78421 3.78574 3.7864 3.786®.336684 0.005678212.25949€5
3.78961 3.78565 3.78639 3.7868-0.332657 0.00559462.22469¢5 2.182188
3.78664 3.78634 3.7887-0.316566 0.00526432.08756€5 2.04626€8 -5.00041el2
3.78642 3.786760.252451 0.004007161.57143e5 1.5361€8 -3.75117el2 2.2896746
3.78668 0.0 0.0 0.0 0.0 0.0 0.0 0.0
> Terminated with exit code 0.

QUADRATURES: GAUSS-LEGENDRE, GAUSS-CHEBYCHEV, GAUSS-J ACOBK, GAUSS
-HERMKT, GARJBWBLERRE | NTEGRATKON FORMULAS

A problem known from antique times, is to create a rectangle with the same area with a polynomial. IT
is cdled a quadrature problem.

fiz)

xl ¥

-1 1
Figure: a rectangle with the same area with a polynomial
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Figure: A rectangle with the same area with a circle

If point x1 and x2 points intersecting the polynomial and rectangle is known, area calculation of the
polynomid can be interchange with the area calculation of the rectangle. Or in more general means
instead of integration process of summation can be substituted. As a general definition:

O plp e Qw0 ®Qce  OQ®

Can be written. In this equatiev(x) is the weight factor. In the first of a such formulation, Gauss
Legendre integral formulation, weight factor can be taken as 1.

O plp e QwQee OO

If this integration is solved for a general polynamial equation. Followingoal&ifound:

o o P P
Qe ———
w Qoe Q p
This equation can be written in open form as:
¥\ ) = TN p p T &
ww ww E ow —m— m Q ¢t
Q o S

For a special case of n=2 equation becomes :
"0 pip NOQe O OQ® O OO do do Q®

® Qoo 0Qwd w2 d wow

®¢ Om ® - ®Omn

Coefficients oftd , 0, @ and® must be equal to each other so

W W C
WO W T
TN A c
WO W -

o



DO O T

If this system of equation is solved roatsd coefficients can be found as:
Roots: wf; e and Coefficients Oy,  p

The general solution of this problem can be defined with the Legendre polynomials. Legendre
polynomials has a general definition as:

VMpd ® QOpad o @ o Qop
And

w p
0w O
The first5 Legendre polynomials are giving in graphic form.
function P(n,x)

P1=0.0

if n==0 P1=0.0

elseif n==1 P1=x

else

P1=((2.0*n+1.0)*x*P(n1,x)}-n*P(n-2,x))/(n+1.0)

end

return P1

end

Ca C2

using Plots

x1=-1:0.01:1

f1(x)=P(1,x)

f2(x)=P(2,x)

f3(x)=P(3,x)

f4(x)=P(4,x)

f5(x)=P(5,x)

plot([f1,f2,f3,f4,f5],x1,title="Legendre polynomials”,label=["P1" "P2" "P3" "P4" "P5"],ylims-%.0,1.0),xaxis = ("x"),yaxis =
("P(n.x)")

B GKS OtTerm — ] =
Legendre polynomials
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P1
P2
P3
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P(n,x)

=10




The roots of Legendre Polynomials are the roots of the @aagendre integration Formula. For
example if A(X) value is calculated from the above general form:
0 ¢z2¢ pa ® pd
CL W oWw p
@

> ow p
v C
The root of thidgs equal to
~ . 0w p
0 W —— T
C
o P
" Vo
In general roots can be calculated from Legendre polynomials as follows:
& Q o,
h ¢ plg
. P p P cuy P o~ e
wWr - T ow — Al S O¢
h P ye ye o et I Qe— h

This equation contains an error levelw?. In order to decrease the error NewRaphson root
finding method can be usefullhe above equation can be used as first estimate in NdéRaphson

formula:

After finding the roots coeficientsao be calculated as
- Cp W
w s .
€ W
As a last concept, consider that Galuegendre integration limits aré and 1

Region x=f1,1] can be converted to_z=[a,b] by changing the variables

. W 0w, 0o )
a — 0w — | o]
C G

In thiscase, integration Formula will became :

O e "QaQle | O » |

First 10 Gaus&egendre integration formulas are given in the table

Table Gaussi Legendre integration roots and coefficients

N Xic Ck

2 -0.577350269189625 1.000000000000000
0.577350269189625 1.000000000000000

3 -0.774596669241483 0.555555555555552
0.000000000000000 0.888888888888888
0.774596669241483 Format long

4 -0.861136311594052 0.347854845137447
-0.339981043584856 0.652145154862546
0.339981043584856 0.652145154862546
0.861136311594052 0.347854845137447




5 -0.906179845938664 0.236926885056181
-0.538469310105683 0.478628670499366
0.000000000000000 0.568888888888888
0.538469310105683 0.478628670499366
0.906179845938664 0.236926885056181

6 -0.932469514203152 0.171324492379162
-0.661209386466264 0.360761573048138
-0.238619186083196 0.467913934572691
0.238619186083196 0.467913934572691
0.661209386466264 0.360761573048138
0.932469514203152 0.171324492379162

7 -0.949107912342758 0.129484966168862
-0.741531185599394 0.279705391489276
-0.405845151377397 0.381830050505119
0.000000000000000 0.417959183673469
0.405845151377397 0.381830050505119
0.741531185599394 0.279705391489276
0.949107912342758 0.129484966168862

8 -0.960289856497536 0.101228536290369
-0.796666477413626 0.222381034453374
-0.525532409916329 0.313706645877887
-0.183434642495649 0.362683783378362
0.183434642495649 0.362683783378362
0.525532409916329 0.313706645877887
0.796666477413626 0.222381034453374
0.960289856497536 0.101228536290369

9 -0.968160239507626 0.081274388361569
-0.836031107326635 0.180648160694857
-0.613371432700590 0.260610696402935
-0.324253423403808 0.312347077040002
0.000000000000000 0.330239355001259
0.324253423403808 0.312347077040002
0.613371432700590 0.260610696402935
0.836031107326635 0.180648160694857
0.968160239507626 0.081274388361569

10 -0.973906528517171 0.066671344308684
-0.865063366688984 0.149451349150580
-0.679409568299024 0.219086362515982
-0.433395394129247 0.269266719309996
-0.148874338981631 0.295524224714752
0.148874338981631 0.295524224714752
0.433395394129247 0.269266719309996
0.679409568299024 0.219086362515982
0.865063366688984 0.149451349150580
0.973906528517171 0.066671344308684

EXAMPLE : Calculate integral of[] e
points Gausd.egendre integration formula by hand and by computer program
For n=3 a=(1-0)/2=0.5

=l

b=(1+0)/2=0.5

e function between limits 0 and 1 withree

1=0.5*(0.555555555555553f(0.5*-0.774596669241483+0.5)-88888888888888§0.5*0+0.5)+
0.555555555555553f(0.5*0.774596669241483+0.5))

1=1.004609
excel versions of the same integral
For n=4
Gauss Integral Formula
a 0.0000000000
b 1.0000000000
a (b-a)/2 0.5000000000
b (b+a)/2 0.5000000000
rk Ck xk=a+b*rk yk=f(xk) z=a*Ck*yk
-0.861136312 0.347854845 0.0694318442 1.2701668325 0.2209168434
-0.339981044 0.652145155 0.3300094782 1.2019096333 0.3919097720
0.339981044 0.652145155 0.6699905218 0.9452143982 0.3082084950
0.861136312 0.347854845 0.9305681558 0.4661568155 0.0810774534




Integral 1.002112564

For n=6

Gauss Integral Formula

a 0.0000000000

b 1.0000000000

a (b-a)/2 0.5000000000

b (b+a)/2 0.5000000000

rk Ck xk=a+b*rk yk=f(xk) z=a*Ck*yk
-0.932469514 0.171324492 0.0337652429 1.2725135329 0.1090063675
-0.661209386 0.360761573 0.1693953068 1.2548389257 0.2263488324
-0.238619186 0.467913935 0.3806904070 1.1773678593 0.2754534138
0.238619186 0.467913935 0.6193095930 0.9996800599 0.2338821151
0.661209386 0.360761573 0.8306046932 0.7090193556 0.1278934690
0.932469514 0.171324492 0.9662347571 0.3280671473 0.0281029687

Integral 1.000687166
For n=10

Gauss Integral Formula

a 0.0000000000

b 1.0000000000

a (b-a)/2 0.5000000000

b (b+a)/2 0.5000000000

rk Ck xk=at+b*rk yk=f(xk) z=a*Ck*yk
-0.973906529 0.066671344 0.0130467357 1.2731311764 0.0424406835
-0.865063367 0.149451349 0.0674683167 1.2703383629 0.0949268911
-0.679409568 0.219086363 0.1602952159 1.2567754345 0.1376711792
-0.433395394 0.269266719 0.2833023029 1.2210757598 0.1643975319
-0.148874339 0.295524225 0.4255628305 1.1521912348 0.1702502107
0.148874339 0.295524225 0.5744371695 1.0422085462 0.1539989363
0.433395394 0.269266719 0.7166976971 0.8879368571 0.1195459222
0.679409568 0.219086363 0.8397047841 0.6914240280 0.0757407876
0.865063367 0.149451349 0.9325316833 0.4597517249 0.0343552578
0.973906529 0.066671344 0.9869532643 0.2050004799 0.0068338288

Z Integral 1.000161229
For n=60 l * - °

Gauss Integral Formula

a 0.0000000000

b 1.0000000000

a (b-a)/2 0.5000000000

b (b+a)/2 0.5000000000

rk Ck xk=a+b*rk yk=f(xk) z=a*Ck*yk
-0.999210123227436 0.002026811968873 0.0003949384 1.2732394454 0.0012903085
-0.995840525118838 0.004712729926953 0.0020797374 1.2732367912 0.0030002106
-0.989787895222221 0.007389931163346 0.0051060524 1.2732229468 0.0047045150
-0.981067201752598 0.010047557182288 0.0094663991 1.2731824942 0.0063961870
-0.969701788765052 0.012678166476816 0.0151491056 1.2730934350 0.0080702453
-0.955722255839996 0.015274618596784 0.0221388721 1.2729274803 0.0097217409
-0.939166276116423 0.017829901014207 0.0304168619 1.2726504171 0.0113456155
-0.920078476177627 0.020337120729457 0.0399607619 1.2722225443 0.0129366717
-0.898510310810046 0.022789516943998 0.0507448446 1.2715991671 0.0144895654
-0.874519922646898 0.025180477621521 0.0627400387 1.2707311395 0.0159988085
-0.848171984785929 0.027503556749925 0.0759140076 1.2695654443 0.0174587826
-0.819537526162145 0.029752491500789 0.0902312369 1.2680457997 0.0188637609
-0.788693739932264 0.031921219019296 0.1056531300 1.2661132804 0.0202079397
-0.755723775306585 0.034003892724946 0.1221381123 1.2637069454 0.0214854777
-0.720716513355730 0.035994898051084 0.1396417433 1.2607644611 0.0226905441
-0.683766327381355 0.037888867569243 0.1581168363 1.2572227133 0.0238173724
-0.644972828489477 0.039680695452381 0.1775135858 1.2530184000 0.0248603208




-0.604440597048510

0.041365551235585

0.1977797015

1.2480886002

0.0258139365

-0.562278900753944 0.042938892835936 0.2188605496 1.2423713133 0.0266730243
-0.518601400058569 0.044396478795787 0.2406993000 1.2358059656 0.0274327167
-0.473525841761707 0.045734379716114 0.2632370791 1.2283338822 0.0280885441
-0.427173741583078 0.046948988848912 0.2864131292 1.2198987211 0.0286365057
-0.379670056576798 0.048037031819971 0.3101649717 1.2104468712 0.0290731374
-0.331142848268448 0.048995575455757 0.3344285759 1.1999278109 0.0293955768
-0.281722937423261 0.049822035690550 0.3591385313 1.1882944300 0.0296016238
-0.231543551376029 0.050514184532509 0.3842282243 1.1755033149 0.0296897957
-0.180739964873425 0.051070156069856 0.4096300176 1.1615149982 0.0296593761
-0.129449135396945 0.051488451500981 0.4352754323 1.1462941736 0.0295104560
-0.077809333949537 0.051767943174910 0.4610953330 1.1298098787 0.0292439668
-0.025959772301248 0.051907877631221 0.4870201138 1.1120356457 0.0288617051
0.025959772301248 0.051907877631221 0.5129798862 1.0929496235 0.0283663477
0.077809333949537 0.051767943174910 0.5389046670 1.0725346712 0.0277614570
0.129449135396945 0.051488451500981 0.5647245677 1.0507784251 0.0270514770
0.180739964873425 0.051070156069856 0.5903699824 1.0276733412 0.0262417190

0.231543551376029

0.050514184532509

0.6157717757

1.0032167145

0.0253383371

0.281722937423261

0.049822035690550

0.6408614687

0.9774106755

0.0243482948

0.331142848268448

0.048995575455757

0.6655714241

0.9502621669

0.0232793209

0.379670056576798

0.048037031819971

0.6898350283

0.9217829005

0.0221398573

0.427173741583078 0.046948988848912 0.7135868708 0.8919892958 0.0209389978
0.473525841761707 0.045734379716114 0.7367629209 0.8609024020 0.0196864187
0.518601400058569 0.044396478795787 0.7593007000 0.8285478029 0.0183923025

0.562278900753944

0.042938892835936

0.7811394504

0.7949555081

0.0170672547

0.604440597048510

0.041365551235585

0.8022202985

0.7601598294

0.0157222152

0.644972828489477

0.039680695452381

0.8224864142

0.7241992435

0.0143683648

0.683766327381355

0.037888867569243

0.8418831637

0.6871162440

0.0130170282

0.720716513355730

0.035994898051084

0.8603582567

0.6489571814

0.0116795738

0.755723775306585

0.034003892724946

0.8778618877

0.6097720929

0.0103673124

0.788693739932264

0.031921219019296

0.8943468700

0.5696145247

0.0090913950

0.819537526162145

0.029752491500789

0.9097687631

0.5285413466

0.0078627110

0.848171984785929

0.027503556749925

0.9240859924

0.4866125631

0.0066917881

0.874519922646898

0.025180477621521

0.9372599613

0.4438911240

0.0055886953

0.898510310810046

0.022789516943998

0.9492551554

0.4004427432

0.0045629483

0.920078476177627

0.020337120729457

0.9600392381

0.3563357382

0.0036234215

0.939166276116423

0.017829901014207

0.9695831381

0.3116409221

0.0027782634

0.955722255839996

0.015274618596784

0.9778611279

0.2664316177

0.0020348207

0.969701788765052

0.012678166476816

0.9848508944

0.2207839805

0.0013995680

0.981067201752598

0.010047557182288

0.9905336009

0.1747782074

0.0008780470

0.989787895222221

0.007389931163346

0.9948939476

0.1285028199

0.0004748135

A julia version of Gaustegendre integration Formula will be written next to use n=10 formula given
in the table. Our function iQw

-p

10 Point GaussLegendre integration

0.995840525118838 0.004712729926953 0.9979202626 0.0820735936 0.0001933953
0.999210123227436 0.002026811968873 0.9996050616 0.0357805413 0.0000362602
Integral 1.000000837

function integral(f_xnt, a, b)
#integral f(x)dx

r=zeros(Float64,10)
c=zeros(Float64,10)
r[1]=-0.973906528517171
r[2]=-0.865063366688984
r[3]=-0.679409568299024
r[4]=-0.433395394129247
r[5]=-0.148874338981631
r[6]=0.148874338981631

#integral ofa function by using gausegendre quadrature
#coefficients are prealculated for 60 terms for1,1]
#band then utilises variable transform




r[7]=0.433395394129247
r[8]=0.679409568299024
r[9]=0.865063366688984
r[10]=0.973906528517171
c[1]=0.066671344308684
c[2]=0.149451349150580
¢[3]=0.219®B6362515982
c[4]=0.269266719309996
c[5]=0.295524224714752
c[6]=0.295524224714752
c[7]=0.269266719309996
c[8]=0.219086362515982
c[9]=0.149451349150580
c[10]=0.066671344308684
n=length(r)
z=0.0
kl=(b-a)/2.0
k2=(b+a)/2.0
y1=0.0
for i=1:n

x=k2+k1*r[i]

y=f_xnt(x)

yl=c[i]*y

z+=yl
end
return k1*z
end

f(x) = 4.0/pi*sqrt(1.0x*x)
r=integral(f,0.0,1.0)
print(“integral : $r")

---------- Capture Output---------
> "C:\co\Juliabin\julia.exe" gauss_integrall.jl
integral : 1.000612291825637
> Terminated with exit code 0.

More terms can be used to achieve more accurate results. In the next program 60 terms of the
Legendre coefficcients and roots are entered tho the program.

Program 60 Point Gauss_egendre integration

function integral(f_xnt, a, b)
#integral f(x)dx

#integral of a function by using gadsgiendre quadrature
#coefficients are prealculated for 60 terms for,1]
#band then utilises variable transform
r=[-0.99921012322743600,
-0.99584052511883800,
-0.9897878952222100,
-0.98106720175259800,
-0.96970178876505200,
-0.95572225583999600,
-0.93916627611642300,
-0.92007847617762700,
-0.89851031081004600,
-0.87451992264689800,
-0.84817198478592900,
-0.81953752616214500,
-0.78869373993226400,
-0.75572377530658500,
-0.720r1651335573000,
-0.68376632738135500,
-0.64497282848947700,
-0.60444059704851000,
-0.56227890075394400,




-0.51860140005856900,
-0.47352584176170700,
-0.42717374158307800,
-0.37967005657679800,
-0.33114284826844800,
-0.28172293742326100,
-0.23154355137602900,
-0.18073996487342500,
-0.12944913539694500,
-0.07780933394953650,
-0.02595977230124780,
0.02595977230124780,
0.07780933394953650,
0.12944913539694500,
0.18073996487342500,
0.23154355137602900,
0.28172293742326100,
0.33114284826844800,
0.37967005657679800,
0.42717374158307800,
0.47352584176170700,
0.51860140005856900,
0.56227890075394400,
0.60444059704851000,
0.64497282848947700,
0.68376632738135500,
0.72071651335573000,
0.75572377530658500,
0.78869373993226400,
0.81953752616214500,
0.84817198478592900,
0.87451992264689800,
0.89851031081004600,
0.92007847617762700,
0.93916627611642300,
0.95572225583999600,
0.96970178876505200,
0.98106720175259800,
0.98978789522222100,
0.99584052511883800,
0.99921012322743600]
¢=[0.00202681196887338,
0.00471272992695334,
0.00738993116334568,
0.01004755718228800,
0.01267816647681590,
0.01527461859678380,
0.01782990101420730,
0.02033712072945710,
0.02278951694399780,
0.02518047762152120,
0.02750355674992480,
0.02975249150078890,
0.03192121901929630,
0.0340389272494640,
0.03599489805108440,
0.03788886756924340,
0.03968069545238070,
0.04136555123558470,
0.04293889283593560,
0.04439647879578710,
0.04573437971611440,
0.04694898884891210,
0.04803703181997110,
0.04899557545575670,
0.04982203569055010,
0.05051418453250940,
0.05107015606985560,
0.05148845150098080,
0.05176794317491010,
0.05190787763122060,
0.05190787763122060,
0.05176794317491010,
0.05148845150098080,
0.05107015606985560,
0.05051418453250940,




0.04982203569055010,
0.04899557545575670,
0.04803703181997110,
0.04694898884891210,
0.04573437971611440,
0.04439647879578710,
0.04293889283593560,
0.04136555123558470,
0.03968069545238070,
0.03788886756924340,
0.03599489805108440,
0.03400389272494640,
0.03192121901929630,
0.02975249150078890,
0.02750355674992480,
0.02518047762152120,
0.02278951694399780,
0.02033712072945710,
0.01782990101420730,
0.01527461859678380,
0.01267816647681590,
0.01004755718228800,
0.00738993116334568,
0.00471272992695334,
0.00202681196887338]
n=length(r)
z=0.0
kl=(b-a)/2.0
k2=(b+a)/2.0
y1=0.0
fori=1:n

x=k2+k1*r[i]

y=f_xnt(x)

yl=c[i*y

z+=yl
end
return k1*z
end

f(x) = 4.0/pi*sqrt(1.0x*x)
r=integral(f,0.0,1.0)
print(“integral : $r")

—————————— Capture Output---------
> "C:\coJulidbin\julia.exe" gauss_integral2.jl
integral : 1.000000837330801
> Terminated with exit code 0.

In the next example coeeficients are directly calculated from the Legendre polynomials, so storage of
any coefficients is unnecessary. Of coutseili have additional cost of calculating the coefficients.

variable Point GaussLegendre integration
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
function gauss_legendre_coefficients(x1,x2,n)
A = zeros(Float64,2,n)
eps=3.0€l5
mx=(n+1)/2
m=floor(Int,mx)
xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=20
pp=0.0
for i=1:m
z=cos(pi*((+0.25)/(n+0.5)))
for ii=1:nmax
p1=1.0
p2=0.0
for j=1:n




p3=p2
p2=pl
p1=(((2.0%-1.0)*z*p2-(j-1.0)*p3)/})
end
pp=((z*p1-p2)*n/(z*z-1.0))
z1=z
z=z1-pl/pp
if abs(zz1) < eps
break
end
end
yl=xmxl*z
y2=xm+xI*z
il=n+1i
AlL,i]=y1
A[L,i1]=y2
y3=2.0*xI/((1.0-z*z)*pp*pp)
A[2,i1]=y3
A2,i=y3
end
show(lOContext(stdout, :limit=>false), MIME"text/plain"(), A)
printin(" *)
return A
end
#Gausd_egendre integration
function integral(f,x1,x2,n)
#integral f1(x)dx
#integral of a function by using gadegiendre quadrature
#between x1 and x2
A=gauss_legendre_coefficients(x1,x2,n)
z=0.0
for i=1:n
xx1=A[1,i]
xx2=A[2,i]
z=z+xx2*f(xx1)
end
return z
end

f(x) = 4.0/pi*sqrt(1.6x*x)
r=integral(f,0.0,1.0,10)
print(“integral : $r")

—————————— Capture Outpu---------

> "C:\caJulidbin\julia.exe" integral_gauss.jl

2X10 Matrix{Float64}:

0.0130467 0.0674683 0.160295 0.283302 0.425563 0.574437 0.716698 0.839705 0.932532 0.986953
0.0333357 0.0747257 0.109543 0.134633 0.147762 0.147762 0.134633 0.109543 0.0747257 0.0333357
integral : 1.0001612291825648

> Terminated wittexit code 0.

In the Gausd.egendre integral formulation weight function was taken as 1.
O plp e Q0 ®Qe  OQ®

If the weight function is taken a8: w — GaussChebychev integration formula is created. This

equation has thefm of
0 pp e QOO @Q@ U -——0d@ &6
Mp
Xk in the equation is the roots of chebcychev polynomials. General definition of the Chbychev
polynomials are given as:
Yo p
Yo



Yo o p
Yo Y o Y ok oth®
It should be note that Chebychev polinomials are orthogonal polnomials. The roots of the polynomials
are defined as:

O HéEi—S— R Q mpkBE p

Coeeficients of the Formula can be calﬁ:ulated as:
&) gF‘ 0 mpkBE p
The first 5 Chebychev polynomial plotted below:

#Chebychev polynomials
function T(n,x)

P1=0.0

if n==0 P1=1.0

elseif n==1 P1=x

else

P1=2.0**T(n-1,x)-T(n-2,X)

end

return P1

end

using Plots
x1=-1:0.01:1
f1(x)=T(1,x)
f2(x)=T(2,x)
f3(x)=T(3,x)
f4(x)=T(4,x)
f5(x)=T(5,x)
plot([f1,f2,f3,f4,f5],x1,title="Chebychev polynomials",label=["T1"
"T2" "T3" "T4" "T5"],ylims = (-1.0,1.0),xaxis = ("X"),yaxis =
(T(n.x)")
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x=[-1,1] integration range in Gau&hebychev Formula can be change to more general z=[a,b] range
by using similar formulations used in Gatissgendre formulations.
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As an example program if followirigtegral is to be solved:



Program GaussChebychev integral
function gauss_chebychev_coefficients(n)
#GaussChebychev quadrature
sgngam=1
a=zeros(Float64,2,n)
for j=1:n
a[l,j]=cos((2.0%1.0)*pi/(2.0*n));
a[2,j]=pi/n
end
return a
end

function gauss_chebychev_integral(f_xnt,n)
#n : number of integral coefficients
# this routine first generates gauss chebychev coefficients
# for [xa,xb] band
# then calculates gauss chebychev integral
a=zeros(Float64,2,n)
a=gauss_chebychev_coefficients(n)
toplam=0.0
#ck
#XY
z1=0.0
for k=1:n

toplam+=a[2 k]*f_xnt(a[1,k])

end
return toplam
end

f(x) = exp(x)
r=gauss_chebychev_integral(f,50)
print("gauss_chebychev_integral : $r")

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" integral_gauss_chebychev.jl
gauss_chebychev_integral : 3.9774632605064237

> Terminated with exit code 0.

GaussHermit formula : this formulation uses the weight function and calculates integrals from
minus infinity to plus infinity.
0w Q
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In this equation is the roots of the Hermite polynomials. Hermit Polinomials defined as:
H.1(x)=0

Ho(X)=1

Ha1(x)=2x

Ha(X)=4x%-2

H3(X)=8x3-12x

Hn(X)=2xPr1(X) T 2(n-1)Py2(x), n=1,2,3,4,5..



Coefficients are given as:

_ 2"'nip
TP (%)

Coefficients for thdirst 7 sets are given in the following table

Table 7.36 Gausg Hermit integration roots and coefficients

N Xk Ck
2 +/-0.707167811 0.886226926
3 0 1.181635901
+/-1.224744871391589 0.295408975
4 +/- 0.524647623275290 0.80491409
+/- 1.650680123885784 0.081312835
5 0 0.945308721
+/-0.9585724646 0.393619323
+/-2.0201828705 0.019953242
6 +/- 2.350604973674492 0.00453001
+/- 1.335849074013697 0.15706732
+/- 0.436077411927616 0.724629595
7 +/- 2.651961356835233 0.000971781
+/- 1.673551628767471 0.054515583
+/- 0.816287882858965 0.425607253
0 0.810264618

#Hermit polynomials
function H(n,x)
P1=0.0
if n==0 P1=1.0
elseif n==1 P1=2.0*x
else
P1=2.0"*H(n-1,x)-2.0*(n-1)*H(n-2,X)
end
return P1
end

using Plots

x1=-2.0:0.1:2.0

f1(x)=H(1,x)

f2(x)=H(2,x)

f3(x)=H(3,x)

f4(x)=H(4,x)

f5(x)=H(5,x)

plot([f1,f2,f3,f4,f5],x1 title="Hermit_ polynomials",label=["H1" "H2" "H3" "H4"
"H5"],ylims = (-50.0,50.0),xaxis = ("x"),yaxis = ("H(n,x)"))
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Gauss_Hermite integral equation example code :

GaussHermite integration

#GaussHermit integral
function gauss_hermite_coefficients(n)
A=OffsetArray{Float64}(undef,0:1,0:41)
r=0.0
r1=0.0
p1=0.0
p2=0.0
p3=0.0
dp3=0.0
j=0
i=Int64(0)
eps=1el5
pipm4 =1.0/pi"*0.25
nl=floor(Int64,(n+1)/21)
fori=0:n1
if i==
r =sqrt(Hoat64(2*n+1.0))1.85575*(Float64(2*n+1))*(.0/6.0)
elseif i==1
r = r-1.14*Float64(n)"0.426/r
elseif i==2
r = 1.86*0.86*A[0,0]
elseif i==3
r=1.91*r0.91*A[0,1]
else
r = 2*r-A[0,i-2]
end # if
while(true)
p2=0.0
p3 = pipm4;
forj=0:n1
pl=p2
p2 =p3
p3 = p2*r*sqrt(2.0/Float64(j+1)p1*sqrt(Float64(j)/Float64(j+1))
end # for |
dp3 = sqrt(Float64(2.0*n))*p2
ri=r
r = r-p3/dp3
yyl=abs(¥rl)
yy2=eps*(1.0+abs(r))*100.0
if yyl<yy2
break
end
end #while
yl=r
y2=2.0/(dp3*dp3)
A[0,i] =y1
A[L,] =y2
A[0,n-1-]] = -y1
A[L,n-1-i] = y2
end # for i
return A
end #function

function gauss_hermite_integral(f_xnt,n)

# n : number of integral coefficients

# this routindfirst generates gauss hermite coefficients

# for [x1,x2] band

# then calculates gauss hermite integral

# a=OffsetArray{Float64}(undef,0:1,0:mh)
a=gauss_hermite_coefficients(n)

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), a)
printin(" )




z=0

for i=0:n-1
z+=a[1,i]*f_xnt(a[0,i])*exp(a[0,i]*a[0,i])
end # for

return z

end # function

using OffsetArrays
f(x)=1.0/(1.0+x*x)
I=gauss_hermite_integral(f,20)
print("l = $I")

GaussHermite integrasyonu
---------- Capture Output---------
> "C:\cdJuliabin\julia.exe" gauss_hermite_integral.jl
2X20 OffsetArray(:
Matrix{Float64}, 0:1, 0:19) with eltype Float64 with indices B:19:
5.38748 4.60368 3.94476 3.34785 2.78881  2.25497 1.73854 1.23408 0.73%344 -0.245341-0.737474-
1.23408 -1.73854 -2.25497 -2.78881 -3.34785 -3.94476 -4.60368 -5.38748
2.22939€e13 4.39934€0 1.08607€ 7.80256€56 0.000228339 0.00324377 0.0248105 0.109017 0.286676 0.462244 0.462
0.286676 0.109017 0.0248105 0.00324377 0.000228339 7.8023688607¢7 4.39934€l0 2.2293943
| = 2.804683334304932
> Terminated with exit code 0.

GaussLaguerre formulation has the weight factor in the form of
0w ®w0Q
The inegral limits of this formulation is in between o and infinity. The equation is in the form of
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In this equation kis the root of Laguerre polinomials. Leguerre polynomial has the farm of
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#Laguerre polynomials
function L(alpha,n,x)
P1=0.0
if n==-1 P1=0.0
elseif n==0 P1=1.0
else
P1=(x+2.0*n+alpha+1.0)*L(alpha;i,x)-(n-alpha)*L(alpha,r2,x)
end
return P1
end

using Plots

x1=-5.0:0.1:20.0

alpha=0.0;

fO(x)=L(alpha,0,x)

f1(x)=L(alpha,1,x)

f2(x)=L(alpha,2,x)

f3(x)=L(alpha,3,x)

f4(x)=L(alpha,4,x)

f5(x)=L(alpha,5x)

plot([f0,f1,f2,f3,f4,f5],x1 title="Laguerre polynomials alpha=0" label=["L0" "L1" "L2" "L3" "L4" "L5"],ylims =1(0.0,20.0),xaxis = ("X
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Coefficients,

For the first 5 values, roots and coefficient of the equation is givireitables for(a=0,a=1 and
a=2).
In GaussLaguerre integral Formula far=0 integral equation can be changed as



L@ ) @f T OOWOIdX @ & f (x+a)dx @e " & 6, (5, +2)
k=0

Table Gaussi Laquerre integral roots and coefficients &=0)

N Xk Ck

2 0.585786437626905 0.853553390592534
3.414213562373090 0.146446609406723

3 0.415774556783479 0.711093009915089
2.294280360279040 0.278517733568676
6.289945082937470 0.010389256497354

4 0.322547689619392 0.603154104288259
1.745761101158340 0.357418692437802
4.536620296921120 0.038887908507759
9.395070912301130 0.000539294705556

5 0.263560319718141 0.521755610467045
1.413403059106510 0.398666821407258
3.596425771040720 0.075942449681708
7.085810005858830 0.003611758663878
12.640800844275700 0.000023369972386

Table Gaussi Laquerre integral roots and coefficients &=1)

N Xk Ci

2 1.267949192431120 0.788675133123411
4.732050807568870 0.211324865405185

3 0.935822227524088 0.588681472855445
3.305407289332270 0.391216059222280
7.758770483143630 0.020102459732679

4 0.743291927981432 0.446870579513482
2.571635007646270 0.477635774492073
5.731178751689090 0.074177784726293
10.953894312683100 0.001315849683447

5 0.617030853278271 0.348014523429866
2.112965958578520 0.502280674138866
4.610833151017530 0.140915919102187
8.399066971204840 0.008719893025972

Table Gaussi Laquerre integral roots and coefficients 8=2)

N Xk Ck

2 2.000000000000000 1.500000000000000
6.000000000000000 0.500000000000000

3 1.517387080677410 1.037494961490390
4.311583133719520 0.905750004703039
9.171029785603060 0.056755033772202

4 1.226763263500300 0.725524997698604
3.412507358696940 1.063424292391060
6.902692605851610 0.206696130999709
12.458036771951100 0.004354579188558

5 1.031109144093380 0.520917396835042
2.837212823953820 1.066705933159050
5.620294272598700 0.383549720007093
9.682909837664020 0.028564233510280
15.828473921690000 0.000262712802303

If we investigate Gausseguerre Formula with an example. We will calculate the integral

X
| =R dx i =
0| Irx +1 Exact integral value |1=0.822467.

Program GaussLaguerre integration

function gauss_laguerre_coefficients(n,alpha)
#Gausd aguerre quadrature
a=0ffsetArray{Float64}(undef,0:1,0:4)

i=0

j=0
r=0.0
r1=0.0
p1=0.0




p2=0.0
p3=0.0
dp3=0.0
eps=1.0€l0
for i=0:n-1
if i==
r = (1.0+alpha)*(3.0+0.92*alpha)/(1+2.4*n+1.8*alpha)
else
ifi==1
r = r+(15.0+6.25*alpha)/(1.0+0.9*alpha+2.5*n)
else
r =r+((1.0+2.55*(1))/(1.9*(i-1))+1.26*(i-1)*alpha/(1+3.5*(¥1)))/(1.0+0.3*alpha)*(ra[0,-2])
end # if i==
end #if i==0
while(true)
p2=0
p3=1
forj=0:n1
pl=p2
p2 =p3
p3 = (¢r+2*+alpha+1)*@-(j+alpha)*pl)/(j+1)
end # for
dp3 = (n*p3(n+alpha)*p2)/r
ri=r
r=r-p3/dp3
if abs(rrl)<eps*(1+abs(r))*100
break
end #if abs
end # while
a[0,ij=r
Ing=loggamma(Float64(n))
Ingl=loggamma(Float64(alpha+n))
a[1,i] =-exp(Ingting)/(dp3*n*p2)
end #for i
show(lOContext(stdout, :limit=>false), MIME"text/plain"(), a)
printin(" ")
return a
end #function

function gauss_lguerre_integral(f_xnt,xa,n,alpha)

# n : number of integral coefficients

# this routine first generates gauss legendre coefficients
# for [x1,x2] band

# then calculates gauss hermite integral

# a=OffsetArray{Float64}(undef,0:1,0:h)
a=gauss_laguerre_cdiefents(n,alpha)

z=0.0
for i=0:n-1
x1=a[0,i]+xa
z+=a[1,i]*f_xnt(x1)*exp(a[0,i])*a[0,i]*(-alpha)
end # for
return z
end # func

using OffsetArrays

using SpecialFunctions
f(x)=x/(exp(x)+1.0)
I=gauss_laquerre_integral(f,0.0,30,0.0)
print("integral : $l exact= 0.822467")

GausslLaguerre integration
---------- Capture Outpu---------
> "C:\cdJulidbin\julia.exe" gauss_laguerre_integral.jl
2X30 OffsetArray(::
Matrix{Float64}, 0:1, 0:29) with eltype Float64 with indices ¥0:29:
0.0474072 0.249928.614833 1.1432 1.83645 2.69652 3.72581 4.92729 6.30452 7.86169 9.60378 11.5365
13.6667 16.0022  18.5521 21.3272 24.34 27.6056 31.1416 34.9697 39.16637 438.50
53.8414 59.6991 66.1806 73.4412 81.7368 91.5565 104.158




0.116044 0.220851 0.2414 0.194637 0.123728 0.0636788 0.0268605 0.00933807 0.0026807 0.000635129 0.00017
1.98288e5 2.5893566 2.74@4e7 2.3328368 1.5807560 8.42748ell 3.48516€2 1.09902643 2.58831d5 4.4378447
5.36592e19 4.39395€@1 2.31141€3 7.27459€6 1.23915€8 9.8323882 2.8423285 1.87861689 8.74598d&5

integral :0.82246701398839 exact= 0.822467

> Terminated with exit code 0.

GaussKronroad built -in integration of Julia language
using Pkg; Pkg.add("QuadGK")
using QuadGK
f(x)=x/(exp(x)+1.0)
11=quadgk(f,0.anf)[1]
print("integral = $I11 |_exact= 0.822467")
---------- Capture Output---------
> "C:\cdJuliabin\julia.exe" integral_gk.jl
integral =0.8224670334241129 |_exact= 0.822467
> Terminated with exit code 0.

INTEGRATION FORMULATION WITH ADJUSTABLE ERROR
If integrationin region[a,b] to be definedor acontinious integrable function f(x), Integration can be
written as:

O QwQw

If a subregion is defined for the integration. For example,

W ®
a—

definition is given integral can be redefined as

O Quwow MwQw
For numerical integation it is generally assumed that the error of the second definition will be less
than the first definition. It is possible to continue this process by dividing each integral to subregions
again. The important concept in here is to stop dividing intégi@akmaller parts when the desired
accuracy is achieved. In this section several integration methods with error control will be
investigated.
7.4.1 Adjustable Simpson 1/3 integral

If simpson 1/3 integration equation is written in [a,b] region

. Q
“Ow hw QuQw "QwQ e P Qw 1TQw MQw

Q Q
wT

QwQw Cwhh 1Q

Where h =(ka)/2, x=a,%=(a+b)/2,%=b and dis a number between a and b. &d—— equation
gives amount of error in the integral equatiéhtérm in the error equation is the fourth derivative of
the function. If the integration region is divided into two subregion, equation becomes
. Q
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In this equation x(a+b)/4, x=3(a+b)/4 . dis stil a value in between a and b.

Ifitis assumed thdd Q "Q 'Q Equation becomes
Q QPO e e
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If we substitute this into integration equation
00T 106,20) - 106, ° 201 066) +106,6) - 106,%)
In this case for erroe>0, it can be written
ook oofs ok s -
If this condition is met, then approximately
QOGO  QuQae Onhy  Owhw

can bewritten. If the given condition can not be met, division process will be continue till the
condition met. Described algorithm is used in the next program.

Simson 1/3 integration with adjustable error

function newton_cotes2(ff,a,b,n)
#Newtoncotesintegral 2 points
#trapezoidal rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@)/n;
h=(b-a)/n
hl=h;
sum=0.0;
x=zeros(3)
f=zeros(3)
xi=zeros(n+1)
fi=zeros(n+1)
xi[1]=a
fi[1]=ff(a)
for p=1:n
fori=1:2
x[i]=a+(i-1)*h1+(p-1)*h
fLi]=F(x[i])

Xi[p+1]=x[i]
filp+1]=f[i]
end
sum=sum-+h*(f[1]+f[2])/2.0
end
xx=[sum,xi,fi]
return xx
end

function adaptive_simpson(ff,a,b,eps,Ml)




sum1=0.0

sum2=0.0

for i=1:Ml
suml=newton_cotes2(ff,a,b,2*)[1]
m=(b-a)/2.0;
sum2=newton_cotes2(ff,a,m,2*)[1]+newton_cotes2(ff,m,b,2*)[1]
dsum=1.0/15.0*abs(surrgum1l)
if dsum<eps

break

end
end

return sum2

end

f(x)=x"1.5
I=adaptive_simpson(f,0.0,1.0,1:8¢500)
print("l = $1")

integration with the adaptive simpson integration
---------- Capture Output---------
> "C:\co\Julidbin\julia.exe" newton_cotes2.j|
| = 0.40000005006813727
> Terminated with exit code 0.

Adaptive GaussLegendre Integration
The error for the Gaudsegendre formulas is specified generally by
. q E pA
O - - —"Q
e O ¢ CA

wheren = the number of points minus one dtd , is the ¢¢ ¢ th derivative of thdunction after the
change of variable witkrlocated somewhere on the interval frofnto 1. It is clear that error level of Gauss
Legendre integration is far smaller than the New@artes formulas, therefore it will take less iteration to reach
the desired error levelddjustable error version ohe Gausd.egendre integration is given below. The main
idea here is to increase terms in the Gadweggendre integration untill the error level between two levels
decrease below the desired error level.

Program: GausslLegendre integration with the adjustable error
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
function gauss_legendre_coefficients(x1,x2,n)

A = zeros(Float64,2,n)
eps=3.0€l5
mx=(n+1)/2
m=floor(Int,mx)
xm=0.5*(x2+x1)
xI=0.5*(x2-x1)
nmax=20
pp=0.0
fori=1:m
z=cos(pi*((+0.25)/(n+0.5)))
for ii=1:nmax
p1=1.0
p2=0.0
for j=1:n
p3=p2
p2=pl
p1=(((2.0*-1.0)*z*p2-(j-1.0)*p3)/j)
end
pp=((z*p1-p2)*n/(z*z-1.0))
z1=z
z=71-pl/pp
if abs(zz1) < eps
break




end
end
yl=xmxl*z
y2=xm+x*z
il=n+1i
AlL,i]=y1
A[l,i1]=y2
y3=2.0*xI/((1.0-z*2)*pp*pp)
A[2,i1]=y3
Al2,i]=y3

end
#show(lOContext(stdout, :limit=>false), MIME"text/plain”(), A)
#printin(" ")
return A
end
#Gausd_egendre integration
function integral(f,x1,x2,n)
#integral f1(x)dx
#integral of a functio by using gauskegendre quadrature
#between x1 and x2
A=gauss_legendre_coefficients(x1,x2,n)
z=0.0
for i=1:n
xx1=A[1,i]
xx2=A[2,i]
z=z+xx2*f(xx1)
end
return z
end

function adaptive_auss_legendre_integral(f,x1,x2,eps,MAXITER)
global n=4
ansl=integral(f,x1,x2,n)
ans2=0.0
while(true)

ans2=ansl

n=n+1

ansl=integral(f,x1,x2,n)

dans=abs(ansansl)
#printin("n = $n ans1 = $ansl dans = $dans eps = $eps")

if dans<eps || n>MAXITER
return ans2
elseif n==MAXITER
print("required error level can not be obtained n= $n")
end # if
end # while
return ans2
end

f(x) = 4.0/pi*sqrt(1.0-x*x)

eps=1.0€l0

MAXITER=500
r=adaptive_gauss_legendnetegral(f,0.0,1.0,eps,MAXITER)
print("integral : $r")

Adaptive GaussLegendre integration

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" integral_adaptive_gauss_legendre.j|
integral : 1.0000000090616536

> Terminated with exitode 0.

GaussKronrod integration formula



Lohe He®™ee gl i dleg
i |

Gauss Kronrod integration formula uses two terms. First term is standardl&gesslre integration

term. The second term coefficieati®e taken as same as the Gdiesgendre term, but roots are

different. It is called Kronrod integration. In our example code constant integration of 15 terms will be
used for each equation (total of 30 terms). Program utilises Gagssdre terms as firsand then

uses GausKronrod terms. To improve error reduction equation can be continued with half dividing
technique. Gaussronrod Formula is prefferred method for many package programs such as Mathlab.
Julia also has Gausgonrod integration formulas build in method

Program GaussKronrod integration formula
function gauss_kronrad_integral(ff,a,b,eps,n)
Aw =4
global A=OffsetArray{Float64}(undef,041,0:Aw-1)
nn =61
ng =15
h=0
i=0
j=0
v=0.0
k1=0
k2=0
intg=0.0
intk=0.0
ta=0.0
tb=0.0
¢ = OffsetArray{Float64}(undef,0:r1)
xk = OffsetArray{Float64}(undef,0:r1)
xg =OffsetArray{Float64}(undef,0:r1)
# Gausd_egendre coefficients
xg[0] = 0.007968192496166605615465883474674
xg[1] = 0.018466468311090959142302131912047
xg[2] = 0.028784707883323369349719179611292
xg[3] = 0.038799192569627049596801936446348
xg[4] = 0.048402672830594052902938140422808
xg[5] = 0.057493156217619066481721689402056
xg[6] = 0.065974229882180495128128515115962
xg[7] = 0.073755974737705206268243850022191
xg[8] = 0.080755895229420215354694938380
xg[9] = 0.086899787201082979802387530715126
xg[10] = 0.092122522237786128717632707087619
xg[11] = 0.096368737174644259639468626351810
xg[12] = 0.099593420586795267062780282103569
xg[13] = 0.101762389748405504538952168554
xg[14] = 0.102852652893558840341285636705415
c[0] = 0.999484410050490637571325895705811
c[1] = 0.996893484074649540271630050918695
c[2] =0.991630996870404594858628366109486
c[3] =0.9836681232797472099782581605663
c[4] =0.973116322501126268374693868423707
c[5] = 0.960021864968307512216871025581798
c[6] = 0.944374444748559979415831324037439
c[7] = 0.926200047429274325879324277080474
¢[8] = 0.905573307699907798548558925958
c[9] = 0.882560535792052681543116462530226
c[10] = 0.857205233546061098958658510658944
c[11] = 0.829565762382768397442898119732502




c[12] = 0.799727835821839083013668942322683
c[13] = 0.7677774321048261988977340974503
c[14] = 0.733790062453226804726171131369528
c[15] = 0.697850494793315796932292388026640
c[16] = 0.660061064126626961370053668149271
c[17] = 0.620526182989242861140477556431189
c[18] = 0.579345235826361691756024932172540
c[19] = 0.536624148142019899264169793311073
c[20] = 0.492480467861778574993693061207709
c[21] = 0.447033769538089176780609900322854
c[22] = 0.40040125483039439253547621 168
c[23] = 0.352704725530878113471037207089374
c[24] = 0.304073202273625077372677107199257
c[25] = 0.254636926167889846439805129817805
c[26] = 0.204525116682309891438957671002025
c[27] = 0.1538699136085835469637928%43256
¢[28] = 0.102806937966737030147096751318001
c[29] = 0.051471842555317695833025213166723
¢[30] = 0.000000000000000000000000000000000
# Kronrod coefficients
xK[0] = 0.001389013698677007624551591226760
xk[1] = 0.003890461127099884051267201844516
xKk[2] = 0.006630703915931292173319826369750
xk[3] = 0.009273279659517763428441146892024
xKk[4] = 0.011823015253496341742232898853251
xk[5] = 0.014369729507045804812451432443580
xK[6] = 0.016920889189053272627572289420322
xk[7] = 0.019414141193942381173408951050128
xk[8] = 0.021828035821609192297167485738339
xKk[9] = 0.024191162078080601365686370725232
xk[10] = 0.026509954882333101610601709335075
xk[11] = 0.028754048765041292843978785354334
xk[12] = 0.030907257562387762472884252943092
xk[13] = 0.032981447057483726031814191016854
xk[14] = 0.034979338028060024137499670731468
xk[15] = 0.036882364651821229223965617136
xk[16] = 0.038678945624727592950348651532281
xk[17] = 0.040374538951535959111995279752468
xk[18] = 0.041969810215164246147147541285970
xk[19] = 0.043452539701356069316831728117073
xk[20] = 0.0448148001331688192355551616723
xk[21] = 0.046059238271006988116271735559374
xk[22] = 0.047185546569299153945261478181099
xk[23] = 0.048185861757087129140779492298305
xk[24] = 0.049055434555029778887528165367238
xk[25] = 0.04979583427074206357811569379942
xk[26] = 0.050405921402782346840893085653585
xk[27] = 0.050881795898749606492297473049805
xk[28] = 0.051221547849258772170656282604944
xk[29] = 0.051426128537459025933862879215781
xk[30] =0.051494729429451567558340433647099
nnl=Int64(floor(nn/2))
for i=nn-1:-1:nn1

c[i]=-c[nn-1-i]
end
for i=nn-1:-1:nnl

XK[i]=xk[nn-1-i]
end
for i=ng-1:-1:0

xg[nn-2-2*]=xg][i]

xg[1+2*i]=xg[i]
end




for i=0:nn1
xg[2*]=0

end

k1=0.5*(b-a)

k2=0.5%*(b+a)

intg=0.0

intk=0.0

v=0.0

for i=0:nn-1
v=ff(k1*c[i]+k2)
intk=intk+v*xKk[i]

if i%2==1
intg=intg+v*xgl[i]
end
end

intk=intk*(b-a)/2.0
intg=intg*(b-a)/2.0
A[0,0]=abs(intgintk)
A[0,1]=intk
A[0,2]=a
A0,3]=b
toplamhata=A[0,0]
integral=intk
if toplamhata<eps
sonuc = true
integral = intk
Aused =1
return integral
end
Aused =1
for h=1:n1
Aused = h+1
gir(A, h, Aw)
nh=h1
toplamhata = toplamhat&[nh,0]
ta = A[nh,2]
tb = A[nh,3]
A[nh,2] = ta
A[nh,3] = 0.5*(ta+tb)
Alh,2] = 0.5*(ta+tb)
Alh,3] =tb
for j=h-1:h
k1 = 0.5%(A[j,3]-Al},2])
k2 = 0.5%(A[j,3]+A[j,2])
intg = 0.0
intk = 0.0
for i=0:nn-1
v = ff(k1*c[i]+k2)
intk = intk+v*xK([i]
if 1%2==1
intg = intg+v*xg[i]
end
end # for i
intk = intk*(A[j,3] -Al[j,2])*0.5
intg = intg*(A[j,3]-Al[},2])*0.5
A[j,0] = abs(intgintk)
Afj,1] = intk
toplamhata = toplamhata+A[j,0]
end # for j
cik(A,h-1,Aw)
cik(A,h,Aw)
if toplamhata<eps




break
end
end #for
sonuc= toplamhata<eps
integral = 0
for j=0:Aused1
integral = integral+A[j,1]
end # for j
return integral
end

function gir(A,n,Awidth)
i=0
p=0
t=0
maxcp =0
if n==1
return
end
for i=0:Awidth-1
t = A[n-1,i]
Aln-1,i] = A[0,i]
Al0,i] =t
end # for
p=0
while( 2*p+1<nl)
maxcp = 2*p+1
if (2*p+2)<(n-1)
nxl= 2*p+2
nx2=2*p+1
if A[nx1,0]>A[nx2,0]
maxcp = 2*p+2
end
end
if A[p,0]<A[maxcp,0]
for i=0:Awidth-1
t=Alp,i]
Alp,i] = A[maxcp,i]
Almaxcp,i] =t
end # for
p = maxcp
else
break
end # if
end #of while
end

function cik(A,n,Awidth)
i=0
p=0
t=0.0
kk=0
if n==
return
end
p=n
while( p!=0)
kk = Int64(floor((p1)/2))
if A[p,0]>A[Kk,0]
for i=0:Awidth-1
t=Alp,i]
Alp.i] = A[kk,i]




Alkk,i] =t
end # for
p = kk
else
break
end #if
end # while
end

using OffsetArrays

f(x)=x"1.5

a=0.0

b=1.0

eps=1.0€el5

n=500
I=gauss_kronrad_integral(f,a,b,eps,n)
print("l = $1")

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" gauss_kronrad_integral.j|
| = 0.40000000000000024

> Terminated with exit code O.

Julia Buit-in GaussKronroad formula integration:
using Pkg; Pkg.add("QuadGK")

using QuadGK

f(x)=x"1.5

11=quadgk(f,0.0,1.0)[1]

print("integral = $I11 |_exact= 0.4")

—————————— Capture Output---------

> "C:\co\Julidbin\julia.exe" integral_gk.j!

integral = 0.39999999998326774 |_exact= 0.4

> Terminated with exit code 0.

Adaptive Newton-Cotes integration with Gander ve Gautschi[31] approach
In the previous adaptive integration approaches program follows a stopping criteria such as

if(Math.abs(11-12)< tolerance or
if(Math.abs((11-12)/I1) < tolerance

This type of stopping criteria might be unsuccessfull for some cases, and Maximum iteration error will
be received. If we would like to further decrease the error and reach the machine error level a different
type of error control can be ukdf an error control such as

if(is+(11-12)==is)

is used, this control works only when I1 is equal to 12 with the machine accuracy. If this definition to
be used with the halving approach
o T

with an additional control definition can evewgia better exit criteria
if( (is+(11-12)==is) || (m<=a) || (b<=m) )
Now this criteria will be applied to Newte@otes formulas. In this algorithm Newton Cotes Formula
with 8th degree polynomial and quadratic polinomial (Simpson 1/3) will be usiddegree Newton
cotes Formula :
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Simpson 1/3integral in iterative form will be:
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Program : Gander and Gautschi adaptive Simpson 1/3 integral formulation
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#
# Numerical Analysis package Julia
# example to show utilisation of integration (integral)
# and differentiation (derivative) functions
# Adaptive Gander and Gautschi simpson 1/3 integration
# Dr. M. Turhan Coban
#
function adaptive_simpson_integral2(ff,a,b)
i=0
h=(b-a)
h2=h/4.0
h3=h/8.0
m=(a+h)/2.0
x=OffsetArray{Float64}(undef,0:8)
y=0ffsetArray{Float64}(undef,0:8)
for i=0:8
X[i]=a+i*h3
Y[iT=Ff(x[iT)
end #for
is=h/283%0.0%(989.0*y[0]+5888.0*y[1}928.0*y[2]+10496.0*y[3}14540.0*y[4]+
10496.0*y[5}928.0*y[6]+5888.0*y[7]+989.0*y[8])
fa =y[0]
fm = y[4]
fb =y[8]
if is==
is=ba
end #if
Q = adaptsimstp(ff,a,b,fa,fm,fb,is)
return Q
end

function adaptsimstp(ff,a,b,fa,fm,fb,is)

m = (a + b)/2
h=(b-a)/4
x=OffsetArray{Float64}(undef,0:1)
x[0]=a + h
X[1]=b-h
n=size(x)[1]
y=0OffsetArray{Float64}(undef,0:l)
for i=0:n-1

YIiT=F(x[])
end
fml = y[0]
fmr = y[1]
il = h/1.5 * (fa + 4*fm + fb)
i2 =h/3 * (fa + 4*(fml + fmr) + 2*fm + fb)




global Q=0
il = (16.0%2-i1)/15.0 #romberg integration
nxl1=is + (i%i2)
if nx1==is || m<=a || b<=m
ifm<=al|| b<=m
print("requirel tolerance can not be achieved”)
end #if m
Q=il
else
Q = adaptsimstp(ff,a,m,fa,fml,fm,is)+adaptsimstp(ff,m,b,fm,fmr,fb,is)
end #if nx1
return Q
end #function

using OffsetArrays

f(x)=sin(x)

a=0.0

b=pi
I=adaptive_simpson_integral2(f,a,b)
print("l = $1")

Gander and Gautschi adaptive Simpson 1/3 integral Formula with sample integral
Z

---------- Capture Output---------

> "C:\co\Julidbin\julia.exe" adaptive_simpson_integral2.jl
1=2.0

> Terminated with exit code 0.

using OffsetArrays

f(x)=x"1.5

a=0.0

b=1.0

|I=adaptive_simpson_integral2(f,a,b)

print("l = $I")

---------- Capture Outpu---------

> "C:\co\Julidbin\julia.exe" adaptive_simpson_integral2.jl
1=0.4

> Terminated with exit code 0.

7.45 Adaptive GaussLobatto integral with Gander ve Gautschi[31] approach
GausslLobatto integration Formula is similar to Gauss integration Formula. The most important
difference is that Lobatto Formula also covers endtpoin
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For various n values Gauksbatto coefficients and roots are given

GaussLobatto integration equation coefficients and roots

N Xk Ck

4 -1.00000000000000000000000 0.16666666666666700000000
1.00000000000000000000000 0.16666666666666700000000
-0.44721359549995800000000 0.83333333333333300000000
0.44721359549995800000000 0.83333333333333300000000

5 -1.00000000000000000000000 0.10000000000000000000000
1.00000000000000000000000 0.10000000000000000000000




-0.65465367070797700000000

0.54444444444444400000000

0.65465367070797700000000

0.54444444444444400000000

0.00000000000000000000000

0.71111111111111100000000

6 -1.00000000000000000000000 0.06666666666666660000000
1.00000000000000000000000 0.06666666666666660000000
-0.76505532392946500000000 0.37847495629784700000000
0.76505532392946500000000 0.37847495629784700000000
-0.28523151648063500000000 0.55485837703548600000000
0.28523151648063500000000 0.55485837703548600000000

7 -1.00000000000000000000000 0.05238095238095240000000
1.00000000000000000000000 0.05238095238095240000000
-0.81649658092772600000000 0.29387755102040800000000
0.81649658092772600000000 0.29387755102040800000000
-0.44721359549995800000000 0.42517006802721100000000
-0.44721359549995800000000 0.42517006802721100000000
0.00000000000000000000000 0.45714285714285700000000

12 -1.00000000000000000000000 0.01582719197348010000000

1.00000000000000000000000

0.01582719197348010000000

-0.94288241569547900000000

0.09427384021885000000000

0.94288241569547900000000

0.09427384021885000000000

-0.81649658092772600000000

0.15507198733658500000000

0.81649658092772600000000

0.15507198733658500000000

-0.64185334234578100000000

0.18882157396018200000000

0.64185334234578100000000

0.18882157396018200000000

-0.44721359549995800000000

0.19977340522685800000000

0.44721359549995800000000

0.19977340522685800000000

-0.23638319966214900000000

0.22492646533333900000000

0.23638319966214900000000

0.22492646533333900000000

0.00000000000000000000000

0.24261107190140700000000

As the previous simpson 1/3 approa@lander ve Gautschi[31]approach will be used as a stopping

criteria in this program also. For the interval [a,b]
if( (is+(11-12)==is) || (m<=a) || (b<=m) )
In this condition m is given as

m=

(@- b)

For the is first integration value degree 12 Lobatto integration will be used.

is @rj f (x)dx @(b- a)*{0.015827189734801][f(a) +f(b)] +

0.0942738@218850 [f(m- h*0.9428824%695479) f(m+h* 0.9428824%695479)}
0.15507198336585 [f(m- h* 0.81649658927726) f(m+h* 0.81649658927726)}
0.18882153960182 [f(m- h* 0.64185332345781)}f(m+h*0.64185332345781)}
0.19977346226858 [f(m- h* 0.44721358499958) f(m+ h* 0.44721358499958)}
0.224926456333339 [f(m- h* 0.23638319662149) f(m+h* 0.23638319662149)}
0.24261107901407[f(0)]}
As iteration Formula 4th and 7th degree Gdumsatto formulations will be used.

Il@fj f (X)dx @(b- a)*{0.16666666666667* [f(a) + f(b)] +

0.833333338333333* [f(m- h* 0.4472135%499958)+ f(m+ h* 0.4472135%499958)}
|12 @fj f(X)dx @(b- a)*{0.052380983809524 [f(a) +f(b)] +

0.29387755020408 [f(m- h* 0.81649658927726) f(m+h* 0.81649658927726)}
0.4251700802721%[f(m- h*0.44721359499958) f(m+ h* 0.44721359499958)}
0.4571428%142857F [f(0)]}



Program code for this apgach is given below.
Gander and Gautschi adaptive Gaus$.obatto integral formula

#
# Numerical Analysis package in Julia

# example to show utilisation of integration (integral)
# and differentiatiorfderivative) functions

# Gander and Gautschi adaptive Galusbkatto integral
# Dr. M. Turhan Coban

#
function adaptive_Lobatto_integral(ff,a,b)
i=0
m=(a+h)/2.0
h=(b-a)/2.0

alpha=sqrt(2.0/3)0
beta=1.0/sqrt(5.0)
x1=0.94288241569547971905635175843185720232
x2=0.64185334234578130578123554132903188354
x3=0.23638319966214988028222377349205292599
A=0.015827191973480183087169986733305510591
B=0.0942738402188500455312825080@8171960
C=0.15507198733658539625363597980210298680
D=0.18882157396018245442000533937297167125
E=0.19977340522685852679206802206648840246
F=0.22492646533333952701601768799639508076
G=0.24261107190140773379964095790325635233
n=13
x=OffsetArray{Float64}(undef,0:fl)
y=0ffsetArray{Float64}(undef,0:rl)
x[0]=a;x[1]=m-x1*h;x[2]=m-alpha*h;x[3]=mx2*h;x[4]=m-beta*h;x[5]=m
x3*h;x[6]=m;x[7]=m+x3*h;x[8]=m+beta*h;x[9]=m+x2*h;x[10]=m+alpha*h;x[11]=m+x1*h;;x[12]=b
#x=Float64[a,(rx1*h),(m-alpha*h),(mx2*h),(m-beta*h),(m
x3*h),m,(m+x3*h),(m+beta*h),(m+x2*h),(m+alpha*h),(m+x1*h),b]
for i=0:n-1
YIiT=F(x[i)
end
fa=y[0]
fb=y[n-1]
i2=(h/6.0)*(y[0]+y[12]+5.0%(y[4]+Y[8]))
i1=(h/1470.0)*(77.0*(y[0]+y[12)+432.0*(y[2]+y[10])+625.0*(y[4]+y[8])+672.0*y[6])
is=h*(A*(y[0]+y[12])+B*(y[1]+Y[11])+C*(y[2]+Y[10])+D*(y[3]+Y[O])+E*(y[4]+Y[8]) +F*(y[5]+y[7])+G*Y[6])
s=Int64(is/abs(is))
if(s==0)
s=1
end #if
erril=abs(itis)
erri2=abgi2-is)
R=erril/erri2
if(is==0)
is=b-a
end #if
global Q=0
Q=Lobatto(ff,a,b,fa,fb,is)
return Q
end

function Lobatto(ff,a,b,fa,fb,is)
h=(b-a)/2.0
m=(a+b)/2.0
alpha=sqrt(2.0/3.0)
beta=1.0/sqrt(5.0)




mll=m-alpha*h
ml=m-beta*h
mr=m+beta*h
mrr=m+alpha*h
n=5
x=0OffsetArray{Float64}(undef,0:1)
X[0]=mll;x[1]=ml;x[2]=m;X[3]=mr;x[4]=mrT
#x=[mll,ml,m,mr,mrr]
#n=size(x)[1]
y=0OffsetArray{Float64}(undef,0:l)
for i=0:n-1
y[il=ff(xi])
end #for
fmli=y[0]
fml=y[1]
fm=y[2]
fmr=y[3]
fmrr=y[4]
i2=(h/6)*(fa+fb+5*(fml+fmr))
i1=(h/1470)*(77*(fa+fb)+432*(fmll+fmrr)+625*(fml+fmr)+672*m)
wl=il-i2
w2=is
w3=w2+w1l
cl=(w3==w2)
c2=(mll<=a)
c3=(b<=mrr)
if c1||c2||c3
if (m <= a) || (b<=m)
print("required accuracy can nor be achieved")
end #if
Q=il
else
Q=Lobatto(ff,a,mll,fa,fmll,is) + Lobatto(ff,mll,ml,fmll,fml,is)+
Lobatto(ff, ml,m,fml,fm,is) + Lobatto(ff,m,mr,fm,fmr,is)+
Lobatto(ffmr,mrr,fmr,fmrr,is)+Lobatto(ff mrr,b,fmrr,fb,is)
end # if
return Q
end #function

using OffsetArrays

f(x)=sin(x)

a=0.0

b=pi
I=adaptive_Lobatto_integral(f,a,b)
print("l = $I")

Gander and Gautschi adaptive Gauss.obatto integral formula

---------- Capture Output---------

> "C:\co\Julidbin\julia.exe" adaptive_Lobatto_integral.jl
=20

> Terminated with exit code 0.

using OffsetArrays
f(x)=x"1.5

a=0.0

b=1.0




|I=adaptive_Lobatto_integral(f,a,b)

print("l = $I")

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" adaptive_Lobatto_integral.jl
1=0.4

> Terminated with exit code 0.

In order to see how successfull the code will be a mathematical function test will be carried out as the
next exampleThe definition of the error function :

1
erf(h) \//_)
Because of the difficulty of calculating this equation with integration Formula, it is generally
calculated by serial solutions. In our example both serial solution and-Gahestto adaptive
integration solution will be carried out and compared.

L
fpedh
0

Program 7.4-6 Calculation of error function with Gander and Gautschi adaptive Gausd_obatto
integral formula
using OffsetArrays
using SpecialFunctions
f(x)=2.0/sqrt(pi)*expfx*x)
a=0.0
b=[0.1,0.4,1.0,2.0]
n=size(b)[1]
fori=1:n
xx=Dbl[i]
yl=erf(xx)
y2=adaptive_Lobatto_integral(f,a,b[i])
printin("erf($xx) = $y1 GL integral erf($xx) = $y2")
end

Calculation of error function with Gander and Gautschi adaptive Gausd_obatto integral
Formula output

> "C:\coJulidbin\julia.exe" adaptive_Lobatto_integral.jl

erf(0.1) = 0.1124629160182849 GL integral erf(0.1) = 0.1124629160182849
erf(0.4) = 0.42839235504666845 GL integral erf(0.4) = 0.42839235504666845
erf(1.0) = 0.8427007929497149 GL integral erf(1.0) = 0.8427007929497149
erf(2.0) = 0.9953222650189527 GL integral erf(2.0) = 0.9953222650189527

> Terminated with exit code O.

ONE AND MULTI -DIMENSIONAL MONTE -CARLO INTEGRAL
Monte Carlo integral is based on a very simple principle
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In the interval [a,b] a random x number is selected and function is etedueahis point. When this
sequaence is repeated for a very large number of times avarage value of the function can be calculated
and directly used in the calculatetions of the integral. Integral is the calculateion of the avarage

function value with thénterval width. Due to fact that this method requires a huge amount of



function evaluation, therefore it is not very practical for one variable integration, but in multivariable
form it becomes a practical, sometimes only available approach.

One variable Monte Carlo integration
#
# Numerical Analysis package in Julia
# example to show utilisation of integration (integral)
# and differentiation (derivative) functions
# Monte Carlo integration witbne variable
# Dr. Turhan Coban
#
function monte_carlo(ff,a,b,n)

# Montecarlo integral
h=(b-a)

sum=0.0

x=0.0

f

fori=1:n
x=a+(ba)*rand()
sum+=ff(x)

end

return (ba)*sum/n

end

f(x)=x

a=0.0

b=1.0

n=50000
I=monte_carlo(f,a,b,n)
print("l = $I")

—————————— Capture Output---------

> "C:\coJulidbin\julia.exe" monte_carlo_integral.jl
1 =0.49994511866715496

> Terminated with exit code.0

If Monte Carlo equation is written for two independent variables
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As it is seen from the equation process fro one variable integration and two variable integraton is

almost the same. This is the maactor why it is frequently use as a high dimensional integration
tool.

Program 7.6-2 Monte Carlo integration with two independent variables
#
# Numerical Analysis package Julia
# example to showtilisation of integration (integral)
# and differentiation (derivative) functions
# Monte Carlo integration with one variable
# Dr. M. Turhan Coban
#
function monte_carlo(ff,a,b,n)

# Montecarlointegral




h=(b-a)

sum=0.0

x=0.0

f

for i=1:n
x=a+(b-a)*rand()
sum-+=ff(x)

end

return (ba)*sum/n

end

f(x)=x

a=0.0

b=1.0

n=50000
I=monte_carlo(f,a,b,n)
print("l = $I")

Output of Monte Carlo integration with two independent variables
—————————— Capture Output---------

> "C:\coJulidbin\julia.exe" monte_carlo_integral.jl

| =0.49994511866715496

> Terminated with exit code 0.

MULTIDIMENSIONAL INTEGRATION BY PARAMETRI C METHODS

A two dimensional integration

I(D) =i f(x y)dydx

Where D is a region in xy plane. If this region is definedsasx ¢ band ¢(x) ¢ y ¢ d(X) , one way

two calculate two dimensional integration is to repeat one dimensional integration twice. In the first
step intehration function g(x) is calculated as an integration in y dimension and then function g(x) is

solved to get integration result.
b d(x)
| = ANf (X y)dydx
a c(x)
d(x)
9x) = fif(xy)dy, a¢x¢b
c(x)

(D) = Rg(9dx

Any integration formulation can be used for this purpose. All it has to be done is to evaluate
integration Formula twice onece for each independent variable. As our first exampld_Egersdre
formulation will be used to evaluate double integration. Two code is defined. In the first one Gauss
Legendre coefficients are defined as constants, in the second one they are calculated through Legendre
polynomials. In the two dimensional integration x dimesion limitsséillegiven as constant values,
but y dimension limits c(x) and d(x) should be given as functions for proper evaluation of the integral.

b d() b ; o d(x) - c(X))r, . +d(x) +c(x
R R oy RGO g (@09 ) ] 9+

a c(x) a J=1




In this equation qroot values andsgare equation coefficients. These values can belledéd from
Legendre polynomials.

Program 7.7-1 60 constant points two variable Gauskegendre integration formula

#
# Numerical Analysis package in Julia

# example to show utilisation oftegration (egral)

# and differentiation (derivative) functions

# Gausd_egendre integration with two variables

# constant number of coefficients (60 coefficients)
# and roots

# Dr. Turhan Coban

#

function integral(f,a2,b2,c2,d2)
# integral f(x)dx
# integral of a function by using gadiggendre quadrature
# coefficients are prealculated for 60 terms for1,1]
# band then utilises variable transform

i=0

j=0

n=60

global r=OffsetArray{Floa®4}(undef,0:n1)
global c=OffsetArray{Float64}(undef,0:d)
r[0] = .155325796267524 700062

r[1] = .81659383601264120006F2

r[2] = .19989067515846230006E.

r[3] = .36899976285362850006FE
r[4] = .58719732103973630006EL
r[5] = .85217118808615820006E.
r[6] =.11611128394758690000E+00
r[7] = .15107475260334210000E+00
r[8] = .18973690850537860000E+00
r[9] = .23168792592899010000E+00
r[10] = .27648311523095540000E+00
r[11] = .32364763723456090000E+00
r[12] = .3726853691605510000E+00
r[13] = .42306504319570830000E+00
r[14] = .47426407872234120000E+00
r[15] = .52573592127765890000E+00
r[16] = .57693495680429170000E+00
r[17] = .62731846308394490000E+00
r[18] = .67635236276543910000E+00
r[19] = .723516884769044500E+00
r[20] = .76831207407100990000E+00
r[21] = .81026309149462140000E+00
r[22] = .84892524739665800000E+00
r[23] = .88388871605241310000E+00
r[24] = .91478288119138420000E+00
r[25] = .94128026789602640000E+00
r[26] = .96310002371463720000E+00
r[27] = .98001093248415370000E+00
r[28] = .99183406163987350000E+00
r[29] = .99844674203732480000E+00
c[0] = .3984096248082779000dR
c[1] = .92332341555455000004
c[2] =.1439235394166167000dH
c[3] = .19399596284813530004H
c[4] = .2420133641392590000ED1
c[5] = .28746578108808720004H
c[6] = .32987114941090080004H.




c[7] = .36877987368852570004E
c[8] = .40377947614710090004E
c[9] = .43449893600541500004E
c[10] = .4606126111889305000@E
c[11] = .481843685873221200008
c[12] = 49796710293397640006EL
c[13] = .50881194874202750000E
c[14] = .5142632644677942000TE
c[15] = .51426326446779420000E

c[16] = .50881194874202750000H
c[17] = .49796710293397640000H
c[18] = .48184368587322120000H

c[19] = .460612611188930500E-01
c[20] = .4344989360054150000@R
c[21] = .4037794761471009000QE
c[22] = .3687798736885257000QR
c[23] = .3298711494109008000@H
c[24] = .2874657810880872000QR

c[25] = .242013364152925900040H
c[26] = .1939959628481353000@H
c[27] =.14392353941661670006EL

c[28] = .923323415554550000042
c[29] = .39840962480827790004
for i=0:29

r[i+30]=-1[i]

c[i+30]=c]i]
end
m=n

#1

al=a2

bl=b2
hl=(b*al)/2.0
h2=(b1+al)/2.0
J=0

#2
for i=0:m-1

#3

JX=0
x=0OffsetArray{Float64}(undef,0:1)
X[0]=h1*r[i]+h2

d1=d2(x[0])

c1=c2(x[0])

k1l=(d1-c1)/2.0

k2=(d1+c1)/2.0

#4
for j=0:n-1

X[1]=k1*r[j]+k2
Q=f(x)
IX+=c[[]*Q
end

#

J=J+c[i]*k1*IX

end

J=h1*J

return J

end

using OffsetArrays
f(x)=log(x[0]+2.0*x[1])
a2=1.4

b2=2.0

c2(x)=1.0




d2(x)=1.5
I=integral(f,a2,b2,c2,d2)
print("integral = $I")

constant points two variable Gausd.egendre integrationformula output

> "C:\coJulidbin\julia.exe" integral_GL2.j|
integral = 0.429554527548266
> Terminated with exit code 0.

In the next example, instead of constant number of points Legendre transformation defined varibl
number of points are taken.

Program variable points two variable Gauss_egendre integration formula
#
# Numerical Analysis package in Julia
# example to show utilisation of integration (inteyral
# and differentiation (derivative) functions
# Gausd_egendre integration with two variables
# variable number of coefficients and roots
# calculated by Legendre polynomials
# Dr. Turhan Coban
#
function gauss_legendre_coefficients(x1,x2,n)

#calculates legendre gaussefficients as coefficients of the integral
#for n terms

EPS=3.0€l5

m=0

j=0

i=0

global a=OffsetArray{Float64}(undef,0:1,0:h)
global pp=0.0

m=Int64(floor((n+1)/2))

xm=05*(x2+x1)

x1=0.5*(x2-x1)

for i=1:m
z=cos(pi*((+0.25)/(n+0.5)))
while(true)
p1=1.0
p2=0.0
for j=1:n
p3=p2
p2=pl
p1=((2.01.0)*z*p2-(j-1.0)*p3)/j
end # for
pp=n*(z*p1-p2)/(z*z-1.0)
z1=z
z=z1-pl/pp
if abs(zz1) <= EPS
break
end #if
end #while

a[0,i-1]=xm-xI*z
a[0,ni]=xm+xl*z
a[1,iF1]=2.0*xl/((1.0-z*z)*pp*pp)
a[l,ni]=a[1,i-1]
end # for
return a
end # function




function integral(f,a2,b2,c2,d2,n,m)
# integral f(x,y)dxdy
# integral of a functin by using gaustegendre quadrature
# coefficients are prealculated for n,m terms for1,1]
# band then utilises variable transform
i=0
j=0
global rn=OffsetArray{Float64}(undef,0:d)
global rm=0OffsetArray{Float64}(undef,0:rt)
global cn=OfsetArray{Float64}(undef,0:rl)
global cm=0ffsetArray{Float64}(undef,0:+h)
global a=gauss_legendre_coefficierts),1.0,n)
#print("a = $a")
for i=0:n-1
rn[i]=a[0,i]
cnil=a[1,i]
end #for
for i=0:m-1
rm[i]=al0,i]
cm[i]=a[1,i]
end #for
global J=0.0
# x[],h1,h2,J,a1,b1,c1,d1,k1,k2,IX,Q
x=OffsetArray{Float64}(undef,0:1)
al=a2
b1=b2
hl=(btal)/2.0
h2=(b1+al)/2.0
J=0
for i=0:m-1
JX=0
X[0]=h1*rml[i]+h2
d1=d2(x[0])
c1=c2(x[0])
k1=(d1-c1)/2.0
k2=(d1+c1)/2.0
#4
for j=0:n-1
X[1]=k1*rn[j]+k2
Q=f(x)
JIX+=cn[j]*Q
end #for

#R
J=J+cem[i]*k1*JIX
end #for

J=h1*]

return J

end #function

using OffsetArrays
f(x)=log(x[0]+2.0*x[1])

az2=1.4

b2=2.0

c2(x)=1.0

d2(x)=1.5
I=integral(f,a2,b2,c2,d2,60,60)
print(“integral = $I")

variable points two variable GaussLegendre integration Formula output

e Capture Output---------




> "C:\coJuliabin\julia.exe" integral_GL_2A.j|
integral = 0.4295545275482747
> Terminated with exit code 0.

For the two variable integration Newt@otes formulas can also be used. As a example a Simpson 1/3
two dimensional integration code is prepared. Dor the quadratic polynomial NEwates equation
(simpson 1/3 method) equati®can be written as follows;
One dimensiondlorm was B B
Q — —
€ C
(@] QuwQw 5 Qw 1Qw Qw

If this Formula can be written in composite form.

0 QOO gpm ¢ Qn ¢ Qw Qo "
u ¥

This Formula can be opéo the second dimension similar to Galsgendre integration
By defining

.. Qo oo
Q —
a
integration equation becomes
~,~q‘v - - Il
0 QO Q s I:Qodm ¢ "Qafw ¢ "Qafw Qafn
1
u ¥
From here x integration can be carrmd as:
an - - Il
O "Qafo 'Q @ s I:Q(dm ¢ "Qatw ¢ "Qatw Qaf TQ®
1
u U

The same integration equation is then applied to the outer integration. Complete code is given in the
program 8.7.3 . In the example the samefion as in previous Gausggendre integration is taken
to compare the results

Program 7.7-3 two dimensional Simpson 1/3 integration formula

#
# Numerical Analysis package in Julia

# simpson intgration of two dimensional function
# and differentiation (derivative) functions

# two dimensional Simpson 1/3 integration

# (quadratic NewtoiCotes formula)

# Dr. Turhan Coban

#

function integral(f,&h,c,d,m,n)

#integral f(x)dx

#integral of a function by using simpson metod
h=(b-a)/n




global J1=0.0
global J2=0.0
global J3=0.0
global x=OffsetArray{Float64}(undef,0:1)
HX=0
K1=0.0
K2=0.0
K3=0.0
global Q=0.0
global L=0.0
global J=0.0
for i=0:n-1
x[0]=a+i*h
d1=d(x[O])
c1=c(x[0])
HX=(d1-c1)/m
X[1]=c1
K1=f(x)
x[1]=d1
K1+=f(x)
K2=0.0
K3=0.0
for j=1:m
X[1]=c(x[0])+j*HX
Q=f(x)
m1=Int64(floor(j/2)*2)
if ml==j
K2=K2+Q
else
K3=K3+Q
end #if
end #for
L=(K1+2.0*K2+4.0*K3)*HX/3.0
n1=Int64(floor(i/2)*2)
if (i==0)||(i==n)
J1=J1+L
elseif n1==i
J2=J2+L
else J3=J3+L
end #if
end #for
J=h*(J1+2.0*J2+4.0*33)/3.0
end #function

using OffsetArrays
f(x)=log(x[0]+2.0*x[1])

a2=14

b2=2.0

c2(x)=1.0

d2(x)=15
I=integral(f,a2,b2,c2,d2,20,20)
print(“integral = $I")

two dimensional Simpson 1/3 integration formula

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" integral_simpsonl_3__ 2D.|l
integral = 0.4372450534360736

> Terminated with exitode O.

DIRECT INTEGRATION OF DATA



If integration of a numerical data set is given two approches and be adapted for this process. The first
one is to curve fit a function first and then integrate the fitted function. The second one is to apply an
integration equation like Newteotes equation directly to the data to achive integrated result without
an intermediate process.

As an example to curve fitting integration a cubic spline integration will be described here. If a cubic
polynomial of the followng form is given :

_ X)+ [(X_ Xk)SCk+1+(Xk+l_ X)Sck] 1¢ k¢ n
6h,

Integration of the equation could be described with the equation
b

— 2 (- Xk)2 _ (Xk+1' X)2 (x- Xk)4 _ (Xk+1' X)4
L e e R ey vy

Fora, %, X, %, € a. Aexample program using this approach is given as:

S =a.(X- %) +B. (X

Program 7.8-1 Direct integration of data by using cubic polynomial fitting
#
# Numerical Analysis package Julia
# example to show utilisation of integration (integral)
# and differentiation (derative) functions
# Direct data integration by using cubic spline
# curve fitting
# Dr. Turhan Coban
#
function thomas(a,r)
n=size(a)[1]
global f=OffsetArray{Float64}(undef,041)
global e=OffsetAray{Float64}(undef,0:Rl)
global g=OffsetArray{Float64}(undef,0:t)
global x=OffsetArray{Float64}(undef,0:1)

for i=0:n-1
fli]=a[i,i]

end

for i=0:n-1
glil=a[i,i+1]
end

for i=0:n-1
eli]=ali+1,i]
end

for k=1:n1
e[k]=e[k]/f[k-1]
flk]=flk] -e[K]*g[k-1]
end #for

for k=1:n1
r[k]=r[K] -e[K]*r[k -1]
end #for

X[n-1]=r[n-1]/f[n-1]
nl=n2
for k=n1:1:0
X[K]=(r{K] -g[K]*x[k+1])/f[K]




end #for
return X
end #function

functionthomas(f,e,g,r)
n=size(f)[1]
global x=OffsetArray{Float64}(undef,0:1)
for k=1:n1
e[k]=e[k]/f[k-1]
fIKI=fk] -e[K]*g[k-1]
end #for

for k=1:n1
r[k]=r[K] -e[K]*r[k -1]
end #for

X[n-1]=r[n-1)/f[n-1]
nl=n2
for k=n1:-1:0
X[K]=(r[K] -g[K]*X[k+1])/[K]
end #for
return X
end #function

function cubic_spline(xi,yi,c0,cn)

# c0 second derivative of the first point
# cn second derivative of the last point
n=size(xi)[1]
print("n = $n")
Aw =4
global h=OffsetAray{Float64}(undef,0:A1)
global w=OffsetArray{Float64}(undef,0:1)
global f=OffsetArray{Float64}(undef,041)
global e=OffsetArray{Float64}(undef,0:f)
global g=0OffsetArray{Float64}(undef,0:t)
global d=OffsetArray{Float64}(undef,0:)
global x=0OffsetArray{Float64}(undef,0:1)
global S=OffsetArray{Float64}(undef,0:Ax,0:n1)
k=0
for k=0:n-2

h[k]=xi[k+1] -xi[Kk]

WIK]=(yi[k+1]-yi[k])/h[K]

wk=w[K]

end #for
d[0]=cO
d[n-1]=cn
for k=1:n-2

d[k]=6.0*(w[k] -w[k-1])

dk=d[K]

end #for
f[0]=1.0
fln-1]=1.0
g[0]=0.0
g[n-1]=0.0
e[0]=0.0
e[n-1]=0.0
for k=1:n-2

f[k]=2.0*(h[k]+h[k -1])

e[k]=h[k-1]

glk]=hk]
end #for
xx1=thomas(f,e,g,d)




for i=0:n-1
S[2,i]=xx1][i]
print
S[3,i]=xi[i]
end
for k=0:n-2
S[0,K]=(6.0*yi[k+1]-h[K]*h[K]*S[2,k+1])/(6.0*h[K])
S[1,k]=(6.0*yi[K]-h[k]*h[K]*S[2,k])/(6.0*h[K])
end #for
return S
end #for

function intSpline(S,a,b)
# cubic spline integration
n=size(S)[2]
xx1=0.0
xx2=0.0
hk=0.0
toplam=0.0
y1=0.0
y2=0.0
for k=0:n-2
hk=(S[3,k+1}S[3,K])
if a>S[3,k+1] #condition 1
toplam=0.0

elseif S[3,k]<=a && a<=S[3,k+1] && b>S[3,k+1] #conditin2

xx1=(aS[3,k])
xx2=(S[3,k+1}a)

y1=S[0,K]*xx1*xx1/2.0-S[1,k]*xx2*xx2/2.0+(xx1*xx1*xx1*xx1*S[2,k+1]-xx2*xx2*xx2*xx2*S[2,k])/(24.0*hk)

xx1=hk
xx2=0

y2=S[0,K]*xx1*xx1/2.0-S[1,K]*xx2*xx2/2.0+(XX1*XX L *xX 1 *xx1*S[2,k+1]-xx2*xX2*xx2*xx2*S[2,K])/(24.0*hK)

toplam+=(y2y1)

elseif S[3,k]<=a && a<=S[3,k+1] && S[3,k]<=b && b<=S[3,k+1] #condition 3

xx1=(aS[3,k])
xx2=(S[3,k+1}a)

y1=S[0,K]*xx1*xx1/2.0-S[1,K]*xx2*xx2/2.0+(XX1*XX1*xx 1 *xX1*S[2,k+1]-xX2*xx2*xx2*xx2*S[2,K])/(24.0*hk)

xx1=(b-S[3,K])
xx2=(S[3,k+1}b)

y2=S[0,K]*xx1*xx1/2.0-S[1,K]*xx2*xx2/2.0+(XX1*XXL*xX L *xx 1 *S[2,k+1]-xx2*xx2*xx2*xx2*S[2,K])/(24.0*hk)

toplam+=(y2y1)

elseif(a<S[3,k] && b>=S[3,k+1]) #condition 4
xx1=0
xx2=hk

y1=S[0,K]*xx1*xx1/2.0-S[1,K]*xx2*xx2/2.0+(Xx1*xx1*xx1*xX1*S[2 k+1]-xx2*xx2*xx2*xx2*S[2,k])/(24.0*hk)

xx1=hk
xx2=0

y2=S[0K]*xx1*xx1/2.0-S[1,K]*xx2*xx2/2.0+(XX1*XX1*xx 1 *xX1*S[2,k+1]-xX2*xx2*xx2*xx2*S[2,K])/(24.0*hk)

toplam+=(y2y1)

elseif S[3,k]<=b && b<=S[3,k+1] #condition 5
xx1=0
xx2=hk

y1=S[0,k]*xx1*xx1/2.0-S[1,K]*xx2*xx2/2.0+(XX1*XX L*xx 1*XX1*S[2 k+1]-xx2*xx2*xx2*xx2*S[2,K])/(24.0*hK)

xx1=(b-S[3,K])
xx2=(S[3,k+1}b)

y2=S[0,k]*xx1*xx1/2.0-S[1,K]*xx2*xx2/2.0+(xX1*XxX1*Xx 1 *xx1*S[2,k+1]-xx2*xx2*xx2*xx2*S[2,Kk])/(24.0*hk)

toplam+=(y2y1)
else
break
end #if
end #for
return toplam




end # function

function intSpline(xi,yi,c0,cn,a,b)
S=cubic_spline(xi,yi,c0,cn)
return intSpline(S,a,b)
end

function convert_to_float(column)
new_column = map(x (
X = ismissing(x) ? " x; # no method matching tryparse(::Type{Float64}, ::Missing)
x = tryparse(Float64, x); # returns: Float64 or nothing
isnothing(x) ? missing : x; # options: missing, or ", or 0.0, or nothing
), column) # input
# returns Array{Float64,1} OR Array{Union{Missing, Float64},1}
return new_column
end

function readDouble(name)
open(name) do f
# read till end of file
m=0
while ! eof(f)
m+=1
line = readline(f)
s=split(line," ")
n=length(s)
global m1=m
global n1=n
end #while
close(f)
end #open
global x=Matrix{Float64}(undef,n1,m1)
open(name) do f
# read till end of file
m=0
global z=Array{Float64}(undef,n1,0)
while ! eof(f)
m+=1
line = readline(f)
s=split(line," ")
n=length(s)
x1=convert_to_float(s)
z=hcat(z,x1)
global x=z
end #while
close(f)
end #open
#transpose matrix
global y=x'
returny
end

function readOffsetDouble(name)
y=readDouble(hame)
n=size(y)[1]
m=size(y)[2]
global x=OffsetArray(y, 0:1,0:m1)
return x
end

using OffsetArrays
name="c.txt"




z=readOffsetDouble(name)

show(lOContext(stdout, :limit=>false), MIME"text/plain"(), z)
n=size(x)[1]

m=size(x)[2]

print("\nn = $nm = m")

x=0OffsetArray{Float64}(undef,0:L)
y=0OffsetArray{Float64}(undef,0:fl)

for i=0:n-1

x[i]=z[i,0]

ylil=z[i,1]

end

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), x)
show(IOContext(stdout, :limit=>false), MIME"text/plain"(), y)
S=cubic_spline(x,y,0.0,0.0)

show(IOContext(stdout, :limit=>false), MIME"text/plain(), S)
a=0.0

b=10.0

I=intSpline(S,a,b)

print("l=$I")

Following data is taken to integrate

00

11

24

525

6 36

749

8 64

7 81

10 100

Sample data is created from functigx)=x2. Therefore integration between 0 and 10 will give
333.3333333 as result.

Cubic spline direct data integration

> "C:\coJulidbin\julia.exe" integral_cubic_spline.jl
10X 2 OffsetArray(adjoint(::
Matrix{Float64}), 0:9, 0:1) with eltype Float64 with indices &0:1:
1.0 1.0
20 4.0
3.0 9.0
4.0 16.0
5.0 25.0
6.0 36.0
7.0 49.0
8.0 64.0
9.0 81.0
10.0 100.0
n =10 m = ml&lement OffsetArray(::Vector{Float64p:9) with eltype Float64 with indices 0:¢
1.0
2.0
3.0




4.0

5.0

6.0

7.0

8.0

9.0

10.010element OffsetArray(::Vector{Float64}, 0:9) with eltype Float64 with indices 0:9:
1.0

4.0

9.0

16.0

25.0

36.0

49.0

64.0

81.0

100.0

n = 104X 10 OffsetArray(::Matrix{Float64}, 0:3, 0:9) with eltype Float64 with indices>030:
3.57736 8.69057 15.6604 24.6679 35.6679 48.6604 63.6906 80.5774 100.0 -321L7
1.0 3.57736 8.69057 15.6604 24.6679 35.668%6@4 63.6906 80.5774 3.6%22
0.0 2.53585 1.8566 2.03774 1.99245 1.99245 2.03774 1.8566 2.53585 0.0
1.0 20 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0
1=333.09622641509435

> Termnated with exit code 0.

PROBLEMS (INTEGRATION & DERIVATION)

PROBLEM 1

of y=f(x)=1/(1 + %) fonction between limit§1 ile 1with 3 points Gauskegendre integration
Formula

Note: Required roots and coefficients

coefficients Roots

Co 0.555555555555553 Xo 0.774596669241483

c; 0.888888888838889 x; 0.000000000000000

¢, 0.555555555555553 X, 0.774596669241483
PROBLEM 2

3

~ 2 -
nl—zdx solve with bole rule. Use n=2
L1+ 2X

3
Note: Bole rule for n=1
I=(b-a)*[7*f(x0)+32*f(x1)+12*f(x2)+32*f(x3)+7*f(x4)]/90
Step sizeh=(b-a)/n

PROBLEM 3




Function is known as black body radiation shape function. The values of coefficients in the
equation are:

€1 =3.743 x18 W.nm*/m?, ¢; =1.4387x10 nm.K, s=5.67x10° W/(m?.K%) dir.

Use Gaussegerdre integration and for a giving T calculate black body radiation shape factor.
Create a table for the values of blackbody radiation shape factor from 5000 to infinity(?)

PROBLEM 4
| = 11 dydx

xg) yg) (1+ y)2

Solve the above integration by using analytical methods and Gagssdre integration

PROBLEM 5
Solve the integration
11
= dx

x=0 1+ X

2

a) by analithical methods
b) by Trapezoidal rule with n=2(divide region iRgarts) and calculate % error
¢) Trapezoidal rule with n=2(divide region into 2 parts) and calculate % error

PROBLEM 6

Solve the integration
2 1

| = fj——=dx

=0 /1+ X

By usingGaussLegendreormulation

PROBLEM 7
For x=1

Q
cl+ X% =+
a) Calculate analytical derivative
b) Calculate derivative with 3 points central difference formula with h=0.1
c) Calculate derivative with 3 points central difference formula witi9.05

d) Calculate derivative witRichardsorextrapolatiorformula with h1=0.5 and
h2=0.25

F(x) = InSet

PROBLEM 8
f(x)= ;ﬁx.exp(x) dx

Calculate the integration by

a) Trapeodidal ruleintegrali

b) Simpson 3/8 integration

¢) GaussLegendre integration
d) Romberg integration

PROBLEM 9



£(x) = psin(L- x+x°) dx
0

Calculate théntegration by

e) Trapeodidal ruleintegrali

f) Simpson 3/8 integration

g) GaussLegendre integration
h) Romberg integration

PROBLEM 10
1 + %2
f(X) = ﬁM dx
1 41- X°

Calculate the integration by
i) Trapeoidal ruleintegrali

j) Simpson 3/8 integration
k) GaussLegendre intexation
I) Romberg integration

PROBLEM 11

X 099 [210 |322 |440 |570 |7.12 |801 |837 |9.32 [9.98
f(x) 490 |[570 |420 |7.04 |831 |782 |597 |7.01 |6.68 |4.79
Data given in the above table. Find the integration by usapgzoidal rule

PROBLEM 12
Find thederivative of data given in problem 11 at point x=5

PROBLEM 13
Depth(H) and velocity(U) profile of a channel is given in below table
X, m 0 2 4 6 8 10 12 14 16 18 20
H, m 0 1.8 2 4 4 6 4 3.6 3.4 2.8 0
U m/s 0 0.03 | 0.045| 0.055| 0.065| 0.12 | 0.07 [ 0.06 |0.05 |0.04 |O

Cross sectiaonal area of the channel can be calculated as
B

A, = fAH (x)dx
0

Flow rate of the channel will be

B
Q= (I:U (QH (X)dX | this equations U is the velocity of the water measured at point x. Calculate

cross sectional area and flow rate of the channel.



derinlik m

PROBLEM 14
Temperature profle of a solid body can be given as

(T - Ta)

dT

2ok

dt

10

15

sol kéyedan wuzakl &k m

In this equation T is theemperatureTais constant surface temperature.

A solid body with temperatures initially at T=90 C and =20 Cput into a water container at
temperature ofTa= 20 C. The temperature profile as a function of time is given at the table.

Zaman,t, s

0

5

10

15

20

25

30

35

Sicakik T C

90

55

40

28

24

22

215

20.6

Calculate k thermal conductivity coefficient.

PROBLEM 15

Coordinate of a hard shape is given in the table. Find the area of the hard.

Xi Yi Xi yi Xi yi Xi Yi
241 127 331 157 215 246 149 120
258 107 323 178 199 232 160 106
283 96 312 197 184 217 175 97
307 97 298 217 170 197 199 96
322 106 283 232 159 178 224 107
333 120 267 246 151 157 241 127
334 138 241 258 148 138

PROBLEM 16



0.5%°

A~ y/x
I = Qe "dYdXsove the integral b@aussegendre method.
0.1x°

PROBLEM 17
12x

| = i x° +y°)dydx
0 x
Solve the equation with
a) 2 dimensional Gaudsegendre integration
b) 2 dimensionalsimpsonl/3 integration
c) Develop an equation for 2 dimensiosahpson. 3/8ntegration and solve the integral
PROBLEM 18
11 dydx
=7 fi—F5
x=0 y=0 (1+ y)

Solve the integral with Monte carlo method and check the results with-Gageadre method.

PROBLEM 19
Show that equation below is correct

p= 2ﬁ(4- x*)"?dx
0

PROBLEM 20

1
| = fedx
0

Solve the integral fom=25,50,100,500,1000,10000,1008@th montecarlo method and
compare the result with the analytical solution.

PROBLEM 21
An angine of a vehicle with mass of 53400 kg and a velocity of v=30 m/is suddenly stopped at
t=0. In this instant equation of tleovement can be given as

5400 * v * (dv/dx) = - 8,276 * v* - 2000
In the equatiorv(m/sn),is the velocity of the vehicle at timeWhen velocity is 15 m/s calculate
the total distance vehicle moved by using 4 point Gauss integration Formula

PROBLEM 22

A vehicle s at complete stop. When it is started velocity of the vehicle is recorded for the first 5
minutes. Calculate the total distance vehicle moved by using trapezoidal rule as a direct data
integration method.

t(minuteg | O 05 10| 15| 20| 25| 30| 35| 40| 45 | 50
v (km/h) 0 4 7 11 15 21 25 30 32 35 40




d t
Note: V:_d)t( X- X, = fv(t)dt
t0

PROBLEM 23

Upward velocity of a rocket can be calculated by using the formula
dz

dt
In this equation V is velocity, U is the exit velocity of burning gases from the rocket nogite,
the mass of the rocket at time= 0 sn, dgs fuel spending rate , g is garavitational acceleration
assume constant, @8 ni/s).If U= 2000 m/s, m= 150 000 kg, g = 2600 kg/s, Calculate the height
rocket will climb in 30 seconds by using Romberg inntegration with [3@®)] order of error.

t=30

dH
Note: V=—  H = fy(t)dt
dt t0=0

=U*In[m,/(m, - g*t)] - g*t

PROBLEM 24

Calculate velocity andcceleration by using below data with
a) cental difference methdavith O(h) error leve],
b) forwarddifference method [with O@error level],
c) backwarddifference method [with O8nerror level],

Time, t (s) 0 1 2 3 4 5 6 7 8
distancex(m) | O 0.7 |18 |34 5.1 6.5 7.3 8.0 8.4
ax a= d 2X
. i, V= — in A — ———
Note : Velocity dt Acceleration : dt2
PROBLEM 25
Integrate data by using trapezoidal rule
X -3 -1 1 3 5 7 9 11
f(x) | 1 -4 -9 2 4 2 6 -3
PROBLEM 26

In a riverwater height is measured in every 12.5 m distance. Water flow rate can be calculated by
Q =fV*dA integration In this equation Q: water flow raten’/s), V: water flow speed (m/s), A:
crosssectional aregn). If avarage water velocity is 0.4 m/s. Galate water flow rate by using
Simpson 1/3 rule

X(m) 0 125 |25 |375(|50 |62,5 |75 |87,5 |100
fX)m (11 |75 |55 |0 15 |4 55 |8 11

PROBLEM 27
10

a) Nf (X)dx calculate the integral value from the data given below
0
b) calculate the derivative of tHanction atx=3,4,5,6,7,8

X 099 (210 |322 |440 |570 |7.12 |801 |837 |932 |9.98

f(x) 490 |[570 (420 |704 |831 |782 |597 |701 |6.68 |4.79




PROBLEM 28
By usingGaussLegerdre integral formulation calculate= %lf—xxz integral forn=2,3,4,5.

Compare the result with analytical solution.

PROBLEM 29
By using Adaptive simpson 1/3olve | = ?113—)(2 integral with an error level ofL..0e5
-4 X
PROBLEM 30
By using Gaus€hebychev integration equation solve the integraic/(&)d;( = 2.40394 and
1/@- X
compare the result with the exact value.
PROBLEM 31
. . . 1 2dx
By using trapezoidal rule calculate the integrad i————— =1.1547005¢ for n=2,4,8 ve 16
y using frap I sinaom)

And then improve the result by using Richardson extrapolation Formula (Romberg integration)

PROBLEM 32

If velocity profile in a pipe is known, flow rate can be calculate® asiv dA

In this equation v i the velocity of the fluid A is the cregstional area of the pipe. In a circular
pipe A2 pr) anddA = (2pr dr). If it is substitutednto flow rate equation

Q =fiv(2pr) dr is obtained. Where r is the radius. If the velocity distribution is given as a function
of r as v = 3[1-(r/ro)]¥” and if the radius of the pipe= 0.1m calculate mass flow rate. Select your
own method.

PROBLEM 33
In the integratls below exact solutions are given. By using an adaptive integration method. Chck
out the results.

1
a) 11=fj 4dx 5= Litan(10) + tarr’(6)] = 0.71919388921001
P1+256x- 0.379° 4

1
b) 12= ﬁéﬁdx:;
0

1
c) 13= ﬁ&dng
o 3
1
d) 14=fjog(x)dx=-
0

1
e) 15=jog(|x- 0.7])dx=0.3*log(0.3) +0.7* log(0.7) - 1.0
0

f) 16= P 'Xsin(50x)dx:ﬂ(1- e¥)
EP 2501

10000
~ dx

916= Q—=
AN

PROBLEM 34

=206



h(m)
112

80
52

35
15

Wind pressure in a flat wall is measures as in the graphic. It is desired to find pressure effect
center of the wall. It is calculated by using

~hp(hydh
h= flz
?p(h)dh
Calculate the value.
PROBLEM 35
For the analytically solved integration that result is given below:
Solve with with
a) Adaptive Simpson 1/3 method
b) AdaptiveGaussKronrod integraformula

4108e=% — 52
- 27
— —1.5487883725279481333

4

2 3y /2
/ 13(x — x2)e /2 dx
0

=1 302 erpl- 3N 2)

1.78 /
1.48
0.638 / \
0.534

) f \
0229 \
-0.0758

-0.380

-0.685

-0.990

-1.28
0.0 0.40 0.80 12 1.6 2.0 24 28 32 36 4.0

PROBLEM 36
v(m/s) [ 0 1 18 |25 |35 |44 |51 |6
P(kW) | 0 47 | 122 |19.0 |31.8 |40.1 | 43.8 |43.2




Power transmitted to the wheels of a vehicle is given in the table as a function of velocty. If the
mass of the ar is m=2000 kg, Calculate the required time to accelrate the car from
0 m/$to6 m/g

6s
Note: Dt = mﬁ(v/ P)dV
Os

PROBLEM 37

1
| = flfl(f\ex "*dzdyd> calculate the integral by using 3 dimensional Gawegendre integration

PROBLEM 38

I —_— e~

v ] z
nnn;Sln(y)dZdyd)Calculate the integral by using 3 dimensional Gduweggendre integration
000

PROBLEM 39

Blackbody radiation functio(0-1 T), | (mm) T(degree Kelvin) can be calculated as
_ C, _1438769/mK

/T /T

157,

F(0- /T)=1- dx
ou

<N E" -1
0
It can also be calculated from the series solution

15: ée™ 3x°  6x
F(O-/T)=—=8& ﬁ(x t—t— —)

ptLEN n o n'g
By creating a program that calculates the result with using series solutioriegrdtion.

Compare the results. Resulting tables are given as a reference

F(O1 T) FOIT I T FOIT I T FOIT I T FOIT) I T E(0-1 T

—H

mmK mmK mmK mmK

1000  |0.00032 |2900  |0.25056 }4800  |0.60754 [6900  |0.8022 10700 |0.92709 {18000 |0.98081

1050 |0.00056 [2950  0.26191 4850 |0.61428 |[7000  |0.80808 {10800 |0.92872 18200 |0.98137

1100 |0.00091 |[3000  ]0.27323 4900  [0.62089 |[7100  |0.81374 {10900 |0.93031 |]18400 |0.98191

1150 10.00142 |3050  |0.28453 4950  |0.62737 {7200  |0.81918 |]11000 |0.93185 [18600 |0.98243

1200 |0.00213 |3100  |0.29578 |5000  |0.63373 [7300  |0.82443 ]11200 |0.9348 [18800 |0.98293

1250 |0.00308 |3150  |0.30697 [S050  |0.63996 [7400  |0.82949 11400 |0.93758 |19000 |0.98341

1300 |0.00432 |3200 0.3181 [5100 |0.64608 |[7500 |0.83437 {11600 |0.94021 |]19200 |0.98387

1350 |0.00587 [3250  |0.32915 |5150  |0.65207 [7600  |0.83907 |]11800 |0.9427 [19400 0.98431

1400 |0.00779 |3300  |0.34011 |5200 |0.65795 [7700  |0.8436 12000 |0.94505 [19600 |0.98474

1450 |0.01011 |3350  0.35097 [5250  |0.66371 |[7800  [0.84797 {12200 [0.94728 |]19800 |0.98516

1500 [0.01285 |3400  0.36173 [5300  [0.66937 |[7900  [0.85219 {12400 [0.94939 |20000 |0.98555

1550 |0.01605 [3450  |0.37238 |5350 |0.67491 [8000  |0.85625 |]12600 |0.95139 [20500 |0.98649

1600 |0.01972 |3500  |0.38291 |5400 |0.68034 [8100  |0.86018 |]12800 |0.95329 [21000 |0.98735

1650 |0.02388 |3550  |0.39332 [5450  |0.68566 |8200  [0.86397 {13000 [0.95509 |21500 |0.98814

1700 |0.02854 |3600  |0.4036 [5500 |0.69089 |8300 [0.86763 {13200 [0.95681 |22000 |0.98886

1750 |0.03369 3650  |0.41375 5550 |0.696 [8400 |0.87116 |13400 |0.95843 [22500 |0.98952

1800 |0.03934 |3700  |0.42377 |5600 |0.70102 [8500  |0.87457 |]13600 |0.95998 [23000 |0.99014

1850 |0.04549 |3750  |0.43364 |5650  |0.70594 |8600  |0.87787 |13800 [0.96145 |23500 [0.9907

1900 |0.05211 |3800  0.44338 [5700  [0.71077 8700  |0.88105 {14000 [0.96285 |]24000 |0.99123

1950 |0.0592 |3850 |0.45297 |5750 |0.7155 (8800 |0.88413 14200 |0.96419 [24500 |0.99172

2000 |0.06673 [3900  |0.46241 |5800 |0.72013 |[8900  |0.88711 |14400 |0.96546 |25000 |0.99217

2050 |0.07469 [3950 |0.47172 15850 |0.72468 [9000  |0.88999 |]14600 |0.96667 |26000 ]0.99297

2100  |0.08306 [4000  |0.48087 |5900 |0.72914 [9100  |0.89278 |]14800 |0.96783 [27000 |0.99368

2150 ]0.0918 [4050 |0.48987 |5950 |0.73351 [9200  |0.89547 |15000 [0.96893 |28000 |0.99429

2200  0.10089 [4100  |0.49873 |6000  |0.73779 [9300  |0.89808 |[15200 [0.96999 |29000 |0.99482

2250 |0.11031 [4150 |0.50744 16050  |0.74199 [9400  |0.9006 15400 |0.971 |30000 ]0.99529

2300 |0.12003 [4200 |0.516 |6100 |0.74611 [9500  |0.90305 |]15600 |0.97196 32000 |0.99607

2350  ]0.13002 }4250  10.52442 [6150  |0.75015 [9600  |0.90541 |15800 |0.97289 [34000 |0.99669

2400  0.14026 4300  |0.53269 [6200  |0.75411 |9700  |0.9077 16000 |0.97377 |36000 |0.99719

2450 [0.15071 [4350  |0.54081 16250 |0.758 [9800  |0.90992 ]16200 |0.97461 |[38000 ]0.99759




2500 ]0.16136 {4400 |0.54878 |6300  |0.76181 [9900  |0.91207 |16400 |0.97542 40000 |0.99792
2550 0.17217 [4450  |0.55662 |6350  |0.76554 |10000 |0.91416 |16600 [0.9762 }45000 |0.99851
2600 |0.18312 [4500  |0.56431 |6400 |0.76921 |10100 ]0.91618 |]16800 |0.97694 |50000 [0.9989
2650 |0.19419 [4550 |0.57186 16450 |0.7728 (10200 |0.91814 ]17000 |0.97765 |55000 ]0.99917
2700 ]0.20536 [4600  |0.57927 |6500  |0.77632 |]10300 |0.92004 |17200 |0.97834 |60000 |0.99935
2750 0.2166 [4650 |0.58654 |[6600  |0.78317 |10400 |0.92188 (17400 |0.97899
2800 |0.22789 [4700  |0.59367 |6700 |0.78976 {10500 |0.92367 |17600 |0.97962
2850  10.23922 {4750  |0.60067 16800  |0.7961 (10600 0.9254 117800 |0.98023

PROBLEM 40

Integral of blackbody spectral radiation equation for all wavelengths will give

— éCl : X3 g 4 _ 4 . i
E, =é= N7~ =ST" Inthis equatiorC,=3.74177489x1OWmnt/m? andC,=1.438769x10
&C; € -1
mmK . s is calledStefan Boltzman constant. Calculate this integral by ustegussLeguerre integral formula.
The value of the Stephan Boltsman constant is give.670x16 W/mPK*

PROBLEM 41 Bessel functio,(X) can be defined as:

17, :
J.(X) == rfosksing - ng)dg
Po
Write a program to define such a function.

PROBLEM 42 In an AGDC converter the signal defined with the following function is obtained. Signal
frequency is 50 hertzperiodT=1.0/53=0.02second) A true root mean square current value for an alternative
current signal is defined as:

| s = 1T~2(t)dt
RMS T(["

Calculate True RMS current for the given signal.

&0 Hz current one cycle current values
1182

09465 o

07008 —

04733 o

03366

i, ampere

9.438e-0

-0.23686 —

-0.4733 o

-0.7098 —

-0.9465 —

-1.183

T T T T T T T T T
0.000 0.00Z000 0.004000 0006000 0.008000 0.01000 001200 0.01400 001600 001800  0.02000

ttime second

PROBLEM 43 Work is defined as

Work =Force*Distance

In a realengineering problem force usually changes, Therefore Work for a variable force should be calculated
as:



W= Xr:-F(x)dx

In a system Force is measured as in the following table:
x(meter) 0 5 10 15 20 25 30 35 40
F(Newton) | O 9 12 15 18 23 16 13 11
Calculate the work done by the system

PROBLEM 44Eul er 6s constant is defined by the following ec

G Y- +180
g= ﬁaae—l - - e'ng(:aal- Inaae—n 1%Where k>0
-oGl+X =X gaC ¢ N ==

g = 0.577215661901532860606512090(B24024310415933593D2¢

Calculatee u | eangiast by integration and comparwiiith the series solution. You chose different
integration methods to see the accuracy of the integration formula.

PROBLEM45Cat al ands constant is defined by the foll owin
1
~aln(x) &
K= na ()28dx
x=09 X
. a 32 32 32 8 i 16 4 i 4 i 2 1 g
K= 64 (64 (12<+2)2 (12k+3)* 12k +5)% @12k +6)*> @1A2k+7)> (12k+9)> (12k+10)° (12k+11) 0
k=0 o]

K=0.915965594177¢
CalculateC a t a |canstdntsby integration and compare it with the series solution. You chose
different integration methods to see the accuracy of the integration formula.



4. COMPLEX NUMBERS

a & w'whereQ U p
A complex number can now be shown gmoat:
4

5i
4i
3i
2i

i

y

~| Imaginary

3+4/
[ ]

Real
>
234

-4-3-2 1”l
-2i
-3i
-4i

The complex number 3 4 4
Arithmeticpf the complex nurpbers
a O O a4 b o

a a O ® o o0
a a O ® O 0
Conjugated Q

5
ara B7o

€€

:H 0zd Hzo 0

® O d UL O HzZH Oz
@ O O OO &0 @

9% o

a
o

Complex numbers can also be expressed in polar coordinates

b
B
e Iﬂ e
a O O00i AlS ®EL
i MO o — AOAI
O 1ATS & rOE+
Q A6 OE+
Q Al &6 "OE+

a4 & oQi Al S ®EF iQ

This equation is called De Moivre formulation

Utilisation of polar coordinates makes power calculation of complex variables easier.
¢ o o0 i AlO— WEI— i Q

e o O Al %'T ©ET

Let us look at the roots of degree n

N

@ © 60 ITAI S ®EF 10



But in this formula— — ¢Q* If we substitude this into the equation

@ O o0 iTAT 60— "WEF— 1 Q7 k=0,1,2.(nl)
So equation has n roots

Absulute value of complex numbers:

oI O

Multiplication of complex numbers:
aza iQ i1iQ iiQ
Division of complex numbers

- — -0

Example:

a ¢ 0Q

a 1 UvQ

¢ ¢ 0Q ¢ dQt vQ Y pfap@pl Y pp&Qpuv x &

o} T VUQ 1 vQt vQ pop¢cMcMcl pop ¢ c¢cicqu TP
X ¢¢ w
T T—pQ T XTXOoPKOoQLQ@LO

In Julia complex numbers can directly be assigmadiused.

z1=2+3im
z2=45im
z=z1/z2
print("z = $z")

---------- Capture Outpu---------

> "C:\co\Julidbin\julia.exe" complex1.jl
z=-0.17073170731707318 + 0.5365853658536587im
> Terminated with exit code 0.

Example:
a ¢ 0Q
a a ¢ 0Q ¢ 0dQ 1T ¢Q PQ w v p&Q

Calculating by using polar coordinates:

i U o WVpo a®muvuvup AOAT moyc

i pocos@2— TWYPTQEPEI— TOCOTTX @
¢ G po YT Pp@GOoT)PUL p&Q
z1=2+3im

z2=z1*z1

23=z1"2

print("z2 = $z2 z3 = $z3")

> "Clco\Julidbin\julia.exe" complex2.jI
z2 =5+ 12im z3 =5 + 12im
> Terminated with exit code 0.

Example:
a ¢ dQ
a & a°

Calculating by using polar coordinates:
i g o Wpo odmuvuvuvp AOAT moycg

W po pwPyPcas(05— T@Yp X TOEMP— 1 XpyPYuxwcu



¢ @ PHOYYCTEI YPp X T UBONWP YU RNRWwEH X T p T WL X X

z1=2+3im

z2=sqrt(z1)

z3=z1"0.5

print("z2 = $z2 z3 = $z3")

---------- Capture Output---------

> "C:\cdJulidbin\julia.exe" complex3.jl

72 =1.6741492280355401 + 0.8959774761298381im z3 = 1.6741492280355401 + 0.895977476129838im
> Terminated with exit code 0.

Example:

a ¢ dQ

a 1 UvQ
A
¢ Qwil ig,

z1=2+3im

z2=45im

z3=z1"72
z4=exp(z2*log(z1))
print("z3 = $z3 z4 = $z4")

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" complex3.jl

23 =-18175.48769862527514117.567839250678im z4-£8175.48769862527514117.56783925068im
> Terminated wi exit code 0.

Example: Prove thafollowing equation is correct

cQ 10
@,
Q0 Q 0 Q o Q¢Qp o0 ¢ Q¢ u uvQ 3
¢Qp cQp cQp cQp ¢ P v P
Example:
OEL ggn Q
Al & ? Q Q
QOE+ X Q Q Po o Al 6
56— 0 c
PATS 2y g 2o o Po g OEL
QOQ— ¢ cQ cQ
Numerical finite difference formula:
e for' Qo O Ed and x=0, dx=0.0001
Qi @ i W Qo OEd i o WBwwwwwwPowooaoA
Qo ° Qo TR BT T p
Sin(0.0001)=9.9999999833333e
Qi @

‘ 4ba
o TBOWWWWWWWY oo



So

If we usenumerical integral (Gaudsegendre) to calculate this:

#calculates legendre gaussefficients as coefficients of the integral
#for n terms
function gauss_legendre_coefficients(x1,x2,n)
A = zeros(Float64,2,n)
eps=3.0€l5
mx=(n+1)/2
m=floor(Int,mx)
xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=20
pp=0.0
for i=1:m
z=cos(pi*((+0.25)/(n+0.5)))
for ii=1:nmax

pl=1.0
p2=0.0
for j=1:n
p3=p2
p2=pl
p1=(((2.0*-1.0)*z*p2-(j-1.0)*p3)/j)
end
Pp=((*p1:p2)*n/(z*2-1.0))
z1=z
z=z1-p1l/pp
if abs(zz1) < eps
break
end
end
yl=xmxl*z
y2=xm+x*z
il=n+1i
AlL,i]=y1
A[L,i1]=y2
y3=2.0*xI/((1.0-z*z)*pp*pp)
A[2,i1]=y3
Al2,i]=y3
end
show(IOContext(stdout, :limit=>false), MIME"text/plain"(), A)
printin(" ")
return A

end
#Gausd egendre integration
function integral(f,x1,x2,n)
#integral f1(x)dx
#integral of a function by using gadegendre quadrature
#between x1 and x2
A=gauss_legendre_coefficients(x1,x2,n)
z=0.0
fori=1:n
xx1=A[1,i]
Xx2=A[2,i]
z=z+xx2*f(xx1)
end
return z
end

f(x) = 1.0/2im*(exp(x*im)-exp(-x*im))
x1=0+0im

X2=pi/2.0+0im

r=integral(f,x1,x2,10)

print("integral : $r")




---------- Capture Output---------

> "C:\co\Julidbin\julia.exe"integral_gauss.jl

2X10 Matrix{Float64}:

0.0204938 0.105979 0.251791 0.44501 0.668473 0.902324 1.12579 1.31901 1.46482 1.5503
0.0523636 0.117379 0.17207 0.211482 0.232104 0.232104 0.211482 0.17207 0.117379 0.0523636
integral :0.9999999999999963 + 0.0im

> Terminated with exit code 0.

Same result is obtained

We will look at further utilisation of com@x humbers in coming chapters.
LINEAR SYSTEM OF EQUATIONS

Lineear system of equations (or linear systasw collection of one or more linear equations
involving the same set of variables. For example

2x+3.5y=1.2

1.1x+1.5y=2

In this particular setx and y is variables. System has two equations. It is a linear equations, becouse variables x
and y lineary placed in the equation. The following set of equations islimear

COEDd 03dQ pg
PPAT A pd0 ¢

In mathematics, linear system of equation is expressed as a-wettor format. For example above linear set
can be written as

¢ od ® pg
. PP pd © N . :
In some boooks the following formats of expressing the same system of linear equations can also be
seen:

¢ od pg

PP P ¢
Or simply

¢ o0® pg

PP P ¢

In high school mathif it is only two equations and two unknown varibles variables, the following
method ofplacement is shown to us to solve this system:
2x+3.5y=1.2
1.1x+1.5y=2
W pE o0dw/2
pp——— pd U ¢
T Q@ pBCD PBW ¢
e ¢ ™o
w -3.15294
Substituting to x gives
w 6.117647
In Julia system of equation solution ca directlychiulated
A=[2.0 3.5;1.1 1.5]
B=[1.2 2]
X=A\B
print("x = $X")
---------- Capture Outpu---------
> "C:\coJuliabin\julia.exe" linearSE. ||
X =[6.1176470588235253.152941176470586]




| > Terminated with exit code 0.

6.1GAUSS ELIMINATION METHOD

2x+3.5y=1.2
1.1x+1.5y=2
Can be written as
¢ o W pg
PP pd ® q
In general } ‘ .
W 0 W
2x+3.5y+3z=1.2
1.1x+1.5y1.5z2=2
X+5y-2z2=3
¢ o® o O pg§
D P& pd ® ¢
p v ¢ « o
In general
O O O w &)
® ® O )
O O 0w W %)
Upper triande system 3
O O 0 W
T ® ® o &)
T T O o ®

Gauss elimination metho@auss elimnation method is based on two charecteristics of matrices (or
system of linear equations as well):

1. If one equation (on eline of system is multiplied with a nuntlbesolution set remain the
same
2. If one row is substracted or added to another row, solution set will still be the same.

By using this two characteristics, system of equation will be reduced to upper triabgle spstém.
then by starting from the last edjiasm, sytem will be solved by backsubstitution process.

cl=id T 2= T®
14 ) 18 ) )
w Ad © @z O PO ® O pzd
O Aed & Aed & Aerd O ARed
Becomes
T &2 e W Gee
T e (e O Gxe
c3=(me Toee
Tt Cxe Cxe w G2
M G (o de @ik ©  de W@

Becomes



E G G ® GE
T (e 6 CE
Tt T (e O GE
Backsubstitution:
® G fie
() G (e z® Jie
w GE GE 20 GE Z®)/CE

In the program following set of system of equation is taken :

P Cu® p

¢ P Gg W p

o ppw q
The solution set of this set of equation is 0,3MeAs it is seen from thesults, a small error is remained in the
solution set. If the same elinination process is carried out by hand:

column O(column indices starts from 0), row 1(raw indices starts from 0) multipket d&oo = 2/1=2
aw0= ao-C1* a0 = aw- (810/a00)* an=2-2*1=0
a11= a1-Ci* a0 = an- (a0/a)* a1 =1-2*2 =-3
a2= az-Ci*an= a2- (aod/an)* e =2-2*5=-8
b= bp -Ci*bi=b, -(awa) b1 =17 2*1=-1
columnO raw 1 elimination is completed
colunOraw 2 elimination:
Ci=&olaoo = 3/1=3
Az= a&oi C2* 800= &0 - (820/800)* 800=3-3*1=0
1= a1l C2*an = &1 - (&oaw)* an=1-3*2=-5
2= a2l Co* an= &2 - (&o/aw)* anz=2-3*5=-14
b= b -Co*bi=b, -(awa)* b1 =17 3*1=-1
column 1, row 2 multiplier C
Cs=api/an1 = -5/-3=(5/3)
1= ani C3*an=a1- (/ann)* an=-57 (5/3)*(-3) =0
2= a2 -Cs*ann= an- (aeva)* an =-141 (5/3)*(-8) =-0.6666666666666
b= b -C3*bi1=p - (afar)*bs =-17 (5/3)*(-1) = 0.6666666666666
system of equation becomes:
q v W P
o p  w P
T TR THOPOQ
Backsubstitution process :
X2 = bplag,= 0.6666666666/0.6666666666) =1

X1= (b1 - a*X2)lawr= (-1 - (-8)*(-1))/(-3) =(-9)/(-3)=3
Xo=(bo- @1*X1-a2*X2 )&= (17 2*3-5*(-1))/1":0

44370

w T
® o
® P

Julia direct solution:
A=[1.025;212;311]

B=[1.01 2]

X=A\B

print("x = $X")

—————————— Capture Output---------

> "C:\cdJulidbin\julia.exe" linearSE.jl
x =[0.0; 3.0;-1.0]

> Terminated with exit code 0.

Another example for Gauss elimination with detailed steps :

X P ¢ ® TX

p T p p w

O pLCTM® Y
A B



7 1 2 a7
1 4 -1 19
3 15 20 87
c 7 1 2 47
-0.14286 0| 4142857  -0.71429]  25.71429
0.428571] 0] 1457143  19.14286 _ 66.85714
c 7 1 2 47
3.517241] 0| 4142857 -0.71429]  25.71429
0 0] 2165517  -23.5862
Xa 6.165605
X, 6.019108
X5 -1.08917

A=[7.012:1 4-1;3 15 20]

B=[47.0 19 87]

X=A\B

print("x = $X")

—————————— Capture Output---------

> "C:\coJuliabin\julia.exe" linearSE.||

x =[6.165605095541401; 6.019108280254#1710891719745222923]
> Terminated with exit code 0.

As it is seen from the previous example some error existed in the solution set. It is called round off error. When
gauss elimination process is used as it is defined admweerror might be created by the process. In order to
minimize the round oférror, absolute value of the multiplier terms should be as big as possible. In the
calculation process of the multiplier if divisor is zero term will go to infinity, if divisior is relatively small it will
be a very big number, and this will cause an eatrar in digital computers. In order to prevent this in a degree,
elimination raw is interchanged with the raw with maximum absolute valubdanultiplier term (in the
diagonal). This process is called partial pivoting. Parfiatmng is shown in thexample

P CuU® p

¢ P GC W &

cppw C
Before starting the gauss elimination the column 0 elements are compared and raw with the largest absolute

value of this column is replace with elimination raw (raw 0)
G pp W q
¢ P G W &
p CuLv ® &

1
function gauss_pivot(Al,b)
n=sze(A1)[1]
carpan=0.0
toplam=0.0
global x=Array{Float64}(undef,n)
global a=Array{Float64}(undef,n,n)
for i=1:n
for j=1:n
afi,jJ=A1[i]
end
end
for k=1:n
#pivoting
p=k
buyuk=abs(a[k,k])
for ii=k+1:n
dummy=abs(alii,k])
if dummy > buyuk
buyuk=dummyp=ii
end #if dummy
end #for ii
if pl=k
for jjI=k:n
dummy=alpjj]




a[pjjl=alk,jj]
alk,jjl=dummy
end #for jj

dummy=Db][p]
b[p]=b[k]
b[k]=dummy
end #if p!
# gauss elimination
for i=k+1:n
carpan=a[i,k]/a[k,k]
a[i,k]=0.0
for j=k+1:n
ali,jl=ali,j] -carpan*alk,j]
end #for |
b[i]=b[i] -carpan*b[k]
end #for i
end #k
# back substituting
x[n]=b[n}/a[n,n]
nl=nl
fori=n1-1:1
toplam=0.0
for j=i+1:n
toplam=toplam-+a[i,j]*x[j]
end #for |
X[i]=(b[i] -toplam)/a[i,i]
end #for i
return x
end #function

A=[7.012;-1 4-1;3 15 20]
B=[47.0 19 87]
X=gauss_pivot(A,B)
print("X=$X")

---------- Capture Output---------

> "C:\cdJulidbin\julia.exe" gauss1.jl

X=[6.165605095541401, 6.0191082802547-170891719745222925]
> Terminated with exit code 0.

6.2 GAUSSJORDAN METHOD

Gauss Jordan elimination method is similar to Gauss elimination with exception of a normalisation process
before elimination and application of the elimination for all raws (insteadlgflower lowsof diagonal

reference rovin gauss eliminationgxcept the diagonal reference rawhe result is conversion of the right hand
side into the solution without any back substitution prodesample program is givelmelow
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function gauss_jordan(a,b)
n=size(b)[1]
npl=n+1
C=zeros(Float64,n,npl)
fori=1:n
for j=1:n
Cli,j]=ali,j]
end
C[i,np1]=b[i]
end
for k=1:n
for j=k+1:npl
C[k,j)/I=C[k,k]
end
Clk,k]=1.0
fori=1:n
if i'=k
carpan=C[i,k]
Cli,k]=0.0
for j=k+1:np1
Cli,j]-=carpan*C[k,j]
end # for
end # if
end # for i
end # for k
fori=1:n
X[i]=Cli,np1]
end # for i
return x
end # function




global a=[3.0 1.61.0;1.0 4.0 1.0;2.0 1.0 2.0]
global b=[2.0 12.0 10.0]

b1=b'

x=abl

print("Julia x = $x")

x1l=gauss_jordan(a,bl)
print("\nGaussJordan x = $x1")

—————————— Capture Output---------

> "C:\co\Julidbin\julia.exe" gauss_jordan.jl

Julia x = [0.9999999999999999; 2.0000000000000004; 3.0]
GaussJordan x = [0.9999999999999999; 2.0000000000000004; 3.0]
> Terminated with exit code O.

Another example for Gauskrdan elimination with detailed steps :
X p ¢ ® TX
p T p pw
o pucm® Y

GaussJordan
A B
7 1 2 Xa 47
-1 4 -1 X1 19
3 15 20 Xz 87
Normalisation
1 0.142857| 0.285714 Xo 6.714286
-1 4 -1 X1 19
3 15 20 Xz 87
Elimination
1 0.142857| 0.285714 Xao 6.714286
0 4.142857 -0.71429 X1 25.71429
0 14.57143 19.14286| X2 66.85714
Normalisation
1 0.142857| 0.285714 Xa 6.714286
0 1 -0.17241 X1 6.206897
0 14.57143 19.14286| X2 66.85714
Elimination
1 0 0.310345 Xo 5.827586
0 1 -0.17241 X 6.206897|
0 0 21.65517 Xo -23.5862
Normalisation
1 0 0.310345 Xo 5.827586
0 1 -0.17241 Xy 6.206897
0 0 1 X2 -1.08917|
Elimination
1 0 0 Xo 6.165605
0 1 0 X4 6.019108
0 0 1 Xz -1.08917|

function gauss_jordan(a,b)
n=size(b)[1]
npl=n+1
C=zeros(Float64,n,np1)
fori=1:n
for j=1:n
Cli,jl=alij]
end
Cli,np1]=b[i]
end
for k=1:n
for j=k+1:npl
Clk,jJ/=C[k,K]
end
Clk,k]=1.0
for i=1:n
if il=k
carpan=Cfi,k]
Cli,k]=0.0
for j=k+1:npl
Cli,j]-=carpan*C[k,]]
end # for
end # if
end # for i
end # for k
for i=1:n




x[i]=Cl[i,np1]
end # for i
return x

end # function

global a=[71 2:-1 4-1;3 15 20]

global b=[47 19 87]

b1=b'

x=abl

print("Julia x = $x")

x1=gauss_jordan(a,bl)

print("\nGaussJordan x = $x1")

---------- Capture Output---------

> "C:\co\Julidbin\julia.exe" gauss_jordan.jl

Julia x = [6.165605095541406:0191082802547771.0891719745222923]
GaussJordan x = [6.165605095541401; 6.019108280254-170891719745222925]
> Terminated with exit code 0.

LU-DECOMPOSITION METHODS

gauss(Dolittle) method

In Gauss or Gausdordan elimination processes left handtrix A and right hand vectob is eliminated

together. Therefore if a new left hand side vector b1 will be considered to be usegdord set with the same

A matrix, Matrix A is reprocessed. This will spend valuable gkition time for a repeatqafocess. In order to

avoid this repetation, Matrix A is decomposed into an upper triangle(U) and a lower triangle (L) matrices so that
multiplication of this two matricess will give the original A matrix

For example for N=5
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To solve system of equation witlBavector following process applies
[Al=[L]V]
[AKX}={B}
[LIIVKX}={B}
[LKD }={B}
[UKX}={D}

In Gauss(Doolittle) decomposition process matrix U is the same as Gauss elimination upper triangualar matrix.
L matrix is consist of the multipliers calculated in Gauss elimination process. Due to diagonal efemenixo
L is 1, LU matrix can be represented in one matrspiice saving is desired. Exdmpode is giverbelow

function gaussLU(ai)
# Gauss elimination with pivoting
# Julia version
n=size(ai)[1]
x=zeros(Float64,n)
a=zeros(Float64,n,n)
carpan=0.0
toplam=0.0
fori=1:n
for j=1:n
ali,j]=aili,j]
end
end
for k=1:n-1
for i=k+1:n
carpan=a[i,k]/a[k,k];
afi,k]=carpan
for j=k+1:n




ali,j]-=carpan*alk,j]
end # for |
end # for i
end # for k
return a
end # function gaussLU

function I(n)
# unit matrix of dimension n
B =zeros(Float64,n,n)
for i=1:n
for j=1:n
if i==j
B[i,j]=1.0
end #f
end # for |
end # for i
return B
end # function |

function yerine_koyma(ai,bi)

# gauss LU linear system of equation solution
n=size(ai)[1]
x=zeros(Float64,n)
a=zeros(Float64,n,n)
b=zeros(Float64,n)
for i=1:n

for j=1:n

ali,j]=alili,j]

end # for |

b[i]=bili]
end # for i

fori=1:n
toplam=b([i]
for j=1:i-1
toplam=ali,j]*b[j]
end # for |
b[i]=toplam
end # for |
print("\nd = $b")
x[n]=b[n]/a[n,n]
for i=(n-1)-1:1
toplam=0.0
for j=(i+1):n
toplam+=a[i,j]*x[j]
end #for j
X[i]=(b[i] -toplam)/a[i,i]
end # for i
return x
end # funtion yerine koyma

function AXB(A,b)
n=size(a)[1]
c=gaussLU(a)
s=yerine_koyma(c,b)
return s

end # function AXB

a=[125;212;311]

b=[11 2]

c=gaussLU(a)

show(lIOContext(stdout, :limit=>false), MIME"text/plaif); c)
x=AXB(a,b)

print("\nx = $x")

---------- Capture Output---------

> "C:\cdJuliabin\julia.exe" gaussLU.jl

3X3 Matrix{Float64}:

1.0 2.0 5.0

2.0-3.0 -80

3.0 1.66667-0.666667

d =[1.0,-1.0, 0.6666666666666667]

x =[-8.881784197001252&6, 3.000000000000003,.000000000000001]
> Terminated with exit code 0.




Gauss LU decompositionDolittle method) example in excel:

A B
1 2 5 1
2 1 2 1
3 1 1 2
c 1 2 5
2 0 -3 8
3 0 -5 14
c 1 2 5
1667 | 0O -3 -8
0 0 -0.6667
1 2 5
U 0 -3 8
0 0 -0.6667
1 do = 1 1
L 2 1 dil= 1 -1
3 1.6667 1 d2 = 2 0.6667
1 2 5 X0 = 1 0
U 0 -3 -8 x1= -1 3
0 0 -0.6667 | x2 = 0.6667 -1

CHOLESKY SYMMETRIC MATRIX LU DECOMPOSITION METHOD

Cholesky method is similar to Dolittle(Gauss) LU method. This method is applied to symmetric
matrix. Therefore, instead of LU, it decomposes to [Lfafm.

[AI=[L][L] T
For thedecomposition process following steps are used
__LET_l£¢<=1, 2-16é. , k

h

ap
And

an Wp apay

Backsubstitution is similar to Dolittle method.

PROGRAM Cholesky symmetric matrix decomposition methodlulia version

function choleskyLU(c,B)

# cholesky symmetric matrix LU

# symmetric matrices only

A=cholesky(c)

print("\n cholesky An")

show(lIOContext(stdout, :limit=>false), MIME"text/plain“(), A.L)
print("\n cholesky Un")

show(IOContext(stdout, :limit>false), MIME"text/plain”(), A.U)
D=A.L\B'

x=A.U\D

return x

end # for function

using LinearAlgebra
a=[4.0-11;14.25 2.75;1 2.75 3.5]
B=[1.0 1 1]




x=choleskyLU(a,B)

print("\n cholesky x = $m")

---------- Capture Output---------

> "C:\cd\Julidbin\julia.exe" choleskyLU.jl

cholesky L

3X3 LowerTriangular{Float64, Matrix{Float64}}:
2.0 ©0é ©a0é

0.5 2.0 ©0é

0515 1.0

cholesky U
3X3 UpperTriangular{Float64, Matrix{Float64}}:
20-05 05

©0é 2.0 1.5
©0é00é 1.0

cholesky x = [0.41015625; 0.4531285;1875]

> Terminated with exit code 0.

Let us solvehe samegroblem step by step by hand:
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di=1/2=0.5

dr=(1-(-0.5)*0.5)/2=0.625
ds=(1-0.5*0.51.5*0.625)/1=0.1875
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x3=-0.1875

x,=(0.6251.5*(-0.1875))/2=0.453125
x1=(0.5(-0.5)*0.4531250.5*(-0.1875))/2=0.41015625

JACOBI GAUSS -SEIDEL AND SUCCESSIVE RELAXATION METHODS

In this section, iterative solution methods will described. Iterative methods could be important in solution of

big matrices. Gauss elimination requiréSnGausslordan method require§/a process. When n is big, the

total number of process will climb up. In this case the total number of procestastive methods will be

much smaller. The simplest of the iterative methods are Jacobi method. In this method, a set of x solution vector

is selected and substituted into the system of equation in the following form :



@ —w B 6w p Q¢ (3.9.1)

When a new set of x values is found, it will be substituted in the the equation as the next iteration step. To
ensure the convergence matrix should be diagonally dominant

B & s B B 05 (3.9.2)

Diagonal dominancy is the important condition for all iterative formulations. Unfortunately, very big matrices
solved in engineering problems are in general fits to this definition.

In order to reduce number of iteration stepgrg\new calculated x value in the x vector set can be substited into
the equation as soon as it is calculated and is not waited the complete set to be calculated as in Jacobi method.
This form of iterative process is called Ga$eidel iteration.

@ —& B 86 B bo p Q¢ (3.9.3)

GaussSeidel and Jacobi methods can be merged to define an intermediate method between two by defining a
relaxation coefficienta, in the equation.

@ p | @ —® B & B b p Q& (394

When a is equal to one equation coverged to the G&sdel method.

function gauss_seidel(ai,bi,xi,Jambda)
n=size(ai)[2]
lamd=lambda
imax=500#maximum number of iterations
es=1.0e20
dummy=0.0
ea=1.0el
sum=0.0
0ld=0.0
sentinel=0.0
i=0
=0
n=size(ai)[1]
x=zeros(Float64,n)
b=zeros(Float64,n)
a=zeros(Float64,n,n)

fori=1:n

for j=1:n
afi,j]=aifij]

end
b[i]=bi[i]
X[i]=xi[i]

end

for i=1:n
dummy=a[i,i]
for j=1:n
a[i,jl/=dummy
end # for |
b[iJ/=dummy
end # for i
for i=1:n
sum=Db[i]
for j=1:n
if il=j
sum=suraa[i,j]*x[j]
end # if
end # for
X[i]=sum
end #
iter1=0
while iterl<imax
sentinel=1
fori=1n
old=x[i]




sum=hl[i]
forj=1:n
if il=j
sum=a[i,j]*x[j]
end # if
end # for |
x[i]=lamd*sum+(1.Glamd)*old
if sentinel==1 && x][i]'=0.0
ea=abs((x[#old)/x[i])*100.0
end # if
if ea<es
return x
end # if
iterl+=1
end # for i

end # while
if iter1>=imax
print("Maximum number of iteration is exceed, result might not be valid iter #1)ite
end # if
end #function

a=[3.0-0.1-0.2;0.1 7.0:0.3;0.3-0.2 10.0]
b=[7.85-19.3 71.4]

x=[0,0,0]

lambda=0.5
x=gauss_seidel(a,b,x,lambda)
print(“iterative relaxation method $x")

---------- Capture Output---------

> "C:\cdJulidbin\julia.exe" gauss_seidel.jl

iterative relaxation method [2.9999999999999982199999999999999, 7.0000000000000036]
> Terminated with exit code 0.

Jacobi and GausSeidel methods in excel:
iterative method

3 -0.1 0.2 x1 7.85

0.1 7 0.3| x2 -19.3

0.3 -0.2 10 | x3 71.4
Jacobi GaussSeidel

Initial guess Initial guess

x1 0 x1 0

X2 0 x2 0

x3 0 x3 0

iter 1 iter 1

x1 2.616667 x1 2.616667
X2 -2.75714 X2 -2.79452
x3 7.14 x3 7.00561
iter 2 iter 2

x1 3.000762 x1 2.990557
X2 -2.48852 X2 -2.49962
x3 7.006357 X3 7.000291
iter 3 iter 3

x1 3.000806 x1 3.000032
X2 -2.49974 X2 -2.49999




X3 7.000207 || x3 6.999999

iter 4 iter 4
x1 3.000022 x1 3
X2 -2.5 X2 -2.5
X3 6.999981 x3 7

METHODS FOR BAND MATRICES

A threeband matrix can be shown as:

Q Q . :
IWP Q Q :,lll:l’ 8 lil’ |:v : |iv
noQ e VAV ARVERNY:
1 Q "Q Q ] w l
1 Q "Q Q atr @ ororp o
y ° % 0% :’:'\T"‘;’.S e ‘8 't
" o Q@ o wiow

This kind of matrix can be solved by using decomposition back and front substitution processesndrtdion
of basic solition process is called Thomas algorithm

Decomposition step :

for(int k=1;k<n;k++)
{e[K]=e[K]/f[k -1];
}f[k]=f[k] -e[k*g[k -1];

Forward substitution :
for(int k=1;k<n;k++)
{r[Kl=r[k] -e[k]*r[k -1];
}

Backward substitution:
x[n-1]=r[n-1)/f[n-1];
for(int k=(n -2);k>=0;k--)
{XIKI=(r[K] -glk]*x[k+1])/[K];}

An example with detailed calculation steps:
0

=Je)

Decompositio:
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Matrix took the form of
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LU decomposed form of the matrix :
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Forward substitution
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d1:41
0,=25-(-0.5)*41=45.5
ds=105(-0.66666)*45.5=135.3333333
Backward substitution
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X35=135.33333/0.53333=253.75
X2=(45.5(-0.4)* 253.75)/0.6=245
X1=(41-(-0.4)*245)/0.8=173.75

Juliaversion of the Thomas algorithm is given below:
Program Thomas algorithm for band matrices (python version)

function homas(a,b)
n=size(a)[1]
global f=zeros(Float64,n)
global e=zeros(Float64,n)
global g=zeros(Float64,n)
global x=zeros(Float64,n)
global r=zeros(Float64,n)
i=0
=0
k=0

fori=1:n

r[i]=bl[i]
end
for i=1:n

fli]=ali,i]

end

fori=1:n-1
glil=ali,i+1]
end

fori=1:n-1
eli+1]=a[i+1,i]
end

for k=2:n
e[k]=e[K]/f[k-1]
fIK]=f[K] -e[K]*g[k-1]
end #for

for k=2:n
rik]=r[k] -e[k]*r[k -1]
end #for

X[n]=r[n)/f[n]
nl=nl
for k=n1-1:1
X[KI=(rK] -g[KI*x[k+1])/fK]
end #for
return x
end #function




function thomas(f,e,g,r)
n=size(f)[1]
global x=Array{Float64}(undef,n)
for k=2:n
e[k]=e[K]/f[k-1]
flk]=f[k] -e[k]*g[k-1]
end #for

for k=2:n
rik]=r[K] -e[k]*r[k -1]
end #for

X[n]=r[n)/f[n]
nl=nl
for k=n1-1:1
X[K]=(r[K] -g[K]*x[k+1])/f[K]
end #for
return x
end #function

a=[0.8-0.4 0:0.4 0.8-0.4;0-0.4 0.8]

b=[41 25 105]

x=thomas(a,b)

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), x)

---------- Capture Output---------

> "C:\cd\Julidbin\julia.exe" thomas.l
3-element Vector{Float64}:

173.75

244,99999999999997
253.74999999999997

> Terminated with exit code 0.

NORMS
Norms are an importd tool to evaluate matrices: \&al form of norms are defined. General definitions of
normsare as follows:
Infinity norm : Maximum value of the sum of the columns

o). a0 O
Norm: Maximum value of the sum of thaws

mE AO®w ©

Euclidian norm: square root of the sum of the square of the elements

ME ME @
m norm: mth root of the sum of the mth power of the elements

A AE »

Of course the same norm definitioren be apply to the vectors as well, please be reminded that vectors are one
dimensional matrices.
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Basic norm definitions are given the norm class.

Matrix norm definitions : class norm

# *************norm methods deﬁnition****************
function norm(v)
# vector norm
total=0
n=length(v)
for i=1:n
total+=vl[i]*v[i]
end
return sgrt(total)
end

function norm(v,p)
# p vector norm
if(p==0.0)
p=1.0
end
total=0.0
n=length(v)
fori=1:n
x=abs(v[i])
total+=x"p
end
y=total*(1.0/p)
return y
end

function norminf(v)

#infinite vector norm

max=0.0

n=length(v)

for i=1:n
x=abs(v[i])
if(x>max)

max=x

end

end

return max

end

function norminf(a)
#infinite matrix norm
max = 0.0
total=0.0
n=size(a)[1]
fori=1:n
total=0.0
for j=1:n
total+=abs(a[i,j])
end
x=total
if x>max
max=x
end
end
return max




end

function norm(a)
#matrix norm
max = 0.0
total=0.0
n=size(a)[1]
fori=1:n
total=0
for j=1:n
total+=abs(a[i,j])
end
x=total
if(x>max)
max=x
end
end
return max
end

function normE(a)
#Euclidian matrix norm
total=0.0
n=size(a)[1]
for i=1:n
for j=1:n
total+=al[i,j]*al[i,j]
end
end
return sqrt(total)
end

a=[1.023;456;789]
nl=norm(a)
printin("norm = $n1")
n2=norminf(a)
printin("norminf = $n2")
n3=normE(a)
printin("normE = $n3")

—————————— Capture Outpu---------

> "C:\coJulidbin\julia.exe" norm.jl
norm = 24.0

norminf = 24.0

normE = 16.881943016134134

> Terminated with exit code 0.

Norm is existed im LinearAlgebra package of Julia

using LinearAlgéra
a=[1.02 3;456;7 8 9]
nl=norm(a)
print("normE = $n1")

> "C:\co\Julidbin\julia.exe" norm1.jl
normE = 16.881943016134134
> Terminated with exit code 0.

UNIT MATRIX, TRANPOSE MATRIX, DETERMINANT AND MATRIX INVERSION
Unit matrix is a matrix with all diagonal elemts are one and all the remaining elements are zero

a =1 g,;,;=0

As an example for n=4
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using LinearAlgebra

n=4
I1=Matrix{Float64}(1l,n,n)
show(lOContext(stdout, :lit=>false), MIME"text/plain”(), 11)
---------- Capture Output---------
> "C:\co\Julidbin\julia.exe" 1.jI
4X4 Matrix{Float64}:

1.0 0.0 0.0 0.0

0.0 1.0 0.0 0.0

0.0 0.0 1.0 0.0

0.0 0.0 0.0 1.0

> Terminated with exit code 0.

We can als@reate our own function for unit matrix
function unit_matrix(n)

I=zeros(Float64,n,n)

fori=1:n

I[i,i]=1.0

end

return |
end

n=4

[1=unit_matrix(n)
show(lOContext(stdout, :limit=>false), MIME"text/plain”(), 11)
---------- Capture Outpu---------

> "C:\co\Julidbin\julia.exe" unit_matrix.jl
4X4 Matrix{Float64}:

1.0 0.0 0.0 0.0

0.0 1.0 0.0 0.0

0.0 0.0 1.0 0.0

0.0 0.0 0.0 1.0

> Terminated with exit code O.

Transpose matrix is the matrix with rows and colums are interelamgathematically, it can be shown witha T
sign at the top of the matrix. Transpose of a matrix can be taken as in the following method:

function Transpose(A)
n=size(A)[1]
m=size(A)[2]
B=zeros(Float64,m,n)
for i=1:n
for j=1:m
B[i,i]=Al.]]
end # for |
end # for i
return B
end # function

A=[1.023;456;7 8 9]

B=Transpose(A)

show(IOContext(stdout, :limit=>false), MIME"text/plain”(), A)
print("\n")




| show(IOContext(stdout, :limit=>false), MIME"text/pfé(), B)

> "C:\co\Julidbin\julia.exe" Transpose.jl
3X3 Matrix{Float64}:

1.0 2.0 3.0

4.0 5.0 6.0

7.0 8.0 9.0

3X3 Matrix{Float64}:

1.0 40 7.0

2.0 5.0 8.0

3.0 6.0 9.0

> Terminated with exit code 0.

InJuliaTr anspose of a matrix wil/ simply be

cal cul

A=[1.02 3;456;7 8 9]

B=A'

show(lOContext(stdout, :limit=>false), MIME"text/plain”(), A)
print("\n")

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), B)

---------- Capture Output---------

> "C:\co\Juliabin\julia.exe" Transposel.jl
3X3 Matrix{Float64}:

1.0 2.0 3.0

4.0 5.0 6.0

7.0 8.0 9.0

3X3 adjoint(::Matrix{Float64}) with eltype Float64:
1.0 40 7.0

2.0 5.0 8.0

3.0 6.0 9.0

> Terminated with exitode O.

Inverse matrix is the matrix when multiplied with the original matrix will give the unit matrix
0 0 (O]

function inverse_matrix(A)
n=size(A)[1]
Im=Matrix{Float64}(1l,n,n)
B=zeros(Float64,n,n)
I1=zeros(Float64,n)
B=A\Im

return B

end # function

using LinearAlgebra

A=[1.025;212;311]

print("A \n")

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), A)
B=inverse_matrix(A)

print("\n inverse A Bn")

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), B)
D1=A*B

show(IOContext(stdout, :limit=>false), MIME"text/plain"(), D1)

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" inverse_matrix1.jl
A

3X3 Matrix{Float64}:

10 20 5.0

2.0 1.0 2.0

3.0 1.0 1.0

inverse AB

3X3 Matrix{Float64}:

ated

a S



-0.5 15-05

2.0-7.0 4.0

-0.5 2.5-1.53X3 Matrix{Float64}:
1.0 -1.77636€el5 8.88178€6
0.0 1.0 0.0
-1.11022el6 4.44089d46 1.0

> Terminated with exit code 0.

inv(A) is directly available ininearAlgerapackage

using LinearAlgebra

A=[1.025;212;311]

print("A \n")

show(lOContext(stdout, :limit=>false), MIME"text/plain“(), A)
B=inv(A)

print("\n inverse A Bn")

show(lOContext(stdout, :limit=>false), MIME"text/plain“(), B)
D1=A*B

print("\n A*inv(A)\n")

show(IOContext(stdout, :limit=>false), MIME"text/plain“(), D1)

---------- Capture Output---------
> "C:\co\Julidbin\julia.exe" inverse_matrix2.jl
A
3X3 Matrix{Float64}:
1.0 2.0 5.0
2.0 1.0 20
301010
inverse A B
3X3 Matrix{Float64}:
-0.5 1.5-05
20-7.0 4.0
-05 25-15
A*inv(A)
3X3 Matrix{Float64}:
1.0 -1.77636€el5 8.88178€6
0.0 1.0 0.0
-1.11022€16 4.4408946 1.0
> Terminated with exit code 0.

Determinant of a matrix can loefined as follows: if a matrix A is given as

o
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Determinat of this matrix determined as:
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If matrix is converted to a upper triangular form Determinant will simply be the product of diagonals
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function determinant(Al)
n=size(A1)[L]
carpan=0.0
toplam=0.0
global a=Array{Float64}(undef,n,n)
fori=1:n




for j=1:n
afi,jJ=ALi]
end
end
for k=1:n
#pivoting
p=k
buyuk=abs(a[k,k])
for ii=k+1:n
dummy=abs(alii,k])
if dummy > byuk
buyuk=dummyp=ii
end #if dummy
end #for i
if pl=k
for jj=k:n
dummy=a[p,jj]
a[p,jjl=alk,jjl
alk,jjl=dummy
end #for jj
end #if p!
end # for i
det=1.0
for i=1:n
det*=ali,i]
end #for i
return det
end #function

A=[1.000:110;101]
X=determinant(A)
print("Determinant = $X")

---------- Capture Outpu---------

> "C:\cdJulidbin\julia.exe" gaussL.jl
Determinant = 1.0

> Terminated with exit code 0.

Additional note: Area of a triangle

(X Vi)

v

W W
0

Volume of a tetrahedron
4
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function determinant(Al)
n=size(A1)[1]
carpan=0.0
toplam=0.0
global a=Array{Float64}(undef,n,n)
for i=1:n
for j=1:n
ali,j]=A1i.]]
end
end
for k=1:n
#pivoting
p=k
buyuk=abs(a[k,k])
for ii=k+1:n
dummy=abs(alii,k])
if dummy > buyuk
buyuk=dummyp=ii
end #if dummy
end #for ii
if pl=k
for jj=k:n
dummy=a[p,jj]
alp jil=alk.jj
alk,jjl=dummy
end #for jj
end #if p!
end # for i
det=1.0
for i=1:n
det*=ali,i]
end #for i
return det
end #function

A=[1.000;110;10 1]
Area=0.5*determinant(A)
print("Area = $Area")

—————————— Capture Output---------

> "C:\caJulidbin\julia.exe" gauss1.jl
Area = 0.5

> Terminated with exit code 0.

By using LinearAlgebra package mehod LowerTriangular, you can alco create determinant

function determinant(Al)
A=LowerTriangular(Al)
n=size(A1)[1]
det=1.0
for i=1:n
det*=Al[ji,i]
end #for i
return det
end #function

using LinearAlgebat
A=[1.000;110;101]
Area=0.5*determinant(A)
print("Area = $Area")

—————————— Capture Output---------
> "C:\co\Julidbin\julia.exe" determinant.jl
Area =0.5




| > Terminated with exit code 0.

Determinant is also directly suppoted in julia by udimgearAlgebra package
using LinearAlgebra
A=[1.000;110;101]
Area=0.5*det(A)
print("Area = $Area")
---------- Capture Output---------
> "C:\co\Julidbin\julia.exe" determinant2.j|
Area=0.5
> Terminated with exit code 0.

Multiplication of matrices:

Vectoral multiplication can be applied by using *

A3=A1*A2

Scalar multiplication can be applied by using .*

A3=A1.*A2

Al1=[1.12.23.3;4.45.56.6;7.7 8.8 9.9]

A2=[1.7 2.7 3.7;4.7 5.7 6.7;7.7 8.7 9.7]

A3=A1*A2

A4=A1.*A2

printin("vectormultiplication of two matrices")
show(lOContext(stdout, :limit=>false), MIME"text/plain"(), A3)
printin("\nscalar multiplication of two matrices")
show(IOContext(stdout, :limit=>false), MIME"text/plain"(), A4)

> "C:\co\Juliabin\julia.exe" matrix_multiply.jl
vector multiplication of two matrices
3X3 Matrix{Float64}:

37.62 44.22 50.82

84.15 100.65 117.15

130.68 157.08 183.48
scalar multiplication of two matrices
3X3 Matrix{Float64}:

1.87 5.94 12.21

20.68 31.35 44.22

59.29 76.56 96.03
> Terminated with exit code 0.

CRAMERG6S RULE

Anot her method to solve |Iinear system of equations
determinants. This solution method is not preferred much as a tamgplution method, but it is practical for
hand solutions of small systems. If a system of equation given as:
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then solution can be given as:
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Due to fact that solution of the determinat requires solution of the system of egautions in computer environment.

Cr a meule & not very practical numerical method to solve system of equations, but could be an easy solution
method for hand calculations.

PROBLEMS
PROBLEM 1
Solvesystem of equation by using Gauss elimination method.
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PROBLEM 2
Solve system of equation liging
a) By using Gauss elimination
b) By using Gausgordan elimination ‘
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T oNPEEYX LR coPd T 6 LW P WT
08 PG OBOP XUE ¢T Op& p T ¥ P&
o P o X AR WP BXCEBIp T YW p@og
@
Exact solution g,
W

jelaeoheolhol

PROBLEM 3
Solve system of equation lging
a) By using Gauss elimination
b) By using Gausgordan elimination
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PROBLEM 4
Solve system of equation lnging
a) By using Gauss elimination
b) By using Gausgordan elimination
¢) LU decomposition (Dolittle)
d) LU Craut Decomposition

el 12 1/3 14 1/5g8X,s & 137/60 g
' Wy U € U
/2 113 14 15 UbgX, ¢ 87/60 g
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PROBLEM 5

Solve system of equation liging
a) By using Gauss elimination
b) GaussSeidel iteration
c) Conjugate gradient method

PROBLEM 6 Solve system of equation ligin
a) By using Gauss elimination
b) GaussSeidel with relaxation
c) Conjugate gradient method
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N A8 <



e2 1 x&X,2 €& 0.5¢g
é uéy, u é u
& 1 -2 1 uexlu & 1 50
e 1 -2 1 uex,u e-15u
e 2 u_e u
¢ = ume - u
€ 1 -2 1 uex.u e 1.5u
e ue. u e u
é 1 -2 13Xy é& 15
y ey U € <
& 1 - 24X, &054Y
PROBLEM 8 Solve system of equation lmging Thomass algorithm (3 band matrix method)
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PROBLEM 9
Solve the following system of equation
e3 -5 6 4 -2 -3 8@&Xp €479
€1 1 -9 15 1 -9 2“exlﬂ 217“
é2 -1 7 5 -1 6 11ueX u 624g
é u
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u
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€7 2 -1 2 7 -1 9lExH &34§
PROBLEM 10
Solve the following system of equation
el -1 2 5 -7 -8;:X,8 & 12y
é ey u égu
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1 1 9 -9 2 3WX,u e22u
1 7 2 -3 -1 47 xsﬂ a1l
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PROBLEM 11
Solve he following system of equation
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c

10 -2 -1 2 3 1 -4 7][x 0
5 11 3 10 -3 3 3 -4 x; 12
7 12 1 5 3 =12 2 3||x -5
8 7 =2 1 3 22 4| 3
2 —-15 -1 1 4 -1 8 3||x5] |—-25
4 2 9 1 12 -1 4 X6 —26
-1 4 -7 -1 1 1 =1 =3 |]|x7 9
-1 3 4 1 3 -4 7 6/|]xs -7

PROBLEM 12



Load Matrix of the figure can be given with the following system of eqautions

c 1 0 0 0 P 0
[0 s 00 1—‘ [Pz—‘ [O—‘
|O 02500||P3|:|1|
O —c ¢ 1 01 P! 0]

Lo s s o olla] Lol
Wherec=cosf),s=sing) . For q =6 find the load distribution profile
PROBLEM 13
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For the given electricalircuit current density/oltage eqautions can be given as:
VQ pUVQ Q c¢cca
VQ pM YQ Q ¢
¢ YQ Q puvQ Q =
Calculate current densities for=R0OW.
PROBLEM 14
X1+ 3%+ S+ x4=8
X1 +9% + 3%+ 4xa = 10
X2 +Xq = 2
3X1+ Xo+Xz-Xa=-4
Solve the given system of equations. Determine the best method to solve it.

PROBLEM 15 Solve the following system of equation by using Doolittle LU method

P o v X ®@ p
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PROBLEM 16 Solve system of equation fging
a) By using Gauss elimination
b) By using Gausgordan elimination
¢) LU decomposition (Dolittle)
d) LU Craut Decomposition
X1+ 5%+ 4+ 2% =11
6x1+14% + 11+ 6x = 26
Ix1 + 11% +16%: + 5x = 68
X1+ 13% +17x% + 12% = 43

PROBLEM 17 Solve system of equation lnging
a) By using Gauss elimination
b) By using Gausgordan elimination
¢) LU decomposition (Dolittle)
d) LU Craut Decomposition
e) Gauss Seidel iteration



f) ConjugateGradian method
X +3% B 3% 4
2x+%, Bx, 5
4x +2x, 2%, % 14
3% %, 3% 2% 3
PROBLEM 18 Solve system of equation luging
a) By using Gauss elimination
b) By using Gausgordan elimination
c) LU decomposition (Dolittle)
d) LU Craut Decomposition
X1+ X2 T X3=-3
O6X1 +2X%+2X3=2
-3X1+4X%+Xa=1

PROBLEM 19 Findinfinite norm two norm and m=3 norm of the matrix
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PROBLEM 20 Find the inverse matrix
(2;1.1348 3.8326 1.1651 3.4017g
05301 1.7875 25330 1543
@.4129 49317 8.7643 1.3142}
§1.2371 4.9998 106721 00147
PROBLEM 21 Find the inverse matrix
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PROBLEM 22

Find two norm and inverse matrix

el 1/2 13 1/4 1/5g

S/2 1/3 1/4 15 1/6]

é/3 1/4 1/5 16 1/7u

Q/4 14 1/6 17 1/8]

g/5 1/6 1/7 1/8 1/9Y

PROBLEM 23

Find two norm infinite norm and and inverse matrix
B 2 3

2 o

g2 3 6

PROBLEM 24

Find two norm infinite norm andand inverse matrix
(?3 -5 47 20@

gl 16 17 10
66 22 11 -180
&7 66 -12 74
PROBLEM 25



Find two norm infinite norm andand inverse matrix
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FINDING THE ROOTS OF EQUATION NON -LINEAR FUNCTIONS WITH ONE
VARIABLE

Root finding is one of the most used numerical methods. For the one independent variable functions, it
requires to find x value where the function is zero f(x)=0. If multidimensional (has more than one
independent value) functions are involved, it requioefind x1 x2,xs, € .» roats of n equation

fi(X1 X2, X3, € .n)70x i=1..n

Some of the rodinding methods will be investigated. As a starting point, we will start a simpler form of a

function y=f(x). In this equation you have one root value..

Julialanguage has its own root finding package to be utilised for this purpose
i mport Pkg; Pkg.add(ARootso)

using Roots

f(x)=x"2-2

y=find_zero(f,0.6)

print("y = $y")

---------- Capture Outpu---------

> "C:\co\Julidbin\julia.exe" roots2.jI
y =1.4142135623730951

> Terminated with exit code 0.

BISECTION METHOD

In the bisection method root of the functions is searched in a given régiot  @If a single root is existed

in the given region equatiofd "Qc  1(2.1.1) will be satisfied. Ithis condition is not satisfied, it can be
assumed that there is no root in the given region. Of course the reason will be existance of double root in the
given region. If the root existed region is divide to two equal parts as

n —
and functions evaluated in the middle. If

FOTATEAOT NI |

root should be located gap else it is located in4 region. Rarely it is also possible that

FOTATEAOT NI |

can happen, that will indicate the root is located at point p. The new root region is ugékiniferations. In
order to use iterative process an exceptible criteria for error limit can be assumed

— or sQns I
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Figure 2.1 Convergence of bisectiotMethod

An example code is created for the Bisectimethod. In order to define function as a general
definition abstract class f_x defined in the following code. There are also defined methods for the
derivatives of to function in this class. The details of the numerical derivatives will be defined in
relaied chapter.

Bisection methodbisection. ||
function bisection(f,xl,xu)
test=1.0
xr=0.0
fx=0.0
fxr=0.0
fxu=0.0
xold=0.0
maxit=100
iter=0
es=0.00001
global ea=1.5%es

xI= f(xl)

fxu= f(xu)

while ea>es && iter<maxit

xold=xr
xr=(xl+xu)/2.0
fxr= f(xr)
iter=iter+1
ea=abs(fxr)
test= fxI*fxr
if(test==0.0)
ea=0.0
elseif(test<0.0)
XU=XT
fxu=fxr
elseif(test>0)
xl=xr
fxI=fxr
else
ea=0.0
end

end # while

if(iter>=maxit)
print("Maximum number of iteration is exceededesult might not be valid")

end
return xr
end

using Plots
f(x)=x*x-2.0




a=0.0

b=2.0

x=bisection(f,a,b)

print("x = $x")

f1(x)=0.0

x1=[x,X]

y1=[-2.0,2.0]

p=plot([f, f1],0.0:0.01:2.0)
plot!(p,x1,y1)

Capture Output---------

> "C:\co\Juliabin\julia.exe" bisection.jl
x =1.414215087890625

> Terminated with exit code 0.
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Program Bisection method in excel environmerfje o
x Xu Xr fxl fxu fxr fxr*fxl
1 2 15 -1 2 0.25 -0.25
1 15 1.25 -1 025]  -0.4375 0.4375
1.25 15 1.375]  -0.4375 0.25] -0.10938] 0.047852
1.375 15 14375 -0.10938 025 0.066406  -0.00726
1.375 1.4375 140625 -0.10938]  0.066406[  -0.02246]  0.002457
1.40625 1.4375 1421875 -0.02246] 0.066406 0.021729  -0.00049
1.40625 1.421875 14140625  -0.02246]  0.021729  -0.00043]  9.6E06
1.4140625 1.421875 141796875 -0.00043 0.021729  0.010635  -4.5E06
1.4140625 1.41796875 1.416015629  -0.00043|  0.010635  0.0051]  -2.2E06
1.4140625 1.416015624 1415039069 -0.00043 0.0051] _ 0.002336 _ -1E-06
1.4140625 1.415039063 1414550781 -0.00043|  0.002336  0.000954  -4.1E07
1.4140625 1.41455078] 1.414306641  -0.00043  0.000954  0.000263  -1.1E07
1.4140625 1.414306641 141418457 -0.00043|  0.000263  -8.2E05|  3.5E08
1.41418457 1.414306641 1.414245608  -8.2E05]  0.000263  9.06E05|  -7.4E09
PROBLEM: Following equation is given:
Qw Wwow 06w

Where0d @ and 0 @ first and second order Bessel functions

Bessel functionnjz) can be definetly using the following series:
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Where gamma function defined as
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Whereg=0.57721566490153286... is the Etldascheroni constant. The Bessel functiofzYis

givenby:
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For Bi=0.1 Find the multiple roots of the given equation

function bisection(f,a,b)
b1=1.1*b
r=(a+b)/2.0
fr=~(r)
fa=f(a)
eps=1.0&
nmax=100
i=1
while abs(fr)>eps && i<nmax
if fa*fr<0
b=r
else
a=r
fa=fr
end
r=(a+h)/2.0
fr=f(r)
i=i+1
end
if i>=nmax
r=bisection(f,a,b1)
end
return r
end

function enlarge(f,x0,dx)
# enlarge region untill a root is existed
x1=x0
x2=x1+dx
NTRY=200
FACTOR=1.001
j=0
if x1 ==x2
print("input variables are wrong")
end
f1=f(x1)
f2=f(x2)
for j=L:NTRY+1
if f1*f2 < 0.0
break
else
X2=x2+dx
f2=f(x2)
end
end
return x2
end




using SpecialFunctions
Bi=0.1
f(x)=x*besselj1(x}Bi*besselj0(x)
global x0=0.0
global dx=0.001
for n=1:20
x1=enlarge(f,x0,dx)
#print("x1 = $x1")
ksi=bisection(f,x0,x1)
global x0=ksi+dx
ff=f(ksi)
printin("Bi = $Bi n = $n x = $ksi f = $ff")
end

---------- Capture Output---------

> "C:\co\Juliabin\julia.exe" bisectionl.jl
Bi=0.1n=1x=0.44168142409737154 f1=5856229017285894&
Bi=0.1n=2x=3.85771028940425 £3:972990407415724¢
Bi=0.1n=3x=7.029825369592585 f = 2.8627071236089763e
Bi=0.1n=4x=10.183292774584878 {5-:330633232672466¢
Bi=0.1n=5x=13.331195186460318 f = 2.22495961803988 79
Bi=0.1n=6x=16.476700564557774 {%5064303932621¢
Bi=0.1n=7x=19.620955665797776 f:9191641553728545¢
Bi=0.1n=8x=22.7644775014558 f = 3.185612201840604¢e
Bi=0.1n=9x=25.907532057621463 {~297847704652868
Bi=0.1n =10 x =29.050270873930266 f = @.8B4789922367&
Bi=0.1n=11x=32.19278651300452 f = 7.975333959336223e
Bi=0.1n =12 x =35.335137694139746 f = 2.7911729158849874¢e
Bi=0.1n =13 x = 38.47736544533629 f = 9.803157654426908e
Bi=0.1n =14 x=41.61949703048528 {1-6925118888518054&
Bi=0.1n=15x=44.76155293117235 {3:534498347195386¢
Bi=0.1n =16 x = 47.90354857359345 {6-:401504185019752¢
Bi=0.1n=17 x =51.04549425511897 {1574539865546718962
Bi=0.1n =18 x =54.18739917737421 3:4937047258161436¢
Bi=0.1n=19 x=57.32926974134999 {=8724345816900634&
Bi=0.1n=20x=60.47111154822296 f = 2.581444502602892¢e

> Terminated with exit code 0.

The same program is given with user defined J bessel function:

# Bessefunction J
function J(v,x)

JJ=0
a=1.0
b=0.0
fact=1
if x<=20
x1=0.0
x2=0.0
x3=0.0
x4=0.0
x5=1
Ina=0.0
x1=v*log(0.5*x);
Inal=log(0.25*x*x);
for k=1:100
x2=Ina
x3=loggamma(k)
x4=loggamma(v+k)
b=x1+x2x3-x4;
b=x5*exp(b);
Ina+=Inail;
x5*=-1;
JJ+=b;
end
elseif v==0 && x==0
JJ=1.0
else #x>30
JJ=sqrt(2.0/pi/x)*cos(.5*v*pi-0.25*pi)
end
return JJ;

end # function




function bisection(f,a,b)
b1=1.1*b
r=(a+b)/2.0
fr=f(r)
fa=f(a)
eps=1.0&
nmax=100
i=1
while abs(fr)>eps && i<nmax
if fa*fr<0
b=r
else
a=r
fa=fr
end
r=(a+b)/2.0
fr=f(r)
i=i+1
end
if i>=nmax
r=bisection(fa,bl)
end
return r
end

function enlarge(f,x0,dx)
# enlarge region untill a root is existed
x1=x0
x2=x1+dx
NTRY=200
FACTOR=1.001
j=0
if x1 ==x2
print("input variables are wrong")
end
f1=f(x1)
f2=f(x2)
for j=L:NTRY+1
if f1*f2 < 0.0
break
else
X2=x2+dx
f2=f(x2)
end
end
return x2
end

using SpecialFunctions

Bi=0.1

f(x)=x*J(1,x)-Bi*J(0,x)

global x0=0.0

global dx=0.001

for n=1:20
x1=enlarge(f,x0,dx)
#print("x1 = $x1")
ksi=bisection(f,x0,x1)
global x0=ksi+dx
fi=f(ksi)
printin("Bi = $Bi n = $n x = $ksi f = $ff")

end

---------- Capture Output---------

> "C:\coJuliabin\julia.exe" bisection3.j|
Bi=0.1n=1x=0.44168142409737154 {1-5856229017285894¢
Bi=0.1n=2x=23.85771028940425 {5:972990452032811#¢
Bi=0.1n=3x=7.029825369592585 f = 2.862704970921226e
Bi=0.1n=4x=10.183292774584878 5:330583249078813¢
Bi=0.1n=>5x=13.331195186460318 f = 2.22557060280959%
Bi=0.1n=6x=16.476700564557774 {3-2801368132069962
Bi=0.1n=7x=19.620955665797776 f = 5.308665928481304¢
Bi=0.1n=8x=22.780936100092504 f = 9.348724384315721e




Bi=0.1n=9x=25.921997117309406 f = 6.854885873860861e
Bi=0.1n=10x=29.0631727331714 f = 3.4206956301199853¢
Bi=0.1n=11x=32.204429688792445 /=399280716711976¢
Bi=0.1n =12 x=35.34574648462637 f = 2.630303112139348e
Bi=0.1n =13 x = 38.4871082430234 ££496648539909417¢
Bi=0.1n=14x=41.628504916998224 3162006329150008&
Bi=0.1n=15x=44.76992896512047 f = 6.961250890134829%¢
Bi=0.1n=16 x=47.91137518640969 {-943174872936354¢
Bi=0.1n =17 x = 51.052839435342094 f = 3.540394542290992e
Bi=0.1n=18 x =54.19431840018331 f = 4.93537519649298e
Bi=0.1n=19 x =57.33580996009236 {4-643536838065676&
Bi=0.1n=20x=60.4773121109086 {£1275709955842206¢&

> Terminded with exit code 0.

FALSE POSITION METHOD (REGULA FALSI)

In bisection method search region was devided by two in each time. It is caused a relatively long interpolation
period. In order to improve interpolation time, two points can be joined witteahd root of the line can be

taken as the next iteration point .

~ ~
g ¥

n o Qw (2.2.1)

Region selection process is same as bisection prdte$a)*f(p) < 0 root should be located gap else it is
located in pb region. The new root region is used in further iterations. In order to use iterative process an
exceptible criteria for error limit can be assumed

— [ or sQns T (222

v = f(x)

Figure 2.2Convergence of the~alse positionMethod

Program 2.2-1 False position (Regula falsi) NA2
function false_position(f,xl,xu)
test=1.0
xr=0.0
fx=0.0
fxr=0.0
fxu=0.0
xold=0.0
maxit=100
iter=0
e€s=0.00001
global ea=1.5%es
s=""
fxI= f(xI)
fxu= f(xu)
while ea>es && iter<maxit

xold=xr
xr=xu-fxu*(x 1-xu)/(fxI -fxu)




fxr= f(xr)
iter=iter+1
ea=abs(fxr)
test= fxI*fxr
if(test==0.0)
ea=0.0
elseif(test<0.0)
XU=XT
fxu=fxr
elseif(test>0)
Xl=xr
fxI=fxr
else
ea=0.0
end
end # while
if(iter>=maxit)
print("Maximum number of iteration is exceededesult might not be valid")
end
return xr
end

using Plots

f(x)=x*x-2.0

a=0.0

b=2.0

x=false_position(f,a,b)

print("x = $x")

f1(x)=0.0

x1=[x,X]

y1=[-2.0,2.0]

p=plot([f, f1],0.0:0.01:2.0)
plot!(p,x1,y1)

—————————— Capture Outpu---------
> "C:\coJulidbin\julia.exe" bisection.jl
X = 1.41421143847487

> Terminated with exit code 0.

Plot of the iterations through this example is shown in the plot.
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Figure Convergence of theFalse positionMethod example program function f(x)=x-2

Steps of False position method is shown in détathe following open Office calc (excel) program for function
f(x)=x2-2

Program 2.2-2 False position (Regula falsi) open Officealc (excel)

xl Xu Xr fxl fxu fxr fxr*fx|
1 2 1.333333337 -1 2| -0.22222| 0.222222
1.333333333 2 1.4| -0.22222 2 -0.04| 0.008889
1.4 2 1.411764706€ -0.04 2| -0.00692| 0.000277
1.411764706€ 2 1.413793103 -0.00692 2| -0.00119| 8.23E06
1.413793103 2 1414141414 -0.00119 2 -0.0002| 2.43E07
1.414141414 2 1.414201183 -0.0002 2 -3.5E05| 7.14E09




1.414201183 2 1.41421143§ -3.5E05 2 -6E06 2.1E10
1.41421143§ 2 1.41421319§ -6E06 2 -1E06| 6.19E12
1.41421319§ 2 1.4142135 -1E06 2 -1.8E07| 1.82E13

1.4142135 2 1.414213554 -1.8E07 2 -3E08| 5.37E15
1.414213552 2 1.41421356] -3E08 2 -5.2E09| 1.58E16
1.41421356] 2 1.414213564 -5.2E09 2 -8.9E10| 4.65E18
1.414213562 2 1.414213564 -8.9E10 2 -1.5E10| 1.37E19
1.414213567 2 1.414213564 -1.5E10 2 -2.6E11| 4.03E21
1.414213567 2 1.414213564 -2.6E11 2 -4.5E12| 1.19E22
1.414213562 2 1.414213564 -4.5E12 2 -7.7E13| 3.49E24
1.414213562 2 1.414213564 -7.7E13 2 -1.3E13| 1.03E25
1.414213567 2 1.414213564 -1.3E13 2 -2.3E14| 3.04E27
1.414213567 2 1.414213564 -2.3E14 2 -4.2E15| 9.65E29

As it is seen from the plot and table for iteration steps 2.0 is always stays and root search goes on
between this two points. Even if solution is close to first point iterations did not cut from the left side

of the search area. It may cause a long numbiéeration steps.

In order to overcome the difficulty of one sided cut of the region a bisection step can be put in with
some regular intervals. For example once in every 4 false position steps. This isnodliéed false
position method.The next &mple looks the root of f(x)2x2 with modified false position method.

Program Modified False position (Regula falsi)

function false_position_bisection(f,xl,xu)
test=1.0
xr=0.0
fx=0.0
fxr=0.0
fxu=0.0
xold=0.0
maxit=100
iter=0
es=0.00001
global ea=1.5%es
fxl= f(xI)
fxu= f(xu)
while ea>es && iter<maxit
xold=xr
if iter%4!=0
xr=xu -fxu*(xI -xu)/(fxl -fxu)
else
xr=(xI+xu)/2.0
end
fxr= f(xr)
iter=iter+1
ea=abs(fxr)
test= fxI*fxr
if(test==0.0)
ea=0.0
elseif(test<0.0)
XU=Xr
fxu=fxr
elseif(test>0)
xl=xr
fxl=fxr
else
ea=0.0
end
end # while
if(iter>=maxit)

end
return xr
end

using Plots
f(x)=x*x-2.0
a=0.0

print("Maximum number of iteration is exceededesult might not be valid")




b=2.0
x=false_position_bisection(f,a,b)
print("x = $x")

f1(x)=0.0

x1=[x,x]

y1=[-2.0,2.0]

p=plot([f, f1],0.0:0.01:2.0)
plot!(p,x1,y1)

---------- Capture Output---------

> "C:\co\Julidbin\julia.exe" bisection.jl
x =1.4142115601832654

> Terminated with exit code 0.

FIXED POSITION METHOD WITH AITKEN EXTRAPOLATION (STEPHENSEN
METHOD)

Figure Alexander Craig Aitken

Fixed position method is relatively simple. When a function f(x) is given to find the root, the function f(x)
converted with algebraic manupulations and converted to f(x)¥g{prm. Since this equation can be written
in as g(x)=x, starting from an initial gas, iteration continued till x and g(x) gives the same x value. Even
though the relative simplicity, this method is not used much due to high failure possibility. The equation can
diverge from the root sometimes. In order to overcome this problem aitk@ap@ation process will be
combined with fixed point , iteration. Method is called Stephensen method.

Aitken extrapolation process is a error reduction method. For a very big k number

QA p

Relation can bealid. If the value of fourth point desired to be calculated from this equation

W
When 3 points are previously known, a third one can be evaluated
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Figure Convergence of theFixed iteration Method

Stephensen method evaluates equation by using an aitken extrapolation step after two step of fixed
point iteration.

Program: Fixed point iteration (Stephensen method) :
# Stephensen method x=g(x)
function stephensen(f,x0)
maxit=100
iter=0
es=0.000001
ea=1.1*es
x=0.0
x1=0.5
x2=1.0
while iter<maxit && ea>es
x1=f(x0)
x2=f(x1)
Xx=X0-(x1-x0)*(x1-x0)/(x2-2*x1+x0)
ea=abs(x0)
X0=x
iter=iter+1
if iter>=maxit
print("Maximum number of iteration is exceededesult might not be valid")
end

end
return x
end

using Plots

f(x)=exp(x)

x0=1.0

x2=stephensen(f,x0)

print("x = $x2")

f1(x)=0.0

f2(x)=x

f3(x)=x2

x1=[x2,x2]

y1=[-1.0,1.0]

p=plot([f, f1,f2,f3],0.0:0.01:1.0)
plot!(p,x1,y1)

---------- Capture Output---------
> "C:\cdJulidbin\julia.exe" stephensen.j|
x = 0.5671432904097838

> Terminated with exit code 0.
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Stephensen Method is sifegnough to calculate in exdermat: The example problemis :
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Program 2.32 : Fixed point iteration (Stephensen method) with excel:

Fi xedKter
f(x)=x-(5/(x+1)"0.5

Aitken dxk d2xk xe=xk-(dxk)"2/d2xk a(x)=(5/(x+1))"0.5
X
0 0.5 1.825741858
0 1.825741858 1.325741858 1.330205563
0 1.330205563 -0.495536296 -1.821278154 1.465031877 1.464832223
1 1.465031877 0.134826314 0.63036261 1.436194292 1.424209021
0 1.424209021 -0.040822856 -0.17564917 1.433696715 1.436150556
0 1.436150556 0.011941535 0.052764391 1.433447971 1.432626367
0 1.432626367 -0.003524189 -0.015465724 1.433429427 1.433663727
1 1.433429427 0.00080306 0.004327249 1.433280394 1.433427145
0 1.433427145 -2.28264E06 -0.000805343 1.433427151 1.433427817
0 1.433427817 6.72303E07 2.95494E06 1.433427664 1.433427619
0 1.433427619 -1.98012E07 -8.70315E07 1.433427664 1.433427677
1 1.433427664 4.50514E08 2.43064E07 1.433427656 1.433427664
0 1.433427664 -7.32747E15 -4.50514E08 1.433427664 1.433427664
0 1.433427664 1.9984E15 9.32587E15 1.433427664 1.433427664
0 1.433427664 0 -2.44249E15 1.433427664 1.433427664
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Figure Convergence of theFixed position Method

NEWTON-RAPHSON METHOD

Isaac Newton Joseph Raphson
Taylor Formula can be written as
o~ Y o~ Y ‘ ‘ c ‘ ‘ . ‘ =
Qw Qw T w W w W w E (24.1)

We would like to findf(Xn+1) = 0. If We substitude it into th&aylor Formula, and also cancel out terms above
the first degree , The equation becomes

T "Qw N o W (2.4.2)

If Xn+1taken to left hand side NewtdRaphson Formula is obtained

W 0 — (2.4.3)

We can find the root iteratively starting from a first guess. Newton Formula aproached to the root quickly if the
first guess is close to the actual root. But if the first gues is far away from the root, it might take longer or it



might fail to reach to theoot. Another difficulty in NewtorRRaphson Formula is the requirement of knowing the
actual derivative of the function

YA

o FONLY s § I
Tangent ('(x 1!;. v = f(x)

Tangent ["(x)

X

— (X )

Figure Convergence of the NewtorRaphson Method

PROGRAM Newton-Raphson method (java code)
function newton(f,df,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(x)
x-=fx/dfx
printin("i = $i x = $x fx = $fx dfx = $dfx")
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

f(x)=x*x-2.0

df(x)=2.0*x

x=1.0

x=newton(f,df,x)

print("x = $x")

---------- Capture Output---------

> "C:\coJuliabin\julia.exe" newton.j|

i=0x=15fx=1.0dfx=2.0

i=1x=1.4166666666666667 fx = 0.25 dfx = 3.0

i=2x=1.4142156862745099 fx = 0.006944444444444642 dfx = 2.8333333333333335
i=3x=1.414235623746899 fx = 6.00730488287126&/dfx = 2.8284313725490198
i=4x=1.4142135623730951 fx = 4.510614104447086dfx = 2.8284271247493797
X =1.4142135623730951

> Terminated with exit code 0.
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In order to see step calculations of NewRaphsommethod, root of f(x)=%2 is calculated in the
spreadsheet environment as well

PROGRAM Newton-Raphson method in excel
NewtornrRaphson root finding f(x)=xa

a 2

X f(x)=x*x-a fx/dx=2*x
1.00000000000000000 -1 2
1.50000000000000000 0.25 3
1.41666666666667000 0.006944444 2.833333333
1.41421568627451000 6.0073E06 2.828431373
1.41421356237469000 4.51061E12 2.828427125
1.41421356237310000 0 2.828427125
1.41421356237310000 0 2.828427125
1.41421356237310000 0 2.828427125

As it is seerfrom the results, convergence is quite fast for this problem.

Babylonian clay tablet YBC 7289 with annotations. The diagonal displays an approximation of the squ
root of 2 in four sexagesin(@&0 basedjigures, 1 24 51 10, which is good to about six decimal digits.
1+ 24/60 + 51/60+ 10/6G = 1.41421296...

Babylonian algorithm is actually newte@aphson method.

"Qw W
Qw cw
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Babylonian algorithm ifjulia format:
function sqrt(x)
Yy =X*X-2
e =1.0el0
while abs(y) > e
X =x /2.0+ 1.0/x
y =x*x-2.0
printin("x = $x y = $y")
end #for
return x
end #function




x=sqrt(2.0)
print("x= $x")

---------- CaptureOutput----------

> "C:\co\Julidbin\julia.exe" sqrtl.jl

x=15y=0.25

X =1.4166666666666665 y = 0.006944444444444198
x =1.4142156862745097 y = 6.007304882427158e

X =1.4142135623746899 y = 4.5106141044470B6e
x=1.4142135623746899

> Terminated wh exit code 0.

SECANT METHOD

One of the difficulty of the NewtoRaphson method is the requirement to find the derivative. If
difference equation (Numerical derivative) is used instead of derivative (tangent to the function), a
secant to théunction is drawn to the function, so the method is called secant method. If derivative is
approximated with a first degree difference equation

MQw e

Newtoni Raphson Formula is converted to

@ W

Two first estimation is needed to start iteration by using this form(#g) ard (X ;)

If we would like to establish a one estimation secant Formula, the previous difference equation can be
written for a smalDx as (central difference Formula)

" . Yy Yy

Qw e v

Second equation becomes:

w W v y— In order to minimize erroDx should be relatively small, to have a
further approximation a second or higlderivative (difference)drmulas can also be used

n~ y y y y
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(2.5.7)
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Figure 2.6 : Second method approximation with linear difference

PROBLEM : Secantmethod with two initial root estimation (juliacode)

function secant(f,df,x)
nmax=100
tolerance=1.04.0
for i=0:nmax

fx=f(x)




dfx=df(f,x)
x-=fx/dfx
printin("i = $i x = $x fx = $fx dfx = $dfx")
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function df(f,x)

dx=0.001
ff=(-3.0f(x+3dx)+32.0f(x+2dx)1 68.0f(x+2dx)+672.0f(x+dxp 72.0f(xdx)+168.0f(x2dx)-32f(x-3dx) +3f(x4dx))/(840.0dx)
return ff

end

f(x)=x*x-2.0
x=1.0
x=secant(f,df,x)
print("x = $x")

---------- CaptureOutput----------

> "C:\co\Julidbin\julia.exe" newton.j|

i=0x=1.5179235458526263 fx-£.0 dfx = 1.9307869047617066
i=1x=1.4141688176043983 fx = 0.3040918910538104 dfx = 2.930872608776783
i=2x=1.4142151659128144 fx-6.000126555315378196#x = 2.7305271692308506
i =3x=1.4142135049334956 fx = 4.5354978088774D8& = 2.7306166656073354
i=4x=1.4142135644306453 fx-£.6246371781214464&dfx = 2.730613458335259
i=5x=1.4142135622993912 fx = 5.8196309993263bdéx = 2.73061383221527
i=6x=1.4142135623757353 fx-2.0846591120005087K0 dfx = 2.730613569106061
i=7x=1.4142135623730003 fx = 7.4678041528386B3dfx = 2.7306135692534137
x =1.4142135623730003

> Terminated with exit code 0.

PROBLEM Secant method withone initial root estimation, quadratic difference Formula
in excel (or open ofice calc) spreadsheet

Secant 3 f(x)3ca

a 2

Dx 0.1

X f(x)=x*xa | x+2Dx X+Dx X-Dx x-2Dx f(x+2Dx) | f(x+Dx) | f(x-Dx) f(x-2Dx) | f'(x)

1 -1 1.2 1.1 0.9 0.8 -0.56 -0.79 -1.19 -1.36 2.99167

1.334261838 | -0.21975 |1.53426 | 1.43426 |1.23426 |1.13426 |0.35396 |0.05711 |-0.4766 |-0.71345 |2.08121

1.439846995 | 0.07316 |1.63985 |1.53985 | 1.33985 |1.23985 |0.6891 |0.37113 |-0.20481 | -0.46278 | 1.71622

1.397218859 | -0.04778 |1.59722 |1.49722 |1.29722 |1.19722 |0.55111 | 0.24166 |-0.31722 | -0.56667 | 1.86805

1.422795983 | 0.02435 |1.6228 1.5228 1.3228 1.2228 0.63347 | 0.31891 | -0.25021 | -0.50477 | 1.77768

1.409099259 | -0.01444 |1.6091 |1.5091 [1.3091 |[1.2091 [0.5892 |0.27738 |-0.28626 | -0.53808 | 1.82635

1.417005353 | 0.0079 1.61701 | 151701 |1.31701 |1.21701 |0.61471 |0.30131 |-0.2655 |-0.5189 | 1.79833

1412610076 | -0.00453 |1.61261 | 1.51261 |1.31261 |1.21261 |0.60051 |0.28799 |-0.27705 | -0.52958 | 1.81393

1.415108941 | 0.00253 [1.61511 |1.51511 |1.31511 |1.21511 |0.60858 | 0.29556 |-0.27049 | -0.52351 | 1.80507

1.413705498 | -0.00144 |1.61371 |1.51371 |1.31371 |1.21371 | 0.60405 |0.2913 -0.27418 | -0.52692 | 1.81005

1.414499268 | 0.00081 |1.6145 1.5145 1.3145 1.2145 0.60661 | 0.29371 | -0.27209 | -0.52499 | 1.80724

1.414052077 | -0.00046 |1.61405 | 1.51405 |1.31405 |1.21405 |0.60516 |0.29235 |-0.27327 | -0.52608 | 1.80882

1414304575 | 0.00026 |1.6143 |1.5143 [1.3143 |1.2143 [0.60598 |0.29312 |-0.2726 |-0.52546 | 1.80793

1.414162185 | -0.00015 |1.61416 |1.51416 | 1.31416 | 1.21416 |0.60552 | 0.29269 |-0.27298 | -0.52581 | 1.80843

1.414242539 | 8.2E05 1.61424 | 1.51424 |1.31424 |1.21424 | 0.60578 | 0.29293 |-0.27277 | -0.52562 | 1.80815

1.414197211 | -4.6E05 1.6142 1.5142 1.3142 1.2142 | 0.60563 | 0.29279 |-0.27289 | -0.52573 | 1.80831

1.414222786 | 2.6E05 1.61422 | 1.51422 |1.31422 |1.21422 | 0.60572 | 0.29287 |-0.27282 | -0.52566 | 1.80822

1.414208358 | -1.5E05 1.61421 | 1.51421 |1.31421 |1.21421 | 0.60567 | 0.29283 |-0.27286 | -0.5257 | 1.80827

1.414216498 | 8.3E06 1.61422 |1.51422 |1.31422 |1.21422 |0.60569 | 0.29285 |-0.27283 | -0.52568 | 1.80824

Let us try a complex root now:

function secant(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
x-=fx/dfx
printin("i = $i x = $x fx = $fx dfx = $dfx")
if abs(fx)<tolerance




return x
end #f
end #for
return x
end #function

function df(f,x)

dx=0.001
ff=(-3.0f(x+3dx)+32.0f(x+2dxJ168.0f(x+2dx)+672.0f(x+dxH 72.0f(xdx) +168.0f(x2dx)-32f(x-3dx)+3f(x-4dx))/(840.0dx)
return ff

end

f(x)=x*x+2.0

x=1.0+1im

x=secant(f,x)

print("x = $x")

---------- Capture Output---------

> "C:\cdJuliabin\julia.exe"newton.jl
i =0x=-0.035802703577893835 + 1.0000443843233529im fx = 2.0 + 2.0im dfx = 1.9307869047618762 + 1.93095238095204
i=1x=0.0198149936939985 + 1.5165224545909592im fx = 1.0011930629668027160858531333268im dfx-=
0.069298791908675861.931038084967228im

i =2 x=0.0006250391365980393 + 1.4140140224387467im®x29944772130349495 + 0.06009976574905397im dfx =
0.03809633306177515 + 2.9283326444601654im

i =3x=-2.2429148695638293e + 1.4142206082908915im fx = 0.00056473502092B/+ 0.0017676282074452696im dfx =
0.0010414446185980615 + 2.730393743328152im

i=4x=28.01470657986998k+ 1.414213308849167im fx-%.9928411592040618e- 6.34395286235848%im dfx =-
0.0002087858083918558 + 2.7307926507712215im

i=5x=-2.8643484586515€8 + 1.414213571488776im fx = 7.1707453286329B3€2.2669009423546238m dfx =-
0.00016392858874727945 + 2.7307785558968445im

i=6x=1.02367039518644&=+ 1.4142135620453358im fx-2.578303837097451@- 8.101599759859701&m dfx =-
0.00016553149967005586 + 2.7307790630414224im

i=7x=-3.6584161715999224KE1 + 1.4142135623848795im fx = 9.27043330989363Be¢ 2.895377111873966@ém dfx =-
0.0001654742137577986 + 2.7307790448065887im

i=8x=1.3074484980161331& + 1.41421356237267it8 fx = -3.33315597345063¢1 - 1.0347563533449558H)im dfx =-
0.00016547626107514074 + 2.7307790454622314im

i =9 x=-4.67255636274851584 + 1.4142135623731102im fx = 1.1985967773853Be 3.6980227959963%Lim dfx =-
0.0001654761880454632 + 2.730045438658im

X =-4.67255636274851584 + 1.4142135623731102im

> Terminated with exit code 0.

MULLER 6 METHOD

-

Figure Werner Muller, German Mathematician

In false position method roots were found by using the root of the linear line passing thetgh thterval

points. The same concept can be use to fit a quadratic curve and find the roots of the quadratic function. But
guadratic function fitting is required 3 estimation point. The method consist of deriving the coefficients of a
guadratic curve(pabola) that goes through three points. If function evaluation of these 3 poifitsoprixi)
andf(x2), enough information will be evailable to make a quadratic curve root estimation. Assuming quadratic
function defined b the following equation :

MO Oo o © o (2.6.1)
Evaluation of the function in 3 given points will be
N OO ® O ® w0 (2.6.2)
N OO OO © ® (2.6.3)
Vo OO O ® 0 o (2.6.4)

Consideringhe difference of the functions:
Vo MO O ® 0w @ (2.6.5)



MO Y O 0w © (2.6.6)

0w (2.6.7)
N e (2.68)
Q — (2.6.9)
(o J— (2.6.10)

When these are substituted bauo the main equation
N MO R QO QQ+QQ  (2.6.11)

MO QO Q0 (2.6.12)
is obtained. a and b can be solved from here.
W — (2.6.13)
o ¢Q Q (2.6.14)
® "Qw (2.6.16)
i
dratic polynomial
) quadratic polynom
ES)
1]
=0 ) xl -
1x00)

Figure graphic representation of Muller root finding method.

to find root root :
VOUh e
if

C6)
se

© Y
W

S W Ys oM o Y

D

E
Q
) —
x2 Will be substituted with xand iteration continues. It should be noted that in a quadratic formula complex roots
can be located as well as the real roots, therefore this method can be used to find complex roots as well. The

program NA10 is developed talculate real roots by

Program Muller method root finding with quadratic formula
function muller(f,x0,x1,x2)
# Finding real roots by using Muller method
maxit=5
xr=x0
iter=0
es1=0.001
es=esl
ea=1.1*es
h0=0.0
h1=0.0
d0=0.0
d1=0.0
a=0.0
b=0.0
c=0.0
fx0=0.0
fx1=0.0




fx2=0.0
determinant=0.0
den=0.0
dxr=0.0
while iter<maxit && ea>es
fx0=f(x0)
fx1=f(x1)
x2=f(x2)
h0=x1-x0
hl=x2x1
d0=(fx1-fx0)/h0
d1=(fx2-fx1)/h1
a=(d%d0)/(h1+h0)
b=a*h1+d1
c=fx2
determinant=b*b4.0*a*c
if determinant<=0.0
determinant=0
else
determinant=sqrt(determinant)
end
if abs(b+determinant)>abs¢teterminant)
den=b+determinant
else
den=bdeterminant
end
dxr=-2*c/den
Xr=x2+dxr
printin("a= $a b= $b c= $c disc= $determinant xr= $xr iter= S$iter")
ea=abs((xx2)/xr)*100
iter+=1
x0=x1
x1=x2
X2=Xr
end
if iter>=mauxit
print("Maximum number of iteration is exceededesult might not be valid")
end
return xr
end

f(x)=x*x-2.0

x0=0.0

x1=1.0

x2=2.0
x=muller(f,x0,x1,x2)
print("x = $x")

> "C:\coJulidbin\julia.exe" muller.jl

a=1.0 b=4.0 c= 2.0 disc= 2.8284271247461903 xr= 1.414213562373095 iter= 0

a= 1.0 b=2.82842712474619 ¢:440892098500626%5 disc= 2.8284271247461903 xr= 1.4142135623730951 iter= 1
x =1.4142135623730951

> Terminated with exit code 0.

Complex roots:

function muller(f,x0,x1,x2)
# Finding real roots by using Muller method
maxit=5

xr=x0

iter=0

es1=0.001

es=esl

ea=1.1*es

h0=0.0

h1=0.0

d0=0.0

d1=0.0

a=0.0

b=0.0

c=0.0




fx0=0.0
fx1=0.0
fx2=0.0
determinant=0.0
den=0.0
dxr=0.0
while iter<maxit && ea>es
fx0=f(x0)
fx1=f(x1)
fx2=f(x2)
hO=x1-x0
hl=x2x1
d0=(fx1-fx0)/h0
d1=(fx2-fx1)/h1
a=(d%d0)/(h1+h0)
b=a*h1+d1
c=fx2
determinant=sqrt(b*.0*a*c)
if abs(b+determinant)>abs¢teterminant)
den=b+determinant
else
den=bdeterminant
end
dxr=-2*c/den
Xr=x2+dxr
printin("a= $a b= $b c= $c disc= $determinant xr= $xr iter= S$iter")
ea=abs((xx2)/xr)*100
iter+=1
x0=x1
x1=x2
X2=Xr
end
if iter>=maxit
print("Maximum number of iteration is exceededesult might not be valid")
end
return xr
end

f(x)=x*x+2.0
x0=0.0+1im
x1=1.0+1im
x2=2.0+1im
x=muller(f,x0,x1,x2)
print("x = $x")

---------- Capture Output---------

> "C:\cdJulidbin\julia.exe" mullerl

a= 1.0 + 0.0im b=4.0 + 2.0im c= 5.0 + 4.0im disc= 0.0 + 2.8284271247461903im xr= 0.0 + 1.414213562373095im iter= 0
a=1.0-0.0im b= 0.0 + 2.82842712474619im c= 4.440892098500686€0.0im disc= 0.0 + 2.8284271247461903im xr= 0.0 +
1.41421356237309%1 iter= 1

x =0.0 + 1.4142135623730951im

> Terminated with exit code 0.

NEWTON-RAPHSON (SECANT) i BISECTION COMBINED METHOD

Bisection method is good in getting closer to the root. But when it get close to root it takes a long time
to achievethe final accuracy. On the other hand, NewRaphson method is very efficient when the
estimation is close to the actual root but rather poor performer when the root estimation is not very

close to the actual root. By combining two methods advantadestiofmethods will be maximized
while inefficiencies will be eliminated. Therefore a combine method is a good candidate for an
efficient algorithm.

Program NewtonRaphson (SecantBisection combined method

function newton_bisection(f,x1,x2)
xacc=1.0el0#accuracy

h=0.0001 #derivative function step
MAXIT=100 #Maximum number of iterations
j=0

dfr=0.0

dx=0.0

dxold=0.0

fr=0.0




fh=0.0
fI=0.0
temp=.0
b=0.0
a=0.0
r=0.0
fl=f(x1)
fh=f(x2)
#Check if a root is existed in the given region
if (1> 0.0 && fh > 0.0) || (fl < 0.0 && fh < 0.0))
print("There are no root in the given region or root?")
end
if fl==0.0
return x1
elseif fh == 0.0
return x2
elseif fl<0.0
a=x1
b=x2
else
b=x1a=x2
end
r=0.5*(x1+x2) #midpovalue
dxold=abs(x2x1)
dx=dxold
fr=f(r) #function value at midpoint
dfr=df(f,r) #derivative of function value at midpo
for j=1:MAXIT
if ((r-b)*dfr-fr)*((r -a)*dfr-fr) > 0.0 || (abs(2.0*fr) > abs(dxold*dfr))
#bisection step
dxold=dx
dx=0.5%(b-a)
r=a+dx
ifa==r
return r
end
else
#NewtonRaphson (Secant) step
dxold=dx
dx=fr/dfr
temp=r
r-=dx
if (temp ==7)

end
end
if (abs(dx) < xacc)

end
fr=f(r)
dfr=df(f,r)
if (fr <0.0)
a=r

else

b=r

end

end
return 0.0
end

function df(f,x)
dx=0.001

ff=(-3.0f(x+3dx)+32.0f(x+20dX)L68.0f(x+2dx)+672.0f(x+dxB 72.0f(x dx)+168.0f(x 2dx)- 32f(x-3dx) + 3f(x-4dx))/(840.0dx)

return ff
end

f(x)=x*x-2.0

x1=1.0

x2=3.0
x=newton_bisection(f,x1,x2)




print("x = $x")

> "C:\cdJulidbin\julia.exe" secant.j|
x = 1.4142135623713463
> Terminated with exit code 0.

INVERSE QUADRATIC LAGRANGE INTERPOLATION
Lagrange interpolation will bmvestigated further in the interpolation section. In here, the Formula for
the quadratic inverse lagrange polinomial will be introduced to utilise in finding roots of a function.

[

In this equation if y=0 is taken, the value x will give us a quadratic approximation to the root of the
function

o @

In order to make the equation simpler further definations will apply as:
Y (2.84) 'Y — (2.8.5)"Y
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Y pY pYop
Now the root can be written as:

O 6o - (2.8.9)

When a new root is found the neigbour region of the root is left for the next iteration and the region further away
to the root is eliminated.

f(x)

Previous region
New
region

Previous region

.
W,

[+

b)x >

Figure 2.10 Quadratic inverse Lagrange interpolation region selection

Program quadratic inverse lagrangeinterpolation formula method (java code)

function inverseinter2Droot(f,x1,x3)
# Inverse quadratic Lagrange interpolation
x2=(x1+x3)/2.0154254

test=0.0

global p=0.0

f1=0.0

f2=0.0

f3=0.0

fp=0.0

maxit=100

iter=0




tol=1.0e10
es=0.00000001
ea=0.001
f1=f(x1)
f2=f(x2)
f3=f(x3)
if f1==0
return x1
elseif f2==
return x2
elseif f3==
return x3
end
if f1*f3>0
print("Root is not existed in the given region")
end
while ea>es && iter<maxit
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1))
printin("i = $iter p = $p")
fp=f(p)
ea=abs(x3)
if abs(f3)<tol
return x3
end
if p>x3
x1=x3
f1=f3
x3=p
f3=fp
elseif p<x3
X2=x3
f2=f3
X3=p
f3=fp
end
iter+=1
end
if iter>=mauxit
print("Maximum number of iteration is exceededesult might not be valid")
end
return p
end

f(x)=x*x-2.0

x0=0.0

x2=2.0
x=inverseinter2Droot(f,x0,x2)
print("x = $x")

---------- Capture Output---------
> "C:\cdJuliabin\julia.exe" inverse_quadratic_lagrange_int_root.jl
i=0p=1.6735267838105297
i=1p=1.3253225124221881
i=2p=1.4358421880222398
i =3 p=1.4141003048715692
i=4p=1.4142136188326897
i=5p=1.414213562373061
i=6p=1.414235623730951
x =1.414213562373061

> Terminated with exit code 0.

BRENT METHOD (INVERSE QUADRATIC LAGRANGE INTERPOLATION i BISECTION
AND SECANT COMBINED METHOD)



Figur 2.9.1 Richard P Brent

Being a quadratic method, Inverse quadratic Lagrartgepolation is an efficient method by
combining it with bisection and secant method one of the most used root finding method is created.
Two versions of the program code and algorithm of the code is given below.

BRENT METHOD (julia language version)
function brent(f,a,b)
test=0.0
p=0.0
f1=0.0
f2=0.0
f3=0.0
fp=0.0
maxit=500
iter=0
tol=1.0e15
€s=0.0000001
x1l=a
f1=f(x1)
x2=b
f2=f(x2)
x3=(x1+x2)/2.0
f3=f(x3)
if(f1==0)

return x1
elseif(f2==0)
return x2
elseif(f3==0)
return x3
end
if(f1*f2>0)
print("No root is existed in the given region")
end
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1))
fp=f(p)
ea=abs(x3)
while (ea>es)&&(iter<maxit)
if abs(f3)<tol
return x3
end
if (p<x1) && (p>x2)
p=(x1+x2)/2.0
if p>x3
x1=x3
f1=f3
Xx3=p
f3=fp
elseif p<x3
X2=x3
f2=f3
Xx3=p
f3=fp
end
else #(p<x2) && (p>x3)
if p>x3




x1=x3
f1=f3
X3=p
f3=fp
elseif p<x3
X2=x3
f2=f3
X3=p
f3=fp
end # if p>x3
end #if else
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1))
fp=f(p)
ea=abs(x3)
iter+=1
end # while
if iter>=maxit
print("Maximum number of iteration is exceededesult might not be valid")
end #if
return p
end # function

f(x)=x*x-2.0
a=0.0

b=2.0
x=brent(f,a,b)
print("x = $x")

---------- Capture Outpu---------

> "C:\co\Julidbin\julia.exe" brent.jl
x = 1.4142135623730954

> Terminated with exit code 0.




Algorithm

Input a,b and a function f

Calculate f(a) and f(b)

if(f(a)*f(b)<0 then give no root error

if [f(a)] < [f(b)| then swap(a,b)

c=a

repeat untill f(b)=0 or s=0 or{a| is small enough (convergence)
if(f(a)if(c) and f(b)lif(c) then

(inverse quadratic interpolation)
else

i ® "Qo ———— (secantrule)

end if
if (condition 1)sis not between @+ b)/4 andb
or (condition 2)(mflag is seand|si b|  blx|/R)
or (condition 3)(mflag is clearednd|si b| cKal| / R)
or (condition 4)(mflag is seand|bi c| < [i])
or (condition 5)(mflag is clearednd|cT d| < [i[)

then

a+tb

T(bisection method)
setmflag

else

clearmflag

end if

calculatef(s)

d:=c(d is assigned for the first time here; it won't be used above on the first iteration because mflag
c:=b

if f(a) f(s) < Othenb :=selsea:=send if
if [f(a)| < f(b)| then swaga,b) end if

end repeat

outputb or s (return the root

§ =

HIGHER DERIVATIVE ORDER METHODS

Consider the Taylor Formula, but this time assume that two term is remaining
c

"Qw T Qo — @ W A @ W — w @ E
When second term of the Taylor Formula is also taken into acount the NBapirson Fanula takes the form:
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This method iscalletial | ey 6s met hod

Figure Edmond Halley, British Mathematician and Astronomer

The iterative methods with higherder convergence are presented in some literatré v e r 6 sisam®t hod
cubically convergent second ordaethod. It is fastethan the NewtofRaphson method.

\ . €
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In [48], Abbasbandyives a third order iterative method, callked b a s b a n d y(AM) pravisionhllyg, d
which is expressed as



Figure Daeid Abbasbandy, Iranian Mathematician

c

@ W - -
Li and Wang[49] suggested twiourth order methods and called thérhiele Method 1(TM1) andThiele
Method2( TM2) due to fact that equations derived

eDanish atronomer & mathematician

orvald N. Thiel

AN
Th
Equations has a general form of
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Program Higher order methods, Newton, Halley, Abbasbandy Thielel and Thiele2

function newton(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
x-=fx/dfx
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function halley(f,x)
nmax=100
tolerance=1.040
for i=0:nmax
x=f(x)
dfx=df(f,x)

us

ng



d2fx=d2f(f,x)
x-=2.0*x*dfx/(2.0*dfx*dfx -fx*d2fx)
if abs(fx)<tolerance
return X
end #f
end #for
return x
end #function

function abbasbandy(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
x=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
d3fx=d2f(f,x)
x-=(fx/dfx+ix*fx*d2fx/(2.0*dfx*dfx*dfx) +ix*ix*ix*d3fx/(6.0*dix*dfx*dfx*dfx))
if abs(fY<tolerance
return x
end #f
end #for
return x
end #function

function TM1(f,x)
# Thiele 1
nmax=100
tolerance=1.040
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
d3fx=d2f(f,x)
P1=4.0*fx*dfx*(3.0*dfx*dfx*d2fx -3.0*fx*d2fx*d2fx+fx*dfx*d 3fx)
Q1=12.0*dfx*dfx*dfx*dfx*d2fx -18.0*fx*dfx*dfx*d2fx*d2fx+3.0*fx*fx*d2fx*d2fx*d 2fx+4.0*fx*dfx*d fx*d fx*d 3fx
x-=P1/Q1,;
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function TM2(f,x)
# Thiele 2
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
d3fx=d2f(f,x)
P2=fx*(6.0*dfx*dfx*d2fx -3.0*fx*d2fx*d 2fx+2*fx*dfx*d 3fx)
Q2=2.0*dfx*(3.0*dfx*dfx*d2fx -3.0*fx*d2fx*d 2fx+fx*dfx*d3fx)
x-=P2/Q2;
if abs(fx)<tolerance
return x
end #f
end #for
return X
end #function




#first derivative
function df(f,x)

dx=0.001

c=[1.0/280.0-4.0/105.0 1.0/5.0 -4.0/5.0 0 4.0/5.0 -1.0/5.0 4.0/105.61.0/280.0]
ff=0.0

for i=-4:4

ff+=c[i+5]*f(x+dx*i)

end

return ff/dx

end

#second derivative

function d2f(f,x)

dx=0.001

c=[-1.0/560.0 8.0/315.0-1.0/5.0 8.0/5.60205.0/72.0 8.0/5.61.0/5.0 8.0/315.01.0/560.0]
ff=0.0

for i=-4:4

ff+=c[i+5]*(x+dx*i)

end

return ff/(dx*dx)

end

#third derivative

function d3f(f,x)

dx=0.001
c=[-7.0/240.0  3.0/10.0 -169.0/120.0 61.0/30.0.0 -61.0/30.0 169.0/120.0
7.0/240.0]
ff=0.0
for i=-4:4
fi+=c[i+5]*(x+dx*i)
end
return ff/(dx*dx*dx)
end

f(xX)=x*x*x+3.6*x -36.4
x=1.0
s=["Newton" "Halley" "Abbasbandy" "Thielel" "Thiele2"]
r=zeros(Float64,5)
r[1]=newton(f,x)
r[2]=halley(f,x)
r[3]=abbasbandy(f,x)
r[4]=TM1(f,x)
r[5]=TM2(f,x)
for i=1:5

s1=s]i]

ri1=r[i]

f1=f(r1)

printin("$s1 x = $rl y = $f1")
end

-3.0/10.0

---------- Capture Outpu---------

> "C:\co\Juliabin\julia.exe" newton2.j|

Newton x =2.953618919393856 y = 7.105427357601003e
Halley x = 2.9536189193938553 y-#105427357601002E5
Abbasbandy x = 2.953618919393856 y = 7.105427357601082e
Thielel x = 2.9536189193938553 y#105427357601002&5
Thiele2 x = 2.9536189193938553 y#105427357601002&5

> Terminated with exit code 0.

This methods can also be used for complex roots

function newton(f,x)
nmax=100
tolerance=1.04.0




for i=0:nmax
fx=f(x)
dfx=df(f,x)
x-=fx/dfx
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function halley(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
x-=2.0*fx*dfx/(2.0*dfx*dfx -fx*d2fx)
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function abbasandy(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
d3fx=d2f(f,x)
x-=(fx/dfx+ix*fx*d2fx/(2.0*dfx*dfx*dfx)+ix*fx*fx*d 3fx/(6.0*dfx*dfx*dfx*dfx))
if abs(fx)<tolerance
return x
end #f
end #for
return x
end#function

function TM1(f,x)
# Thiele 1
nmax=100
tolerance=1.040
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
d3fx=d2f(f,x)
P1=4.0*x*dfx*(3.0*dfx*dfx*d2fx -3.0*fx*d2fx*d 2fx+fx*dfx*d3fx)
Q1=12.0*dfx*dfx*dfx*dfx*d2fx -18.0*fx*dfx*dfx*d2fx*d2f x+3.0*fx*fx*d2fx*d2fx*d2fx+4.0*fx*dfx*dfx*dfx*d3fx
x-=P1/Q1,;
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function TM2(f,x)
# Thiele 2
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
d3fx=d2f(f,x)
P2=fx*(6.0*dfx*dfx*d2fx -3.0*fx*d2fx*d 2fx+2*fx*dfx*d3fx)
Q2=2.0*dfx*(3.0*dfx*dfx*d2fx-3.0*fx*d 2fx*d2fx+fx*dfx*d3fx)
x-=P2/Q2;
if abs(fx)<tolerance
return x
end #f




end #for
return x
end #function

#first derivative
function df,x)
dx=0.001
¢=[1.0/280.0-4.0/105.0 1.0/5.0 -4.0/50 0 4.0/50 -1.0/5.0 4.0/105.0-1.0/280.0]
ff=0.0
for i=-4:4
ff+=c[i+5]*f(x+dx*i)
end
return ff/dx
end
#second derivative
function d2f(f,x)
dx=0.001
¢=[-1.0/560.0 8.0/315.0-1.0/5.0 8.0/5.0205.0/72.0 8.0/5.01.0/5.0 8.0/315.61.0/560.0]
ff=0.0
for i=-4:4
ff+=c[i+5]*f(x+dx*i)
end
return ff/(dx*dx)
end
#third derivative
function d3f(f,x)
dx=0.001
¢=[-7.0/240.0 3.0/10.0 -169.0/120.0 61.0/30.00.0 -61.0/30.0169.0/120.0 -3.0/10.0 7.0/240.0]
ff=0.0
fori=-4:4
ff+=c[i+5]*f(x+dx*i)
end
return ff/(dx*dx*dx)
end

f(x)=x*x* -3.6*x-36.4
x=1.0+1im
s=["Newton" "Halley" "Abbasbandy" "Thielel" "Thiele2"]
r=zeros(ComplexF64,5)
r[1]=newton(f,x)
r[2]=halley(f,x)
r[3]=abbasbandy(f,x)
r[4]=TM1(f,x)
r[5]=TM2(f,x)
for i=1:5
s1=s]i]
ri=rfi]
f1=f(r1)
printin("$s1 x = $rl1 y = $f1")
end
---------- Capture Outpu---------
> "C:\coJulidbin\julia.exe" newton3.jl
Newton x = 1.0811923527860583 + 1.8726800877803869im y = 0.0 + 3. 5BBID501€.5im
Halley x = 1.0811923527860583 + 1.8726800877803869im y = 0.0 + 3.552713678806801e
Abbasbandy x = 1.0811923527860583 + 1.8726800877803869im y = 0.0 + 3.5527136783B0)501e
Thielel x = 1.0811923527860583 + 1.8726800877803869im y + 8.852713678800501E5im
Thiele2 x = 1.0811923527860585 + 1.872680087780387im y = 1.4210854715202064e0im

> Terminated with exit code 0.

Hasar50] proposed several higher order methods that is relatively more economical to use (relatively
lessfunction calculations) Some of them are listed here.
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Program Higher order methods, proposed by Hasan[50] java code

function newton(f,x)
nmax=100
tolerance=1.040
for i=0:nmax
x=f(x)
dfx=df(f,x)
x-=fx/dfx
if abs(fx)<tolerance
return x
end #f
end #for
return X
end #function

function hasan47a(f,x)
nmax=100
tolerance=1.040
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
x1=x-fx/(2.0*dfx)
dfx1=df(f,x1)
x-=fx/dfx1
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function hasan47b(f,x)

nmax=100

tolerance=1.040

for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
x1=x-fx/dfx
dfx1=df(f,x1)
x-=2.0*fx/(dfx+dfx1)
if abs(fx)<tolerance

return x

end #f

end #for

return x

end #function

function hasan47c(f,x,alfa)
nmax=100
tolerance=1.040
beta=1.6alfa
for i=0:nmax
fx=f(x)
dfx=df(f,x)
x1=x-alfa*fx/dfx
dfx1=df(f,x1)
x2=x-beta*fx/dfx




dfx2=d2f(f,x2)
x-=2.0*fx/(dfx1+dfx2)
if abs(fx)<tolerance
return X

end #f

end #for

return x

end #function

functionhasan43(f,x)
nmax=100
tolerance=1.04.0
r=3.0 #fourth order
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
yx=(dfx*dfx-fx*d2fx)/(dfx*dfx)
dyx=dfx+1.0/r*dfx*log(yx)
x-=fx/dyx
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #finction

#first derivative
function df(f,x)
dx=0.001

c=[1.0/280.0-4.0/105.0 1.0/5.0 -4.0/5.0 0 4.0/5.0 -1.0/5.0 4.0/105.01.0/280.0]

ff=0.0

fori=-4:4
ff+=c[i+5]*f(x+dx*i)

end

return ff/dx

end

#second derivative

function d2f(f,x)

dx=0.001

c=[-1.0/560.0  8.0/315.0-1.0/5.0 8.0/5.60205.0/72.0 8.0/5.01.0/5.0 8.0/315.61.0/560.0]

ff=0.0

for i=-4:4
fi+=c[i+5]*f(x+dx*i)

end

return ff/(dx*dx)

end

#third derivative

function d3f(f,x)

dx=0.001
c=[-7.0/240.0  3.0/10.0 -169.0/120.0 61.0/3000.0
7.0/240.0]
ff=0.0
for i=-4:4
ff+=c[i+5]*f(x+dx*i)
end
return ff/(dx*dx*dx)
end

f(X)=x*x*x+3.6*x -36.4
x=1.0

-61.0/30.0

s=["Newton" "Hasan47a" "Hasan47b" "Hasan47c¢" "Hasan43" |

169.0/120.0

-3.0/10.0




r=zeros(Float64,5)
r[1]=newton(f,x)
r[2]=hasan47a(f,x)
r[3]=hasan47b(f,x)
r[4]=hasan47c(f,x,0.5)
r[5]=hasan43(f,x)
for i=1:5

s1=s]i]

r1=r[i]

f1=f(r1)

printin("$s1 x = $rly = $f1")
end

---------- Capture Output---------

> "C:\co\Juliabin\julia.exe" hasan.j|

Newton x = 2.953618918393856 y = 7.1054273576010026
Hasan47a x = 2.953618919393856 y = 7.1054273576011®2e
Hasan47b x = 2.9536189193938553 y7:105427357601002E5
Hasan47c x = 2.9536189193934064 y1-3372414287005085EL
Hasan43 x = 2.9536189193938553 y7-105427357601002&5

> Terminated with exit code 0.

A complex version of dsan formula is also given hete.order to changgilia code to complex version,
changing input variable to complex is enough

Program Complex Hasan method[50] (lia version) hasanl.]

function newton(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
x-=fx/dfx
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function hasan47a(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
x1=x-fx/(2.0*dfx)
dfx1=df(f,x1)
x-=fx/dfx1
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function hasan47b(f,x)
nmax=100
tolerance=1.04.0
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
x1=x-fx/dfx
dfx1=df(f,x1)
x-=2.0*fx/(dfx+dfx1)
if abs(fx)<tolerance
return x




end #f
end #for
return x
end #function

function hasan47c(f,x,alfa)
nmax=100
tolerance=1.04.0
beta=1.Galfa
for i=0:nmax
fx=f(x)
dfx=df(f,x)
x1=x-alfa*fx/dfx
dfx1=df(f,x1)
x2=x-beta*fx/dfx
dfx2=d2f(f,x2)
x-=2.0*fx/(dfx1+dfx2)
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

function hasan43(f,x)
nmax=100
tolerance=1.04.0
r=3.0 #fourth order
for i=0:nmax
fx=f(x)
dfx=df(f,x)
d2fx=d2f(f,x)
yx=(dfx*dfx-fx*d2fx)/(dfx*dfx)
dyx=dfx+1.0/r*dfx*log(yx)
x-=fx/dyx
if abs(fx)<tolerance
return x
end #f
end #for
return x
end #function

#first derivative

function df(f,x)

dx=0.001

¢=[1.0/280.0-4.0/105.0 1.0/5.0 -4.0/50 O 4.0/5.0

ff=0.0

fori=-4:4
ff+=c[i+5]*f(x+dx*i)

end

return ff/dx

end

#second derivative

function d2f(f,x)

dx=0.001

-1.0/5.0 4.0/105.0 -1.0/280.0]

c=[-1.0/560.0 8.0/315.0-1.0/5.0 8.0/5.6205.0/72.0 8.0/® -1.0/5.0 8.0/315.61.0/560.0]

ff=0.0

fori=-4:4
ff+=c[i+5]*f(x+dx*i)

end

return ff/(dx*dx)

end

#third derivative

function d3f(f,x)

dx=0.001

c=[-7.0/240.0 3.0/10.0 -169.0/120.0 61.0/30.00.0

ff=0.0

for i=-4:4
ff+=c[i+5]*f(x+dx*i)

end

return ff/(dx*dx*dx)

end

f(X)=x*x*x+3.6*x -36.4
x=1.0+1im
s=["Newton" "Hasan47a" "Hasan47b" "Hasan47c" "Hasan43" ]

-61.0/30.0169.0/120.0

-3.0/10.0 7.0/240.0]




r=zeros(ComplexF64,5)
r[1]=newton(f,x)
r[2]=hasan47a(f,x)
r[3]=hasan47b(f,x)
r[4]=hasan47c(f,x,0.5)
r[5]=hasan43(f,x)
for i=1:5

s1=s[i]

r1=r[i]

f1=f(r1)

printin("$s1 x = $r1 y = $f1")
end

> "C:\co\Julidbin\julia.exe" hasan1l.jl

Newton x = 2.9536189193938558.51969777638692729im y =-7.105427357601002E5 - 2.5364498459003927im
Hasan47a x = 2.95361891939385635352612068845929im y = 7.105427357601002& - 1.29611412843173927im
Hasan47b x =1.476809459696927-73.1847917578314275im y-¥.105427357601002%5 - 1.7763568394@b05e15im
Hasan47c x = 2.9536189193942644 + 5.003957697275R#itey = 1.21644916362129184 + 1.48975797772156K.im
Hasan43 x = 2.9536189193938553 + 1.0349855076499675ey =-7.105427357601002E5 + 3.08131684983454&6im

> Terminated with exitode 0.

RIDDER METHOD

False position (Ragula Falsi) method was previously investigated. Ridder method is a
modified form False position method. If a root existed between x1 and x2 Ridder method first
evaluate the midpoint

0w — (2.13.1)

and than solve a special conversion conversion f&rtofhis convertion linearize the
equation. It is basically find the root of the quadratic function
MV QW Q Qw c¢cQw Q 1 (2.13.2)

The root of this function can be calculated as
of the quadratic function

Q (2.13.3)

Function sign(x) will be given thgign of x. If x is smaller than O it will b, if x is bigger

than 0 it will be +1. Now the false position method is applied, not to the values f(x1), f(x3),
f(x2), but to the values fg, f(x3)e®, f(x2)€?S, yielding a new guess for the roos, Xhe

overall formulais:

O 0 0 W (2.13.4)

Because the equation is quadratic, it supplies a quadratic approximation. In addition the root
X4 should be in between and x..

Program : Root finding Ridder Method
unction SIGN(a,b)
return abs(a)*b/abs(b)
end

function ridder(f,x1,x2)

xacc=1.0e9

NR=0
MAXITER=200
ABC=-1.0e30
j=0
answer=0.0
f_high=0.0
f_low=0.0
f_mid=0.0




fnew=0.0
s=0.0
x_high=0.0
x_low=0.0
X_mid=0.0
xnew=0.0
f_low=f(x1)
f_high=f(x2)
if (f_low > 0.0 && f_high < 0.0) || (f_low < 0.0 && f_high > 0.0)
x_low=x1
x_high=x2
answer=ABC
for j=1:MAXITER
Xx_mid=0.5*(x_low+x_high)
f_mid=f(x_mid)
s=sqrt(f_mid*f_midf_low*f_high)
if s==0.0
return answer
end
xnew=x_mid+(x_midx_low)*((f_low >=f_high ? 1.0 :1.0)*f_mid/s)
if abs(xnewanswer) <= xacc
return answer
end
answer=xnew
fnew=f(answer)

if fnew == 0.0
return answer
end

if SIGN(f_mid,fnew) !=f_mid
X_low=x_mid
f_low=f_mid
x_high=answer
f_high=fnew
elseif SIGN(f_low,fnew) !=f_low
x_high=answer
f_high=fnew
elseif SIGN(f_high,fnew) !=f_high
X_low=answer
f_low=fnew
else
print("we should not reach to this point")
end # if SIGN
if (abs(x_highx_low) <= xacc)
return answer
end
end #for MAXITER
print("Maximum number of iteration is exceededesult might not be valid")
else
if f low==0.0
return x1
elseif f_high ==0.0
return x2
end
end #if(f_low >
print("no roots existed between given limits")
return 0.0
end # function

f(x)=x*x-2.0
a=0.0

b=2.0
x=ridder(f,a,b)
print("x = $x")

> "C:cdJulidbin\julia.exe" ridder.j|
X =1.4142135624398362
> Terminated with exit code 0.

2.14 ROOTS OF THE SECOND AND THIRD DEGREE POLYNOMIALS



The roots of quadratic polynomials are well known.
MVw W Wow T
W TOW®

Of course if @ T ds negativeroots will be complex numbers

Program Root of quadratic polynomial (analytical formula)

function square_roots(d)
x=zeros(ComplexF64,2)
a=d[3]
b=d[2];
c=d[1];
delta=b*b4*a*c
deltal=Complex(delta)*0.5
X[1]=(-b+deltal)/(2*a)
X[2]=(-b-deltal)/(2*a);
return x

end

d=[1-2 1]
x=square_roots(d)
print("x = $x")

> "C:\co\Julidbin\julia.exe" square_roots.jl
x = ComplexF64[1.0 + 0.0im, 1-00.0im]

> Terminated with exit code 0.

> Terminated with exit code 0.

d=[201]

x=square_roots(d)

print("x = $x")

—————————— Capture Outpu---------

> "C:\coJulidbin\julia.exe" square_roots.jl

x = ComplexF64[0.0 + 1.4142135623730951im,-0104142135623730951im]
> Terminated with exit ate 0.

Similar to quadratic polynomials, third degree polynomials can also be solved by using
analytical formulations. The basic difference is that the roots should be calculated as complex
variables. Assuming a third degree polynomial of
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Program Root of third degree polynomial (analytical formulajulia version)

function cubic_roots(d)

# roots of a degree 3 polynomial

# P(x)=a[3]*x"3+a[2]*x"2+a[1]*x+a[0]=0

# assuming all a is all real

# if more than 4 values are entered the remaining ones will be ignored

x=zeros(Float64,2,3)
x1=zeros(Float64,3)
x2=zeros(ComplexF64,3)
a=d[3]/d[4];
b=d[2]/d[4];
c=d[1]/d[4];

R=0.0

theta=0.0
Q=(a*a3.0*b)/9.0
yl=2.0*a*a*a
y2=-9*a*h

y3=27*c
y4=yl+y2+y3
R=y4/54.0
Q3=Q*Q*Q

R2=R*R

qgq=0.0

A=0.0

B=0.0

if(R2<=Q3)

else

else

qgq=2.0*sqrt(Q)
if(R==0)

theta=acos(R)
else

theta=acos(R/sqrt(Q3))
end
x1[1]=qqg*cos(theta/3.0%/3.0
x1[2]=qg*cos((theta2.0*pi)/3.0}a/3.0
x1[3]=qg*cos((theta+2.0*pi)/3.0%/3.0
return x1

A=-(R+sqrt(R2Q3))"(1.0/3.0)
if(A==0)
B=0.0

B=Q/A




end

x[1,1]=(A+B)-a/3.0
x[1,2]=-0.5*(A+B)-a/3
X[2,2]=sqrt(3.0)/2.0*(AB)
x[1,3]=-0.5*(A+B)-a/3
X[2,3]=-sqrt(3.0)/2.0*(AB)
x2[1]=complex(x[1,1],0.0)
x2[2]=complex(x[1,2],x[2,2])
x2[3]=complex(x[1,3],x[2,3])
return x2

end

end

d=[1.0-3.0 3.0-2.0]
x=cubic_roots(d)
print("x = $x")

---------- Capture Output---------

> "C:\co\Julidbin\julia.exe" cubic_roots. |l

x = ComplexF64[0.5 + 0.0im, 0:50.8660254037844386im, 0.5 + 0.8660254037844386im]
> Terminated with exit code 0.

d=[1.0-3.0 3.0-1.0]
x=cubic_roots(d)
print("x = $x")

---------- Capture Outpu---------

> "C:\coJulidbin\julia.exe" cubic_roots.jl
x =[1.0, 1.0, 1.0]

> Terminated with exit code 0.

Excel version of the program

Program 2.144 Root of third degree polynomial (analytical formula)excel version

Root of third degree polynomial (analytical formula) Excel version
() =dx® +dyC +dix +dy =0 F0)=x +av +bx+c=0
Enter poynomial coefficients
d3 d2 di do
1 3 3 -1
a b c
1 3 3 -1
Q 0
yl 54
y2 -81
y3 -27
y4 -54
R -1
q #SAYI/0!
true/false true if R"N2<Q"3
x0 x1 X2
0 0 0 0
true if R"2>=Q"3
A 0
B 0
true/false X0 X0 x1 x1 X2 X2
real imaginary real |imaginary real |imaginary
1 -1 0 -1 0 -1 0
Python version of the program:
Tartagliabs Poem

| Italian: | English Translation:




Quando chel cubo con le cose appresso
Se agguaglia a qualche numero discreto
Trouan dui altri differenti in esso.

01) When the cube with the cose beside

it <x+px >

02) Equates itself to some other whole

number, <=qg>

03) Find two other, of which it is the

difference. <u- v=g>

04) Hereafter you will consider this customarily
05) That their product always will be

equal <uv=>

06) To the third of the cube of the cose net. 3/3,
instead of (p/3)3>

07) Its general remainder then

08) Of their cube sides , well

subtracted, <ur T 3 va3u 31T ¥ 3

09) Will be the value of your principal

unknown. <=x>

10) In the second of these acts,

11) When the cube remains solo , <x®=px+q>
12) You will observe these other arrangements:
13) Of the number <g> you will quickly make two
such parts, <q=u+v>

14) That the one times the other will produce
straightforward <uv=>

15) The third of the cube of the cose in a
multitude, <p3/3, instead of (p/3)3>

16) Of which then, per common precept,

17) You will take the cube sides joined
together. <ur T Fva3u3+v3

18) And this sum will be your concept. <=x>
19) The third then of these our

calculations <x3+q=px>

20) Solves itself with the second, if you look well
Nella citta dal mar'intorno centa. after,

21) That by nature they are quasi conjoined.
22) | found these, & not with slow steps,

23) In thousand five hundred, four and thirty
24) With very firm and strong foundations

25) In the city girded around by the sea.

Dapoi terrai questo per consueto
Che'llor produtto sempre sia eguale
Alterzo cubo delle cose neto,

El residuo poi suo generale
Delli lor lati cubi ben sottratti
Varra la tua cosa principale.

In el secondo de cotestiatti
Quando che'l cubo restasse lui solo
Tu osseruarai quest'altri contratti,

Del numer farai due tal part'a uolo
Che l'una in I'altra si produca schietto
El terzo cubo delle cose in stolo

Delle qual poi, per communprecetto
Torrai li lati cubi insieme gionti
Et cotal somma sara il tuo concetto.

El terzo poi de questi nostri conti
Sesolue col secondo se ben guardi
Che per natura son quasi congionti.

Questi trouai, & non con palf3i tardi
Nel mille cinquecenté, quatroe trenta
Con fondamenti ben sald'é gagliardi

COMPLEX ROOTS OF THE POLYNOMIALS BY UTILISING SYNTHETIC
DIVISION PROCESS

Horners method utilises syithetic division process to solveots of polynomials. Synthetic division
process use recursive process to obtain a division for agolgh If

D M & G G E do (2151

and if this polynomial divides with @ to form polynomial

D Q0 o o 00 O E o o (2.15.2)

Whered @ Q® @ @ ®©Q ® ol @ ® L (2.153)

'Y @ is the remainder of the synthetic division process. Of course if the remainder is equal towemrtahbe
the root of this polynomial. Synthetic division can be calculated as following iterative equation:

AR (2.15.4)

O O O O (2.15.5)
For example if a polynomial
MQw (W ow ow Tisgiven, andxis-2 {divide by (x+2)} synthetic division is applied as
Xo =n as a a =)
2 2 0 -3 3 -4
b4 b3 b2 bl bO
2 -4 5 7 10




Ow M » W T® UL X
DO Qw pPpmT ® (L W
Differentiating of "Q @ with respect to x gives
R QU 0o w 0w Rk w (2.156)
and at x=x
Mo o
R QU 0w Lo (2.15.7)
Therefore Newtor Raphson iterative method can be applied to find the roots by using iterative process
W W (W) (2.15.8)
W (2.15.9)
X0 a4 a3 a2 al a0
-2 2 0 -3 3 -4
2 -4 5 -7 10
Q -49
x1 -1.7959184
x1 a4 a3 a2 al a0
-1.7959184] 2 0 -3 3 -4
2 -3.5918367| 3.4506456 | -3.1970777| 1.7416906
Q -32.563821
x2 -1.7424329
X2 a4 a3 a2 al a0
-1.7424329] 2 0 -3 3 -4
2 -3.4848658| 3.0721449 | -2.3530065] 0.0999559
Q -28.866623
x3 -1.7389702
x3 a4 a3 a2 al a0
-1.7389702] 2 0 -3 3 -4
2 -3.4779405| 3.048035 | -2.3004421| 0.0004003
Q -28.63559
x4 -1.7389563
x4 a4 a3 a2 al a0
-1.7389563| 2 0 -3 3 -4
2 -3.4779125| 3.0479377 | -2.3002304| 6.505E09
Q -28.634659
x5 -1.7389563
x5 a4 a3 a2 al a0
-1.7389563] 2 0 -3 3 -4
2 -3.4779125] 3.0479377 | -2.3002304] 0
Q -28.634659
x5 -1.7389563

Note that roots of a polynomial can be complex numbers, therefore it is better to calmutatets as complex
numbers. It should be also note that after reducing polynomial to a third, second or first degree remaining roots

can be

cal

cul ated by
below (compéx class in java language was defined previously) :

using standard

root

f

ndi

ng

equa



Program Complex Horner method example to find the roots of a polynomial hornerlj

function f_poly(c1,x)
# this function calculates the value of
# c least square curve fitting function
n=size(c1)[1]
if n!=0.0
ff=c1[n]
for i=n-1:-1:1
fi=ff*x+c1[i]
end
else
ff=0.0
end
return ff
end

function horner(a)
# roots of a polynomial by using synthetic division process
n=size(a)[2]
x1=-2.0
nl=n
nmax=20
tolerance=1.040
n2=nl
ref=3.1
ii=0
global y=zeros(ComplexF64,n2)
for k=1:n2
x=x1
xold=3.4878
ref=abs(xoldx)
b=zeros(ComplexF64,n1)
global c=zeros(ComplexF64,n2)
b[n]=a[n]
xx=b[n]
ii=0
# find the root in while
while ref>tolerance && ii<knmax
for i=n2:-1:1
b[i]=ali]+b[i+1]*x
xx=Dbl[i]
end # for
for i=n2:-1:1
c[i]=b[i+1]
end # for
Q=f_poly(c,x)
P=b[1]
x=x-P/Q
ref=abs(xoldx)
ii=ii+1
xold=x
end # while
n-=1
a=c
YIK]I=x
end # for
return y
end # function

a=[-43-302]
print(horner(a))

"Qw T 0w oW (

—————————— Capture Output---------

> "C:\coJuliabin\julia.exe" horner.jl

ComplexF64{1.738956256451892 + 0.0im, 1.25488188483429.0im,-0.6819503221875776 + 0.0im, 2.474337965776620im)
> Terminated with exit code 0.

VO O 00 0w p

a=[1-3 3-1]
print(horner(a))

—————————— Capture Output---------
> "C:\cdJulidbin\julia.exe" horner.jl




> Terminated with exit code 0.

ComplexF64[1.00000301760998680im, 0.9999963232971536 + 0.0im, 1.0000040546033393 + 0.0im]

P oHXxD pg UL

VG » 0B (Y O

a=[1.25-3.875 2.125 2.753.5 1]
print(horner(a))

---------- Capture Output---------
ComplexF64{1.0- 0.0im, 0.5000000000002416 + 0.0im, 1.999999999999984 + 0.0im, 1.37720103480294 + 0.0im,

> "C:\cdJuliabin\julia.exe" horner.jl

1.24912206125549960.0im]
> Terminated with exit code 0.

y=fix)
3216
2663 \
2110 / \
/
1567 | f"
/
1008 - |
{
/
> 0.4521 |
i
01006 T —
f —
/ ~—
o653 - | T
i
|
4206 |
a0
2311 . . - . . - - T
4400 07800 04600 01400 01800 05000 08200 1140  1.460 1780 2100

W wP@ap YuBp@ T Y p X OTP by using horner method

Now let us find roots ofQw
a=[0.781736 8571.08 9813.18 1]
print(horner(a))

---------- Capture Outpu---------
> "C:\co\Julidbin\julia.exe" horner.j|

ComplexF64[
-0.8734118615170947 + 0.0ir9,.121576846334152%8- 0.0im,-9812.306496922730.0im]

> Terminated with exit code 0.
ROOT FINDING BY USING SOFTWARE PACKAGES

In order to find roots, some built in functions already existed in package math programs. InQtatad
functionfzero is existed to find roots of a function arabts to find roots of a polynomial

>> format long
>> X=2;

>> y=@(X)X*X-2;

>> fzero(y,X)

ans = 1.41421356237310

>>

>> x=1;
>> y=@(X)x"53.5*x"4+2.75*x"3+2.125*x"23.875*x+1.25;

>> fzero(y,X)
ans =0.500000000000001

>>a=[1-3.5 2.75 2.1253.875 1.25];

>> roots(a)

ans =
2.000000000000003 + 0.000000000000000i

-1.000000000000002 + 0.000000000000000i
1.000000000000000 + 0.500000000000000i
1.0000000000000000.500000000000000i
0.49999999999999 + 0.000000000000000i

>> y=@ (X)X*X+2;
>> x=1+1i;
>> fsolve(y,X)

ans =
-0.000000000000016 + 1.414213562374690i




In excel, solver is existed to find real roots: We can use solver add in. In order to open solver:
On the File tab, click Optiongin turkish version dosya, secenekler)

Under Adding(in turkish version eklentilerselect Solver Addh (in turkish version Cozucu eklentisipnd
G@Git..) button You can find the Solver on the Data ebri), in the Analyze group.

click on the

Excel Secenelen

Excel Options 7%
General
72 View and manage Microsoft Office Add-ins.
Formulas
Data Add-ins
Proofing Name ~ [Location | Type B
e Active Application Add-ins
Ho Active Application Add-ins
Language
Inactive Application Add-ins
Fase of Access Ana\ys\sTupnF\’Pak CM.325LL Brcel Add-in
Advanced Anslysis ToolPak - VBA CALXLAM  Excel Add-in
Date (XML) C\.FLDLL  Action
Customize Ribbon Euro Currency Tools CALXLAM  Excel Add-in
uick Access Toolbar Inquire Ciimdll COM Add-in
Microsoft Actions Pane 3 XML Expansion Pack
Add-ins Microsoft Power Map forBxcel  CALLDLL  COM Add-in
Microsoft Power Pivet for Excel indll  COM Add-in
Trust Center Microsoft Power View for Excel dil - COM Add-in
Solver Add-in Excel Add-in -
Add-in: Solver Add-in
Publisher:
c No i ion svailable
Location:  Ci\Program Files\Microsoft Office\raot\ Office16\Librany,
SOLVER\SOLVER.XLAM
Description:  Tool for optimization and equation solving

Manage: | Excel Add-ins - Go..

Genel

Excel ile caligmak igin genel secenekler.
. -
Formaller

Yazm Denetleme Kullamc: Arabirimi secenekleri
Kaydet Segim sonrasinda Mini Arag Cubugunu géster @
Dil Secim yapildiginda Hizli C6zimleme seceneklerini goster

=
Gelismis Canl Onizlemeyi Etkinlestir

Ekran Ipucu stili | Ekran ipuglannds ozellik agiklamalarin goster

Seridi Ozellegtir

Hiah Erisim Aveg Cubugu Veni gahisma kitaphkdar: olugtururken

Eklentiler Bunu varsayilan yazi tipi olarak kullan: | Govde Yaz Tipi
Gaven Merkezi Yazi tipi boyutu: 1

Yeni sayfalar igin varsayilan garinam: |Normal Géranam

Su sayida sayfa ekle: B

Microsoft Office kopyaniz kisisellestirin

Windows Kullamicist

[ Office'te oturum agilmasa da her zaman bu degerleri kullan

Office Arks Blant: | Daireler ve Gizgiler| v |
Re

Office Temast:

Kullamici ad

Baslangic secenekleri

Excel'in varsaylan olarak agmasini istediginiz uzantilar segin: | Varsaylan Programlar.

Microsoft Excel elektronik tablolan gorintaleme ve degistirme icin varsayilan program degilse bildir,

Bu uygulama baslatiidiginda Baslangis ckranini gster

0K Cancel

Tamam iptal

Add-ins

Add-ins available:

[ Analysis ToolPak

[ Analysis ToolPak - VBA
[ Eura Currency Taals
|

| Check Salver Add-in

UK

L

Salver Add-in

Tool for optimization and equation solving

Eklentiler T X

Kul ilir eklentiler:
[ Cozica Eklentisi

Tamam

Cozamleme Arag Takimi - VBA
] Euro Para Birimi Araclan

Cazimleme Arac Takimi

Istatiksel v miihendislik amagli cézimleme igin veri
cozamleme araclan saglar

DOT

v (© ® « f| =B3"B3-2

B D

X (%)
[ 2|=B3*B3-2||

E

ntt Goster ?' Cozlch

IFRR SRSV N R

nt Gizle

Iw | Gozimleme

Solver

S| Hedef hiicreyi hesaplamak igin \
kullanilan hiicrelerdeki dederleri
degistirerek hedef hiicrenin en
uygun degerini bulan durum
¢Gzdmleme araci.

7 SOLVER.XLAM
Press F1 for add-in help.




Hedef Ayarla:

Hedef: () En Bayik

Degisken Hiicreleri Degistirerel

$8$3

Kistlamalara Baghdir:

() En Kugiik

Coztict Parametreleri

$Cs3

(®) Degeri:

=

=

Tumini Srfirla

Yilkle/Kaydet

Kistlanmamis Dediskenleri Pozitif Yap

Gozme Yontemi Segin

Dilzg al ol
problemlert igin

ma)
Basit LP alf

Dogrusal Olmayan GRG

v Segenckler

yan Goziicii Problemleri igin GRG Dogrusal Glmayan altyapisin secin. Dogrusal Goziici
Ityapisini secin ve diizgiin olmayan Coziici problemleri icin Agilim altyapisint segin.
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2.18 PROBLEMS

1.414213333  -6.48766E-07

PROBLEM 1 Find the roots ol e o 8 e 8 by using bisection method

PROBLEM 2 Calculate/l by using one of the root finding method

PROBLEM 3

D=2r

A spherical tank of radius r is filled withliguid of height h. The
Volume of liquid (V) in the tank is given by he following eqaution
Tz » 17

If r=1 mand V= 0.5 ffind the liquid height

Note : due to geometry of a sphere h can not be less than 0 and
not be bigger than D=2r. The maximum amount of liquid ths
spherical container can be taketi$8879 m (you do not need this
data to solveproblem)

PROBLEM 4 Find the roots of Qe  ®wd "Qds t18oy usingone of the root finding method

2108
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PROBLEM 5 Find the roots ofQe AT AT GE p by usingone of the root finding method



20.05 =)

1615 |
1225 |
835 |
L 4440

0549 |

-3381
-7.251]
-11.18]
-15.051

-18.95]
0 05 10 13 0 i3 0 55 k0 i 0
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PROBLEM 6 Find the roots of Qe @ U&Hw o0@w T 0&® w wa&) oy usingone of the root
finding methodTry x;=4 and °

i)

LTI TTE TR R TR R PR PR PR

PROBLEM 7 Function I e » ¢Q ‘Q  has only one real root. Find the root bu using Newton
Raphson method. Use as starting valgrelx

0 61 b2 b1 b4 && Be &7 be bes om

PROBLEM 8
Find all real roots of functionQe @& X& cw p& T YU T XW P B GO

anzg ™

L=} -

1310847 R
00 iz &4 Gsw 48 fm  fz B4 Be  10E i

PROBLEM 9 Findrootsof functiorf ¢ OA® ca
. /
E /
T e

BRI
20 ]
a0 ]
40
50

0 02 b4 066 08 10 12 14 16 179 199

PROBLEM 10 For Turbulent flow inside of a pip@e>2300) friction coefficient inside of a pipe can be
calculated by using Colebrook equation.

o f0 @ p
— B e Q— ——
. 0—& !Y‘Q"Q

Re is Reynolds numbeg,is surface rougnes§Vrite a program to calculate total pressure drop in the pipe for a
given Renumber, pipe diameter, pipe length and local pressure drop coefficient.

f : friction coefficient

D pipe diameter

Hint : Change the colebrook equation into the form



® O 8w é & Yo

Then find the root of the equation whete —

Use Haaland equation to obtaing the first estimate of the solution which has the form of

., . -TO 8 o
i Pl E D= Y

PROBLEM 11
In round smooth tubes for turbulent flow region Fanning friction factor is given as:
—. p& o x YQQ m
This equation is valid for 4 * 1< Re < 3 * 16 By using one of the root finding methods, calculate
friction factor for Re=5000. You can utilize any root finding method you learned so far.
Note: You can assume that f is changing between 0,00D#id
PROBLEM 12
van der Waalgquation of state for the gases

U — — Inthis equation

w XYY
O ———
QeTO

- Yy
W —

Redlich ve Kwongequation of states

0 — ——— Inthis equation

Y Y Y8

w 18 ¢ X 1—537

. Y'Y

AR N

02, for oxygenP:=5.043 MPa T.=15458 K M=31.999 kg/kmol
N2, for nitrogenP:=3.39 MPa T=126.2 K M=28.013 kg/kmol.

R=8314.5 J/kmolK
Beredict-WebbRubin (BWR) equation of state

. OYYYEY 6 8FTY YOO & ® o
v — 5 S — — p — Q
0] 0] V) L L L
Gas Ao Bo Co.10° A B c.108 a.10? 910
0)) 1.49880 | 0.046524 | 0.0038617 | -0.040507 | -0.00027963 -0.00020376 0.008641| 0.359
N2 1.1925 0.0458 0.0058891 | 0.01490 0.00198154 0.000548064 | 0.291545| 0.75

Develop a program to calculate v when T and P is giBgrusing
A) van der Wals equation of state : gas : oxygen and nitrogen
B) Redlich Kwongequation of state : gas : oxygen and nitrogen
C) Benedictwebb rubinequation of state : gas : oxygen
D) Benedictwebbequation of state : gas : nitrogen
E) Compare the result with ideal gas equation —

PROBLEM 13
Find the root of functiof(x)=x %2 + x% + 1 with the limits of x;=-1, %=0, %=1 ny using miier method.
PROBLEM 14
Find the root of functiof(x)=x*-20x¢-25x?+100x+130by using Leguerremethod
PROBLEM 15
Find the root of fuctiorfi(x)=x?+1.
PROBLEM 16
For a paralel flow heat exchanger Number of transfer unit(NTU) and effectivehesgiétion given as follows
P Qunst Yy 6
p o
After the experiments for a specific heat exchanger NTU=1.98@Jartd574is found from the experiment




a) Determine the rangé* . For this startC*=0.1and increase 0.1 in each step

b) CalculateC* by using false position method.
PROBLEM 17
Two end of5 cmlong plate with crossection of 0.1ca20 cmplate is held aB80 °C ve 60 °CThe
environmental temperatureTs = 10 °C convective heat transfer coefficidwt15 W/n? K. Bar cross sectional
areaA=2x10* m?, and perimeteP=0.402m.In the experiment mid poifx=0.025 mjtemperature is found as
T=67.5 °C In this conditions, temperature distribution in the bar is given as

YUY o@§Q 8 p Q8

In this equation m is defined as: — 8

a) Find the range of m, siag fromm=5, and increasing 5 at each step.

b) Solve m by using NewteRaphson method

c) Determine thermal conductivity coefficient k from this value.

PROBLEM 18
The cost of the heat exchanger(M), is defined as a function of the length of heat excatigengter of the heat

exchanger, D as M=900 + 1100 B°L + 320 DL In the optimization study the length of the heat exchanger

is found as L=1.3 m and the cost as M=1900 TL. Find the diameter of the heat exchanger.

PROBLEM 19
An instrument 20000°L worth is purcahased with no first payment and 4000 TL annual payment for 6 years.
Calculate the interest rate applied by using secant method.
; aQ p
Qp »p
In the equation P is the present worth, A is the annual payment, i is the iaterastis the number of payment
years.

PROBLEM 20
In order to heat a substance to a required temperature the energy equation is given as
0 ,a6Q™Mxkitliji iile bulunmaktad

A substance with an initial temperature of 30 °C, with a mass m=0.2 lkgaisd to some temperature
and total energy spend is calculated3®69.7 kJ The specific heat of the sstlance is given with the
equationC,=41.8% 1.6748 T + 0.007537 T2 (kJ/kg K). Find the final temperature by usingskiction
method.

PROBLEM 21

Find the roots of(x) = x3-6x>+11x-6.1 by using Legurre method

PROBLEM 22 Find the root(s) of the following equation in the range-8f4,3.5]
W =0  LoEia
ng* pm
PROBLEM 23 Find the root(s) of the following equation

8
"Qw pop 0Q TP

PROBLEM 24 In celestial mechanic& e p | e r 6 s is inpoutantt Ii reads =y 1 Usiny, in whichxis a

pl anet 6 s mgitaecceatric anomalyyaidthe eccentricity oits orbit. TakingU= 0.9, construct a

table ofy for 30 equally spaced valuesxin theinterval 0to . Us e Newt ondés met hod to ob
y. They correspondingo anx can be used as the starting point for the iteration wheichanged slightly.

PROBLEM 25 A trough of length_ has a cross section in the shape of a semicircle with radiisen filled
with water to within a distandeof the top, the volum¥ of water is



w -

® 0mi i ACAGEIQI 0 T
Suppose L=1 m, r=0.25 m and V=0.05 Rind the depth of watgh

PROBLEM 26 Following functionsand root values are given. Investigate number ddtiterthey are taken
when Newton, Halley, Abbasbandy, Thiele 1 and Thiele 2 methods are used.

f(x)=x>+4x*- 25 X =2.035268481182
f(x)=x*-e-3x+2  x =0.25753028549
f(x)=x>-10 X = 2.1544346900B2
f(x)=cosx)- x X =0.739085133215
f(x)=sin®(x)- xX*+1  x =1.404491648215
f(X)=x2+sin(x/5)-1/4 X =0.4099920178B9

2
X -1
PROBLEM 27 (a) Use bisectiont§ nd t he s mal lofahe function fs(K)t=icot@X) z -6—2%
X
(b) Did you remember to plot the function before using bisection?

c) repeat using theot by NewtorRaphson, lllinois, Halley, Abbasbandy , Thielel and Thiele 2 methods. Find
the number of iteration it takes in each case.

PROBLEM 28 In time dependent heat transfer, heat transfer of a Wall where both sides are exposed to
convective heat ansfer with convective heat transfer coefficient h and temperagugeshown in the figure
(reference Fundamentals of heat and mass traimsfierpera, DeWitt, Bergman

| Fwo-7,

-

T h

t

Time dependent temperature differefmesuch awall is given by the equation

. TL-T, & 2 «
@ = T° T -4 C, exp¢ x;Fo) cosf, x )
i~ 1o n=1
at . . k e - .
Where Fo = F is Fourier number t is time(second}, = —— s thermal diffisuvity coefficient, L is the half

P
length of the Wall. In order to solve coefficiemts(eigenvalues) the following equation shb e solved.

Bi ._hL
tanx, - — = Owhere Bi = s is Biot number, h is thermal covection coefficient and k is thermal
X

n
conductivity of the Wall material. Assume Bi number is given and developed an algorithm to solve first 4 roots



of thex,. In order to help you The first 4 roots of the equation for various Bi number are given in the following
table.

Bi= T & & & &
0 0 3.1416 6.2832 9.4248
0.001 0.0316 3.1419 6.2833 9.4249
0.002 0.0447 3.1422 6.2835 9.4250
0.004 0.0632 3.1429 6.2838 9.4252
0.006 0.0774 3.1435 6.2841 9.4254
0.008 0.0893 3.1441 6.2845 9.4256
0.01 0.0998 3.1448 6.2848 9.4258
0.02 0.1410 3.1479 6.2864 9.4269
0.04 0.1987 3.1543 6.2895 9.4290
0.06 0.2425 3.1606 6.2927 9.4311
0.08 0.2791 3.1668 6.2959 9.4333
0.1 0.3111 3.1731 6.2991 0.4354
0.2 0.4328 3.2039 6.3148 9.4459
03 0.5218 3.2341 6.3305 9.4565
0.4 0.5932 3.2636 6.3461 9.4670
0.5 0.6533 3.2923 6.3616 9.4775
0.6 0.7051 3.3204 6.3770 9.4879
0.7 0.7506 3.3477 6.3923 9.4983
0.8 0.7910 3.3744 6.4074 9.5087
09 0.8274 3.4003 6.4224 9.5190
1.0 0.8603 3.4256 6.4373 0.5293
1.5 0.9882 3.5422 6.5097 9.5801
2.0 1.0769 3.6436 6.5783 9.6296
3.0 1.1925 3.8088 6.7040 9.7240
4.0 1.2646 3.9352 6.8140 9.8119
5.0 1.3138 4.0336 6.9096 9.8928

PROBLEM 29 Solve equatior3® x° =1
PROBLEM 30 Calculate all roots of the following polynomials

f(x)=x>- x*+2x- 2
f(x) =3.704x° +16.3x* - 21.97x+9.34

PROBLEM 31A watercontainer filled to H=5 m level. Total height of the container is HT=8 meters. At the top

of water air with 300 kPa and 27 C existed. The top of the storage tank is closed. Diameter of the container is 10
m. Water § discharged through a pipe of d=0.2 m in diameter and L=5 m in length. There is a globe valve at this

pipe (KL=0.2). Calculate velocity of the discharge water as a function of time

Hava 300 kPa
t=0 saniye

Kvana=0.2

d=0.2m

d=10m L=sm

NONLINEAR SYSTEM OF EQUATIONS (ROOTS OF SYSTEM OF EQUATIONS)
NEWTON-RAPHSON METHOD
One dimensional divton-Raphson Formula was:

@ 0 — (4.1.2)
If the equation format changed a little, it can bé@ten in the form of
Yo ) — (4.1.2)



N Yo "Qw (4.1.3)

Now the same equation can be considered for a system diheanequation

'L % o

ve e g ) Yo Y% M § (4.15)
11 8 |"| S’/d) “Q
u Y

So multidimensional NewteRaphson equation becomes

n"Q Yoo Q  (4.1.6)

The equation can be solved by using tecgniques such as gauss elimination. Aesiintiale for all the x values
are required to start iterative solution

First example function
fo(Xo0,X1)=Xo>+ Xo X1-10
f1(Xo0,X1)=X1+3 Xo X1%-57
W W W

ow P PO

PROGRAM 4.1-1 NA29 : Newton Raphson method both function and derivatives are defined

n"Q

#function set

function func(x)

# system of noitinear equation
ff=zeros(Float64,2)
f1]=x[1]*x[1]+x[1]*x[2] -10.0
ff2]=x[2]+3.0*x[1]*x[2]*x[2] -57.0
return ff

end

#single function with reference number i
function fi(f,x,i)

# system of no#linear equation

y=f(x)

return y[i]

end

#first derivative
function dfunc(func,x)
global dx=0.001
global c=[1.0/280.04.0/105.0 1.0/5.0 -4.0/5.0 0 4.0/5.0 -1.0/5.0 4.0/105.01.0/280.0]
n=length(x)
ff=zeros(Float64,n,n)
global yy=ff[1]
x1=zeros(Float64,n)
for iegn=1:n
for ix=1:n
for i=-4:4
# create x1set for derivative input
#
for k=1:n
xx=x[K]
if kl=ix
X1[K]=xx
else
delta=Float64(i)*dx
x1[k]=xx+delta
end
end # for k
#
ff1=fi(func,x1,ieqn)




ffliegn,ix]+=c[i+5]* ff 1
yx=fflieqn,ix]
end # for i
ffliegn,ix]/=dx
yx=ffliegn,ix]
end # for ix
end # for ieqn
return ff
end # for function

function gauss_pivot(Al,b)
n=size(Al1)[1]
carpan=0.0
toplam=0.0

globalx=Array{Float64}(undef,n)
global a=Array{Float64}(undef,n,n)

for i=1:n
for j=1:n
afi,jJ=A1li.]]
end
end
for k=1:n
#pivoting
p=k
buyuk=abs(a[k,k])
for ii=k+1:n
dummy=abs(a[ii,k])
if dummy > buyuk
buyuk=dummyp=ii
end #if dummy
end #for ii
if p=k
for jj=k:n
dummy=a[p,jj]
a[pjil=a[k.jj
alk,jjl=dummy
end #for jj

dummy=b][p]
b[p]=b[k]
b[K]=dummy
end #if p!
# gauss elimination
for i=k+1:n
carpan=ali,k]/a[k,k]
a[i,k]=0.0
for j=k+1:n
a[i,j]=ali,j] -carpan*alk,j]
end #for |
b[i]=b[i] -carpan*b[k]
end #for i
end #k
# back substituting
X[n]=b[n}/a[n,n]
nl=n1l
fori=n1:-1:1
toplam=0.0
for j=i+1:n
toplam=toplam-+al[i,j]*x[j]
end #for j
X[i]=(b[i] -toplam)/a[i,i]
end #for i




return x
end #function

function newton(func,x)
# NewtorrRaphson root findig method
k=length(x)
nmax=100
tolerance=1.04.0
for i=1:nmax
fx=func(x)
dfx=dfunc(func,x)
dx=gauss_pivot(dfx,fx)
for j=1:k
X[i=x[i] -dxi]
end # for j
total=0.0;
for j=1:k
total+=fx[j]
end # for j
if abs(total)<tolerance
return x
end
end #for i
return x
end # function

x=[1.0 1.0]

y=func(x)

dy=dfunc(func,x)

printin("x = $x\ny = $y dy = $dy")
r=newton(func,x)

printin("r = $r")

---------- Capture Output---------

> "C:\co\Juliabin\julia.exe" NL_newton.jl

x=[1.01.0]

y =[-8.0,-53.0] dy = [2.999999999998608 1.0000000000000218; 2.9999999999981983 6.999999999992484]
r=[2.03.0]

> Terminated with exit code 0.

If the same pblem is solved by hand starting from the initial guess x={1,2}
NewtonRaphson Noflinear equation solution

Initial guess
x0 1
x1 2
4 1 dx0 |7
12 13 dx1 | 43
3 4 1 dx0 | 7
0 10 dx1 | 22
dx0 1.2
dx1 2.2
Firstiteration result
x0 2.2
x1 4.2
8.6 2.2 dx0 | -4.08
52.92 56.44 dx1 | -63.624
6.153488 8.6 2.2 dx0 | -4.08
0 42.90233 dx1 |-38.5178




dx0 -0.24475

dx1 -0.8978

Second iteration results

X0 1.955252

x1 3.302199
7.212702 1.955252 dx0 | -0.27964
32.71355 39.73977 dx1l |-10.2654

4.535547 7.212702 1.955252 dx0 |-0.27964
0 27.70816 dx1 | -8.54467

dx0 0.044827

dx1 -0.30838

Third iteration results

X0 2.000079

x1 2.993818
6.993975 2.000079 dx0 |0.011814
26.88883 36.92723 dx1 | 0.2264

3.844571 6.993975 2.000079 dx0 | 0.011814
0 29.23778 dx1 | 0.180979

dx0 -8.1E05

dx1 0.00619

x0 1.999998

x1 3.000008
7.000003 1.999998 dx0 | 4.94E07
27.00014 37.00005 dx1 | -0.00022

3.857161 7.000003 1.999998 dx0 | 4.94E07
0 29.28574 dx1 |-0.00022

dx0 2.24E06

dx1 -7.6E06

Fourth iteration results

X0 2

x1 3
7 2 dx0 | 1.2E11
27 37 dx1 | -4E-11

3.857143 7 2 dx0 | 1.2E11
0 29.28571 dx1 | -8.6E11

dx0 2.56E12

dx1 -2.9E12

Fifth iteration results

x0 2

x1 3

The problem steps including numerical derivative is evaluated step by step as :
NewtorrRaphson Noitinear equation solution

Initial guess
x0 1
x1 2
4.0000 1.0000 dx0 | 7.0000
12.0000 13.0000 dx1 | 43.0000
3 4 1 dx0 |7
0 10 dx1| 22
dx0 1.2

dx1

2.2

dx0 0.01
x0+dx0 1.01
x0+2dx0 1.02
x0-dx0 0.99
x0-2dx0 0.98
x1+dx1l 2.01
x1+2dx1 2.02
x1-dx1 1.99
x1-2dx1 1.98

f1(x0+dx0,x1)
f1(x0+2dx0,x1’
f1(x0-dx0,x1)
f1(x0-2dx0,x1)
f1(x0,x1+dx1)
f1(x0,x1+2dx1’
f1(x0,x2dx1)
f1(x0,x22dx1)

-6.9599
-6.9196
-7.0399
-7.0796
-6.99
-6.98
-7.01
-7.02

f2(x0+dx0,x1)
f2(x0+2dx0,x1;
f2(x0-dx0,x1)
f2(x0-2dx0,x1)
f2(x0,x1+dx1)
f2(x0,x1+2dx1’
f2(x0,x2dx1)
f2(x0,x22dx1)

-42.88
-42.76
-43.12
-43.24
-42.8697
-42.7388
-43.1297
-43.2588



First iteration result

x0 2.2

x1 4.2
8.6000 2.2000 dx0 | -4.0800
52.9200 56.4400 dx1 | -63.6240

6.153488 8.6000 2.2000 dx0 | -4.0800
0 42.90233 dx1|-38.51777

dx0 -0.244748

dx1 -0.897801

Second iteration results

X0 1.955252

x1 3.302199
7.2127 1.9553 dx0 | -0.279637
32.7135 39.7398 dx1 | -10.26541

4.535547 7.212702 1.955252 dx0 | -0.279637
0 27.70816 dx1 | -8.544666

dx0 0.044827

dx1 -0.308381

Third iteration results

x0 2.000079

x1 2.993818
6.9940 2.0001 dx0 ] 0.011814
26.8888 36.9272 dx1]0.2264

3.844571 6.993975 2.000079 dx0 | 0.011814
0 29.23778 dx1 | 0.180979

dx0 -8.09E05

dx1 0.00619

x0 1.999998

x1 3.000008

dx0
x0+dx0
x0+2dx0
X0-dx0
X0-2dx0
x1+dx1
x1+2dx1
x1-dx1
x1-2dx1

dx0
X0+dx0
X0+2dx0
x0-dx0
x0-2dx0
x1+dx1
x1+2dx1
x1-dx1
x1-2dx1

dx0
x0+dx0
x0+2dx0
x0-dx0
x0-2dx0
x1+dx1
x1+2dx1
x1-dx1
x1-2dx1

HOMOTOPY OR CONTINUATION METHODS

0.01
221
2.22
2.19
2.18
4.21
4.22
4.19
4.18

0.01

1.9653
1.9753
1.9453
1.9353
3.3122
3.3222
3.2922
3.2822

0.01

2.0101
2.0201
1.9901
1.9801
3.0038
3.0138
2.9838
2.9738

f1(x0+dx0,x1) 4.1661
f1(x0+2dx0,x1; 4.2524
f1(x0dx0,x1) 3.9941
f1(x0-2dx0,x1) 3.9084
f1(x0,x1+dx1) 4.102
f1(x0,x1+2dx1; 4.124
f1(x0,xtdx1) 4.058
f1(x0,xt2dx1) 4.036

f1(x0+dx0,x1) 0.351864
f1(x0+2dx0,x1 0.424291
f1(x0-dx0,x1) 0.20761
f1(x0-2dx0,x1) 0.135783
f1(x0,x1+dx1) 0.29919
f1(x0,x1+2dx1’ 0.318742
f1(x0,xtdx1) 0.260085
f1(x0,x¥2dx1) 0.240532

f1(x0+dx0,x1) 0.058225
f1(x0+2dx0,x1; 0.128465
f1(x0-dx0,x1) -0.081654
f1(x0-2dx0,x1) -0.151294
f1(x0,x1+dx1) 0.008186
f1(x0,x1+2dx1; 0.028187
f1(x0,xtdx1) -0.031815
f1(x0,x:2dx1) -0.051816

f2(x0+dx0,x1)
f2(x0+2dx0,x1;

f2(x0-dx0,x1)

f2(x0-2dx0,x1)
f2(x0,x1+dx1)
f2(x0,x1+2dx1;

f2(x0,x2dx1)

f2(x0,x22dx1)

f2(x0+dx0,x1)
f2(x0+2dx0,x1’

f2(x0-dx0,x1)

f2(x0-2dx0,x1)
f2(x0,x1+dx1)
f2(x0,x1+2dx1;

f2(x0,xtdx1)

f2(x0,x%2dx1)

f2(x0+dx0,x1)
f2(x0+2dx0,x1;

f2(x0-dx0,x1)

f2(x0-2dx0,x1)
f2(x0,x1+dx1)
f2(x0,x1+2dx1;

f2(x0,x2dx1)

f2(x0,x22dx1)

64.1532
64.6824
63.0948
62.5656
64.18906
64.75544
63.06026
62.49784

10.59255
10.91968
9.938276
9.61114
10.6634
11.06255
9.8686
9.472962

0.042488
0.311377
-0.495288
-0.764177
0.143472
0.514545
-0.595072
-0.962544

In topology, two continuous functions from oteological space to another are cal@inotopic(from Greek
and U @e6d t

efd

a deformation being calledremotopy between the two functions.
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When a problem afystem of nonlinear equations of the form F(x)=0 desired to be solved, another
interesting solution method is Homotopy or Continuation method. Assume that solution set to be
found is x*. Consider a parametric function| &4 in the form of
(4.3.2)
Wherel =0 coresponds to initial guess of the solution , x(0) ,and whetevalue correspods the
actual solution set x(1)= x*
It is desired to be found Gf) = 0 thereforedr | =0 equation becomes
G(l x) =G(0,x) = F(x)- F(x(0)) and fol =1 (4.3.4)
0=G(1x) = F(X)
Therefore x(1)=x* solution set will be obtained. If a functionl &) satisfies the above eqi@i can

befound, it will also gve us the solution. Function G is called a homotopy between the function

G( x) =1 F(x) + (1-1 )[ F(x) - F(x(0)) ]

(4.3.2)

(4.3.4)



G(0,x) and G(1,x)=F(x) (4.3.5)
In order to find such a function, it is assumed to have a function
G(l ,x)=0 is existed and pthal derivative of this function with respectitcand x will also be zero

2 _®u1y n (4.3.6)
i f I)xsd@sélated form this equation, it becomes:
@ 1) |0 '® (437

|
fOlY I& @ 4 & B @ 1 equatiorOEshbstituted into the differential equation

& r)
:M :: ' ' ' .. Dl (4.3.8)

] I I | N

u U
Forms a Jacobian matrix. and
P onn (439
Differential equation becomes
1) ——  06l) OGm w1 p (43.10)
It is possible to solve such a differential equation by using initial value problem approaches,
solution at x(1) will be given us the roots of the system of equation. Solutions of initial value
problems will be given latter chapters in details, but A foartler RungeKutta solution will

be defined here to solve our homotopy problem. If equation

— (%] (4.3.11)is given the 4th order Rungéutta method to numerically solve this

differential equation is defined as:

Xi+1 = X + (1/6)*( ki + 2k +2kst+ka)h (4.3.12)

klzf(| i,Xi)

ko=f(l {+0.5h,%+0.5kh)

ks=f(l i+0.5h,x+0.5kh)

ka=f(l i+h,x +ksh)

In these equations h is finite difference step size. Solution starts by using the initidl=x@|ue(0)

and adds h intb in each iteration step. The example program uses 4tealand 6th degree Runge

Kutta method to solve homotopy(Continuation problem). It should be note that Homotophy method is
less dependent to initial value compare to methods such as NBaptison thefore one possibility

is to approachsolution with a relatively rough estimate with homotophy following with a Newton
Raphson type of method. In the following code methods of Homotophy with 4th and 6th order Runge
Kutta methods and combination of Homotoptith 4th order Rung&uttaand NewtorRaphson

method is given.

Program 4.3 1 Homotophy (Contiuation) method(java version)
function func(x)
ff=zeros(Float64,3)
ff[1]=3.0*x[1] -cos(x[2]*x[3])-0.5
fi2]=x[1]*x[1] -81.0*(x[2]+0.1)*(x[2]+0.1)+sin(x[3])+1.06
ff[3]=exp(-x[1]*x[2])+20.0*x[3]+(10.0*pi-3.0)/3.0
return ff
end

#single function with reference number i
function fi(f,x,i)

# system of no#linear equation

y=f(x)

return y[i]

end

#first derivative




function dfunc(func,x)
global dx=0.001
global ¢=[1.0/280.04.0/105.0
n=length(x)
ff=zeros(Float64,n,n)
global yy=ff[1]
x1=zeros(Float64,n)
for iegn=1:n
for ix=1:n
for i=-4:4
# create x1set for derivative input
#
for k=1:n
xx=x[K]
if kl=ix
X1[K]=xx
else
delta=Float64(i)*dx
x1[K]=xx+delta
end
end # for k
#
ff1=fi(func,x1,ieqn)

1.0/5.0 -4.0/5.0 0

ffliegn,ix]+=c[i+5]* ff1
yx=ffliegn,ix]
end # for i
fflieqn,ix]/=dx
yx=ffliegn,ix]
end # for ix
end # for ieqn
return ff
end # for function

function continuationRK4(f,x,N)

4.0/5.0 -1.0/5.0 4.0/105.01.0/280.0]

#

# Roots of nonlinear system of equations Homotophy RK6
# 4.th order Rung&utta

#yi+l = yi + (1/6)*( KL + 2k2 +2k3+k4)h

# k1=f(xi,yi)

# k2=f(xi+0.5h,yi+0.5k1h)

# k3=f(xi+0.5h,yi+0.5k2h)

# ka=f(xi+h,yi +k3h)

#

# x vector of independent variables
# y vector of dependent variables
# dy derivative vector of dependent variables
nmax=400
tolerance=1.020
n=length(x)
h=1.0/Float64(N)
global b=zeros(Float64,n)
x1=zeros(Float64,n)
A= zeros(Float64,n,n)
b=-h*f(x)
fori=1:N

x1=x

A=dfunc(f,x1)

k1=A\b

kk=0.5*k1

x1=x+kk'

A=dfunc(f,x1)

k2=A\b

kk=0.5*k2

x1=x+kk'

A=dfunc(f,x1)




k3=A\b
kk=k3
x1=x+kK'
A=dfunc(f,x1)
k4=A\b
c=[1.0/6.0 2.0/6.0 2.0/6.0 1.0/6.0]
kk=c[1]*k1
kk+=c[2]*k2
kk+=c[3]*k3
kk+=c[4]*k4
x+=Kkk'

end

return x

end

function newton(func,x)
# NewtorrRaphson root finding method
k=length(x)
nmax=100
tolerance=1.04.0
for i=1:nmax
fx=func(x)
dfx=dfunc(func,x)
dx=dfx\fx #gauss_pivot(dfx,fx)
for j=1:k
X[i1=x[i] -dx[j]
end # for j
total=0.0;
for j=1:k
total+=fx[j]
end # for j
if abs(total)<tolerance
return x
end
end #for i
return x
end # function

x=[11 1]

x= continuationRK4(func,x,10)
print("x continuation : $xn")
x=newton(func,x)

print("x newton : $Xn")

print("x : $x\n")

—————————— CaptureOutput----------

> "C:\cdJulidbin\julia.exe" continuity.jl

x continuation : [0.49996826695190789723398572444335-0.5235991652361665]
X newton : [0.51.81723061024014#7 -0.5235987755982989]

x : [0.5-1.81723061024014%7 -0.5235987755982989]

> Terminated with exit code 0.

JACOBK, -SBKBEL AND RELAXATI ON MENBAR SYSTEMO@R NON
EQUATIONS

Iterative solution methods of linear system of eqaution were investigated in the previous chapter. The same
methods can also be appliedstulve norlinear system of equations. There are no guarantee that these type of
soutions will be converged. In this method the basic nonlinear set of eqaution first converged as

Mo T Q mE Q mE (4.4.1) from the original form to

® Qo Q mE Q mE orinanopen form:

o "Q 6 hwho Feg
o "Q o fedn
é. .

o Q6 hwho Feg

So out iterative set of eqaution will be
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Thevalue could be between 0 andrlbigger than 1Let us give an emple problem as:
o AT dw m™ ™
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When we converged the system of equation, it will become:

© Aldw ™ 7To

o —2 mhip
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Program list igyiven as follows:

Program JacobiGauss_seideand relaxation method

#Nonlinear gauss_seidel

#function set

function func(x)

# system of notinear equation
g=zeros(Float64,3)
g[1]=(cos(x[2]*x[3])+0.5)/3.0;
g[2]=sqrt((x[1]*x[1]+sin(x[3]+1.06))/81.00.1;
9[3]=(-expx[1]*x[2]) -(10.0*pi-3)/3.0)/20.0;
return g

end

function gauss_seidel(f,x,alpha)
global n=length(x)
global xx=zeros(Float64,n)
global xx1=zeros(Float64,n)
global g=zeros(Float64,n)
global delta=0.0
for i=1:n

xx[i]=x{i]
end

printin("Initial estimation xx= $xx alpha = $alpha")
g=zeros(Float64,n)
iter=500
for k=1:iter
fori=1:n
XX [i]=xx[i]
end #for i
delta=0.0
for j=1:n
g=f(xx)
zx1=alpha*g[j]
zx2=(1.0alpha)*xx[j]
zx3=zx1.+zx2
xx[j]=zx3
xjil=  xx[j] -xx1[j]
delta=delta+abs(xj1)
z1=xx[j]
end #for j
if delta<lel5
printin(“iteration number = $k delta = $delta")
break




end # if
end # for k
return xx
end # function

x=[1.01 1.012 1.0121]

alpha=0.1

x=gauss_seidel(func,x,alpha)

print(“iterative norlinear relaxation method $x")

Gauss_seidetelaxation method

> "C:\coJulidbin\julia.exe" NL_gauss_seidel.jl

Initial estimation xx=[1.01, 1.012, 1.0124lpha =0.1

iteration number = 331 delta = 9.328475492065286

iterative nonrlinear relaxation method [0.4999995683317303)030731824419162224).523675664150972]
> Terminated with exit code 0.

> "C:\coJulidbin\julia.exe" NL_gauss_seidel.jl

Initial estimation xx=[1.01, 1.012, 1.0124lpha = 0.2

iteration number = 160 delta = 9.5149582657327816&

iterative nonrlinear relaxation method [0.499999568331730800307318244191897810.52367566430974]
> Terminated with exit code 0.

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" NL_gauss_seidel.jl

Initial estimation xx=[1.01, 1.012, 1.0124lpha = 0.5

iteration number = 54 delta = 6.9519043299770546

iterative norlinearrelaxation method [0.49999956833173@10030731824419208394).523675664150975]
> Terminated with exit code 0.

> "C:\coJulidbin\julia.exe" NL_gauss_seidel.jl

Initial estimation xx=[1.01, 1.012, 1.0124lpha =0.8

iteration number = 25 delta = 2.8796409701215k5

iterative norlinear relaxation method [0.499999568331730604)030731824419212824).5236756641509752]
> Terminated with exit code 0.

---------- Capture Output---------

> "C:\coJulidbin\julia.exe" NL_gauss_seidel.jl

Initial estimation xx=[1.01, 1.012, 1.0124lpha = 1.0

iteration number = 7 delta = 4.163336342344331¢

iterative nonlinear relaxation method [0.49999956833173004)030731824419213266).5236756641509752]
> Terminated with exit code 0.

PROBLEMS

PROBLEM 1

Solvethe following system of ncfinear equations
4x,2-20%+0.25%%+8=0

0.5X1X22+2X1+8:0

By using

a) Newton raphsomethod

b) Continuity(Homotopy) method

PROBLEM 2

Solvethe following system of notlinear equations
3x12-cos(xxz) - 0.5=0

4%12-6.25%*+2x3-1=0

€1*2+20x:+(10p-3)/3=0



By using
a) Newton raphsomethod
b) Continuity(Homotopy) method
PROBLEM 3
Solvete following system of notinear equations
X1(1- X1) + 4% 12 =0
(X1-2)?+(2%2-3)?-25 =0
By using
a) Newton raphsomethod
b) Continuity(Homotopy) method
PROBLEM 4
Solvethe following system of nefinear equations
Sin(4px1x2)-2X2-x1=0
— Q Q ™ v 7
By using
a) Newton raphsomethod
b) ContinuityHomotopy) method

PROBLEM 5

Solvethe following system of ncfinear equations
10%-2%%+X2-2X%3-5=0

8%2+4%32-9=0

8xox3+4=0

By using

a) Newton raphsomethod

b) Continuity(Homotopy) method

OPTIMIZATION

DEFINITION OF OPTIMIZATION AND GRAPHIC METHODS
Optimizationis the name given to maximum or minimum finding process. When it is considered in
mathematically, the root of the derivative of the function defines the optimum point.
0@
Qw
As the mathematical process, maximum and minimum is sipriteresses because
maximum (f(x)) = minimum{(x))

Tt



el

f(x)

-1(x)

As a first example to one dimensional Hovearoptimization Plotting will be utilsed.
Mathematically plotting means to dibide the region into n equal parts and investigifa¢eregion of
the minmum.

PROGRAM plots asoptimization example

using Plots

fa(c)=2c/(4.0+0.8c+c"2+0.2*c"3)

x1=-1:0.01:10

plot(fa,x1,title="Optimisation function plotting example",label="y=fa(c)",ylims-8.4,0.0),xaxis = "c",yaxis = "fa(c)")

B GKS OtTerm - m] X
Optimisation function plotting example

00

E —0.2 //
using Plots
fa(c)=2c¢/(4.0+0.8c+c"2+0.2*c"3)
x1=-1:0.01:10
plot(fa,x1,title="Optimisation function plotting
example" label="y=fa(c)",xlims=(0.0,2.5),ylims =0(4-0.3),xaxis = "c",yaxis = "fa(c)")
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—0.350
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using Plots
fa(c)=2c¢/(4.0+0.8¢c+c"2+0.2*c"3)
x1=1:0.01:10
plot(fa,x1,title="Optimisation function plotting example",label="y=fa(c)",xlims=(1.5,1.7),ylims
0.370;0.368),xaxis = "c",yaxis = "fa(c)")
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—03680

-0.3685

falc)

—03690 -

—0.3695 -

—0.3700
150 155 160 165

As it is seen from the plot windows, a guess of 1.5634 can be obtained dptithem point.

ONE DIMENSIONAL NON -LINEAR FIBONNACH | SEARCH (GOLDEN SEARCH)
METHOD
Series 0,1,1,2,3,5,8, 13, 21,I|8efintiénisirsthedoamof ed f i bonn
F(nN)=F(n1)+F(n2) F(0)=0, F(1)=1
Forthe big fibonnaci terms the ratiah two following fibonnachi number becomes constant. This
constant is known as golden ratio,

Y o E“!Oé p W p TP YMNoowYPw

o "O¢ C

If a minimum being searched in a given region (a,c). In order to deerraiminimum is existed,

region should be divided up into three selions. This requires avaluation of two intermediate data
points. Neigbors of the minimum point remains and the third region is eliminated. In the new
avaluation a new two points will lequired. Golden ratio is given us a fine propery so that one of the
selected points will always be one of the new search point. So that only one new point will be
evaluated in each step of the evaluation.




fe)

fla)
\ , bl
)
a b2 bl ¢

Figure 5.31 Golden ratio s#ch

If minimuminin region [a,c] is required

The length of the regn will be dO=(¢ a) .

Then b1l is taken as b1=a+d0*R

And b2 is taken as b2 =iad0*R = a + dO*R

And if it is assumed that minimum is in point b2, region¢pwill be thrown. Our new region will be
d1l1=dO0*Rindanl acaj

new b1l is taken as bl=a+d1*R=a+d@%hich is the same as previous b2.

New b2 is taken n as b2 F @d1*R =a + d1*R=a + dO*R.

Since one of the point is the same, evaluation of only one new point is required for each serptidhe
Algorithm of Golden search is given in Program-%.3

PROGRAM 5.2-1 Golden Ratio or Fibonnachi search

# OPTIMIZATION Golden search or fibonnachi method
function golden(f,a,b,epsilon,delta,print)

# find the minimum of the function
# note maxiram f(x) = minimum §f(x))
rl = (sqrt(5.091.0)/2.0 # golden ratio
r2 =rl*rl
h=b-a
ya = f(a)
yb = f(b)
c=a+r2*h
d=a+rl*h
yc = f(c)
yd = f(d)
k=1
dp=0.0
dy=0.0
p=0.0
yp=0.0
while absyb-ya)>epsilon || h>delta
k+=1
if yc<yd
b=d
yb =yd
d=c
yd =yc
h=b-a
c=a+r2*h




yc =f(c)
else
a=c
ya=yc
c=d
yc =yd
h=b-a
d=a+rl*h
yd = f(d)
end #end of if
end #end of while
dp = abs(ka)
dy = abs(ykya)
p=a
yp =ya
if yb<ya
p=b
yp=yb
end # if
if print==1
print("x min = $pymin = $yp error of x = $dp error of y $dy")
end # if
return p
end # function

using Plots

a=0.5

b=1.7

fa(c)=2c/(4.0+0.8c+c"2+0.2*c"3)

r= golden(fa,a,b,1.0&0,1.0€5,0)

fr=fa(r)

print("optimisation value = $r function value = $fr")

x1=r-0.5:0.01:r+0.5

plot(fa,x1,title="Optimisation function plotting example" label="y=fa(c)",xlims8(5,r+0.5),ylims = (fr
0.05,fr+0.05),xaxis = "c",yaxis = "fa(c)")

---------- Capture Output---------

> "C:\co\Juliabin\julia.exe" opt_fibonnachi.jl

optimisation value = 1.5678909109047903 function valu@.3696348522520682
> Terminated with exit code 0.

B GKS Ot Term - [m) X
Optimisation function plotting example

y=falc)

—032 -

=034 -

12 14 16 18 20




Fibonacchi (Golden search) cptimisatio... [&J

OK

optimisation value : 1.5678850037928538
Function value : -0.36963485225060366

e

|

If search method is investigated step by step :

PROGRAM 5.2-1A Golden Ratio or Fibonnachi searchby excel

a b h c d o vd

1 2 1 1.381966 1.618034 | -0.366410476 | -0.369427868
1.381966011] 2 0.618034 1.618034 1.763932 | -0.369427868 | -0.366711114
1.381966011] 1.763932 | 0.381966 1.527864 1.618034 | -0.36949646 | -0.369427868
1.381966011] 1.618034 | 0.236068 1.472136 1.527864 | -0.368819066 | -0.36949646
1.472135955 1.618034 | 0.145898 1.527864 1.562306 | -0.36949646 | -0.369632208
1.527864045 1.618034 | 0.09017 1.562306 1.583592 | -0.369632208 | -0.369614176
1.527864045| 1.583592 | 0.055728 1.54915 1.562306 | -0.36960486 | -0.369632208
1.549150281] 1.583592 | 0.034442 1.562306 1.570437 | -0.369632208 | -0.369634304
1.562305899 1.583592 | 0.021286 1.570437 1.575462 | -0.369634304 | -0.369630023
1.562305899 1.575462 | 0.013156 1.567331 1.570437 | -0.369634826 | -0.369634304
1.562305899 1.570437 | 0.008131 1.565412 1.567331 | -0.369634332 | -0.369634826
1.565411519 1.570437 | 0.005025 1.567331 1.568517 | -0.369634826 | -0.369634819
1.565411519 1.568517 | 0.003106 1.566598 1.567331 | -0.369634711 | -0.369634826
1.56659776 | 1.568517 | 0.001919 1.567331 1.567784 | -0.369634826 | -0.369634851
1.567330897| 1.568517 | 0.001186 1.567784 1.568064 | -0.369634851 | -0.36963485
1.567330897| 1.568064 | 0.000733 1.567611 1.567784 | -0.369634846 | -0.369634851

Graphic exit of the function

-0.333

5=ft

-0.337

-0.341

0344

-0.348

-0.381

-0.355

-0.359

-0.362

-0.366

-0.370

ONE DIMENSIONAL NON -LINEAR QUADRATIC POLYNOMIAL METHOD

Golden search islmear search method, it will always Works if a minimum(Maximum) is existed in
the given region. But convergence speed is relatively slow. A quadratic search sborétctily be
given values dser to the actual optimum value.

f(a)

a d b o ¢



Minimum value of a qudratic equation is given with the Formula

Q0 o ™

After finding point d, point b is replaced with this point and iteration continues.

Quadratic polynomial search

# OPTIMIZATION Golden search or fibonnachi method
function OPT_quadratic_poly(f,x0,x1,x2,epsilon,delta,printl)

maxit=100
global fO = f(x0)
global f1 = f(x1)
global f2 = f(x2)
global f3 =2
global x3 = 0.0
h =x1-x0
k=1
dd=abs(f1f0)
while dd>epsilon || h>delta
k+=1
x3=(fO*(x1*x1-x2*x2)+f1*(x2*x2 -x0*x0)+f2*(x0*x0 -x1*x1))/(2*f0*(x1 -x2)+2.0*f1*(x2-x0)+2.0*2*(x0-x1))
f3=f(x3)
printin("x3 = $x3 {3 = $f3")
if X3 >=x0 && x3<x1
x2=x1
f2=f1
X1=x3
f1=f3
elseif x3>=x1 && x3<x2
x0=x1
fo=f1
X1=x3
f1=f3
elseif x3>x2
x0=x1
fo=f1
x1=x2
f1=f2
X2=x3
f2=f3
elseif x3<x0
X0=x3
fO=f3
x1=x0
f1=f0
x2=x1
f2=f1
end #if
dd=abs(f1f0)
h=abs(x1x0)
if(k>maxit)
break
end # if
end #end of while
if(printl==1)
printin("x = $x3 f = $f3 ")
end
return x3
end # function




using Plots

x0=1.0

x1=1.5

x2=2.0

epsilon=1.€10

delta=1.0€el0

print1=0

fa(c)=2.0c/(4.0+0.8c+c"2+0.2*c"3)

r= OPT_quadratic_poly(fa,x0,x1,x2,epsilon,delta,printl)
fr=fa(r)

print("optimisation value $r function value = $fr")
x1=r-0.5:0.01:r+0.5

plot(fa,x1,title="Optimisation function plotting example",label="y=fa(c)",xlims8(b,r+0.5),ylims = (fr
0.05,fr+0.05),xaxis = "c",yaxis = "fa(c)")

> "C:\co\Julidbin\julia.exe" OPT_quadratic_poly.jl

x3 = 1.624045801526718 f3-8.3693761003047835
x3 = 1.5707114578848842 {3-6.3696341798401909
x3 = 1.5689145983133213 f3-68.36963476342950463
x3 = 1.5679570580017286 f3-6.36963485186545303
x3 = 1.5679088123360234 {3-68.36963485222046666
x3 = 1.5678909680728423 {3-6.3696348522520535
x3 = 1.5678897945555532 {3-68.36963485225224363
x3 = 1.5678894677852748 {3-6.3696348522522551
x3 = 1.5678894305561077 f3-68.36963485225225534
x3 = 1.5678894698582673 f3-8.3696385225225506
x3 = 2.0 f3 =0.35714285714285715

x3 = 1.5678906524892626 {3-8.3696348522521276
x3 = 1.5678892563835765 f3-8.36963485225225295
optimisation value = 1.5678892563835765 function valu@.36963485225225295
> Terminated with exit code 0.

ONE DIMENSIONAL NON -LINEAR NEWTON -RAPHSON METHOD

Newton Raphson is investigated as one of the root finding methods. Due to the fact that roots of the
derivatives of a function is also given the optimum point makes Newton method a cendidate to find
optimum through the roots of the derivative of the function.

Minimum of f(x)

Rootsof Qw —— ™
Newton raphson formula

Program 5.5-1 NewtonRaphson method
#first derivative
function df(f,x)
dx=0.001
¢c=[1.0/280.04.0/105.0 1.0/5.0 -4.0/5.0 0 4.0/5.0 -1.0/5.0 4.0/105.61.0/280.0]
ff=0.0
for i=-4:4
fi+=c[i+5]*f(x+dx*i)
end
return ff/dx
end
#second derivative
function d2f(f,x)
dx=0.001




¢=[-1.0/560.0 8.0/315.0-1.0/5.0 8.0/5.0205.072.0 8.0/5.61.0/5.0 8.0/315.61.0/560.0]
ff=0.0
for i=-4:4
ff+=c[i+5]*f(x+dx*i)
end
return ff/(dx*dx)
end
#third derivative
function d3f(f,x)

dx=0.001
c=[-7.0/240.0 3.0/10.0 -169.0/120.0 61.0/30.00.0 -61.0/30.0 169.0/120.0 -3.0/10.0
7.0/240.0]
ff=0.0
for i=-4:4
ff+=c[i+5]*f(x+dx*i)
end
return ff/(dx*dx*dx)
end

function newton(f,x)

nmax=100

tolerance=1.040

for i=0:nmax
dfx=df(f,x)
d2fx=d2f(f,x)
x-=dfx/d2fx
printin("i = $i x = $x dfx = $dfx d2fx = $d2fx")
if abs(dfx)<tolerance

return x

end #f

end #for

return x

end #function

using Plots

x0=1.001

epsilon=1.€10

delta=1.0el0

print1=0

fa(x)=1.0/3.0*x*x*x-2*x

x= newton(fa,x0)

fx=fa(x)

print("optimisation value = $x function value = $fx")
x1=x-0.5:0.01:x+0.5

plot(fa,x1,title="Optimisation function plotting example",label="y=fa(x)",xlims=%6,x+0.5),ylims = (fx
0.05,fx+0.05),xaxis = "x",yaxis = "fa(x)")

---------- Capture Outpu---------

> "C:\co\Juliabin\julia.exe" opt_newton.jl

i =0 x=1.4995009989832748 dfx-6.9979990000000115 d2fx = 2.0020000000712037
i=1x=1.4166390181909343 dfx = 0.24850324595151324 d2fx = 2.9990019979643514
i=2x=1.41421563870902 dfx = 0.006866107861130087 d2fx = 2.8332780368785055
i=3x=1.414218623746328 dfx = 5.87276912170087¥pd2fx = 2.8284312770122253

i =4 x=1.4142135623731422 dfx = 4.21624540836163d2fx = 2.8284271249763053
optimisation value = 1.4142135623731422 function valu£.8856180831641267

> Terminated with exit code 0.
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BISECTION METHOD

Bisection method is an important root finding method. By definition of optimisation which optimum
point is the root of the derivative of the function, optimum van be obtained by finding root of
derivative function

#first derivative

function df(f,x)

dx=0.001

¢=[1.0/280.0-4.0/105.0 1.0/5.0 -4.0/50 O 4.0/50 -1.0/5.0 4.0/105.0-1.0/280.0]
ff=0.0

for i=-4:4

ff+=c[i+5]*f(x+dx*i)

end

return ff/dx

end

function opt_bisection(f,a,b)
b1=1.1*b
r=(a+b)/2.0
fr=~(r)
fa=df(f,a)
eps=1.0&6
nmax=100
i=1
while abs(fr)>eps && i<nmax
if fa*fr<0
b=r
else
a=r
fa=fr
end
r=(a+h)/2.0
fr=df(f,r)
i=i+1
end
if i>=nmax
r=bisection(f,a,bl)
end
return r
end

function enlarge(f,x0,dx)
# enlarge region untill a root is existed
x1=x0
x2=x1+dx
NTRY=200
FACTOR=1.001
j=0




if x1 == x2
print(“input variables are wrong")
end
f1=f(x1)
f2=f(x2)
for j=1L:NTRY+1
if f1*f2 < 0.0
break
else
Xx2=x2+dx
f2=f(x2)
end
end
return x2
end
a=0.0
b=2.0
fa(c)=2.0c/(4.0+0.8c+c"2+0.2*c"3)
r= opt_bisectiond,a,b)
fr=fa(r)
print("optimum value : $r f($r) = $fr")
fr=fa(r)

> "C:\coJulidbin\julia.exe" opt_bisection.jl
optimum value : 1.5678863525390625 f(1.5678863525390625,3696348522514579
> Terminated with exit code.

NEWTON-RAPHSON METHOD FOR NONLINEAR MULTIVARIABLE OPTIMIZATION

Sir Isaac Newton Josph Rahson

Root finding of multivariable functions by using NewiBaphson method was prevously investigated.
By remembering that optimum poiistthe root of the derivative of the function, the method can be
utilise also to find optimum point.

If function f(x1,X2,X3, € y) X First and second derivative and independent difference vector of the
function can be written as:
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NewtonRaphson iteration for (m+1) th iteration
0 n"Q

As it is seen from the equationiearsystem of equation is formed. The equatian besolved by
using methodsuch as gauss elimination. An initial estimate for all the x values are required to start
iterative solutionSecond derivartive matrix is also called a Hessian matrix. First and second



derivatives can also be calculated numerigdilyt that will increase the errors orthe number of
iteration steps. The system of equation can also be written as:

1 O n"Q
In this format™© is the inverse Hessian matrikvectord is written in open form, it becomes
W W () n"Q

As a more general definition of this equation a step funetioan be added into the term. It becomes
W W | O n"Q

In NewtonRaphson method step functians equal to unityln some other methods different

utilisation of this genel description will be invetigated.

Newton optimisation method
#function set
function func(x)
ff=3.0*x[1]*X[1] -4.0*X[1]*X[2]+2.0*x[2]*x[2] -X[1]-X[2]
return ff
end

#single function with reference number i
function fi(f,x,i)

# system of notinear equabn
y=dfunc(f,x)

return y[i]

end

#first derivative
function dfunc(func,x)
global dx=0.001
global c=[1.0/280.04.0/105.0 1.0/5.0 -4.0/5.0 04.0/5.0 -1.0/5.0 4.0/105.0-1.0/280.0]
n=length(x)
ff=zeros(Float64,n)
global yy=ff
x1=zeros(Float64,n)
for ix=1:n
for i=-4:4
# create x1set for derivative input
#
for k=1:n
xx=X[K]
if kl=ix
x1[K]=xx
else
delta=Float64(i)*dx
x1[k]=xx+delta
end
end # for k
#
ffl=func(x1)
ff[ix]+=c[i+5]*ff1
yx=ff[ix]
end # for i
fffix]/=dx
yx=ff[ix]
end # for ix
return ff
end # for function

#second derivative
function d2func(func,x)
global dx=0.001
global c=[1.0/280.04.0/105.0 1.0/5.0 -4.0/5.0 04.0/5.0 -1.0/5.0 4.0/105.0-1.0/280.0]
n=length(x)
ff=zeros(Float64,n,n)
global yy=ff[1]
x1=zeros(Float64,n)
for iegn=1:n
for ix=1:n
for i=-4:4
# create x1set for derivative input
#
for k=1:n




xx=x[K]

if kl=ix
X1[K]=xx

else
delta=Float64(i)*dx
x1[k]=xx+delta

end

end # for k

#
ff1=fi(func,x1,ieqn)
fflieqn,ix]+=c[i+5]*ff1
yx=ffliegn,ix]
end # for i
ffliegn,ix]/=dx
yx=ffliegn,ix]
end # for ix
end # for iegn
return ff
end # for function

function gauss_pivot(Al,b)
n=size(A1)[1]
carpan=0.0
toplam=0.0
global x=Array{Float64}(undef,n)
global a=Array{Float64}(undef,n,n)
for i=1:n
for j=1:n
afi,j]=A1i.j]
end
end
for k=1:n
#pivoting
p=k
buyuk=abs(a[k,k])
for ii=k+1:n
dummy=abs(alii,k])
if dummy > buyuk
buyuk=dummyp=ii
end #if dummy
end #for i
if p!=k
for jj=k:n
dummy=alp,jj]
a[p,jjl=alk,jjl
alk,jjl=dummy
end #for jj

dummy=Db[p]
b[p]=b[K]
b[k]=dummy
end #if p!
# gauss elimination
for i=k+1:n
carpan=a[i,k]/a[k,k]
a[i,k]=0.0
for j=k+1:n
ali,j]=ali,j] -carpan*a[k,j]
end #for |
b[i]=b[i] -carpan*b[K]
end #for i
end #k
# back substituting
x[n]=b[n]/a[n,n]
nl=n1
fori=n1-1:1
toplam=0.0
for j=i+1:n
toplam=toplam-+a[i,j]*x[j]
end #for |
X[i]=(b[i] -toplam)/a[i,i]
end #for i
return x
end #function

function newton(func,x)




# NewtorRaphson root finding method
k=length(x)
nmax=100
tolerance=1.040
for i=1:nmax
fx=dfunc(func,x)
dfx=d2func(func,x)
dx=gauss_pivot(dfx,fx)
for j=1:k
X[1=x{]] -dx[]
end # for
total=0.0;
for j=1:k
total+=fx[j]
end # for
if abs(total)<tolerance
return x
end
end #for i
return x
end# function

x=[1.0 1.0]

y=func(x)

dy=dfunc(func,x)

d2y=d2func(func,x)

printin("x = $x\ny = $y dy = $dy d2y = $d2y")
r=newton(func,x)

printin("r = $r*)

---------- Capture Outpu---------

> "C:\co\Julidbin\julia.exe" NL_newton.jl

x=[1.01.0]

y =-1.0 dy = [1.0000000000000988,.0000000000000855]

d2y = [6.0000000000161124.0000000000098553.9999999999164455 3.9999999999791522]
r = [1.0000000000000777 1.2500000000001292]

> Terminated with exit code 0.

Julia haptimisation library as package, This package can be use to carry out Newton optimisation

lusing Pkg; Pkg.add(AOpti mo)

#Newton Optimisation by using Optim LBFGS

using Optim
func(x)=3.0*x[1]*X[1]-4.0*x[1]*x[2]+2.0*x[2]*x[2] -x[1]-X[2]
x=[1.0 1.0]

z=optimize(func,x, LBFGS())

print(z)

x=Optim.minimizer(z)

print("x = $x")

#y=func(x)

y=Optim.minimum(z)

print("\nminimum = $y")

julia> include("opt_newtonl.jl")
* Status: success

* Candidate solution
Final objective value: -1.125000e+00

* Found with
Algorithm: L-BFGS

* Convergence measures

x- x| =1.3961 M 0.0e+00

[ - X'J/|X'| =1.1161M0.0e+00

[F(x) - (x| = 1.39602 M 0.0e+00

[f(x) - F<))/IF(x)| = 1.2302 M 0.0e+00
lg(x)| =1%10 O08 . 0e

* Work counters




Seconds run: 1 (vs limit Inf)

lterations: 2

f(x) calls: 7

nf(x) calls: 7
X =[0.9999999999994034 1.2500000000357743]
minimum =-1.1249999999999991
julia>

NELDER 7 MEAD SIMPLEX NONLINEAR MULTIVARIABLE OPTIMIZATION
METHOD

y
John Nelder Roger Mead
The simplex method developed by Nelder and Mead method is a multidimensional search method .
Simplex is an n dimensional geometric entity. It contains (n+1) points in n dimensional@pace.
method uses the concept ddienplex which is a speciglolytopof N + 1 vertices inN dimensions.
Examples of simplices include a line segment on a line, a triangle on a pletmahadronn three

dimensional space andsofortRe qui red processes for the simplex

in the figure

Starting simplex
contraction
high
low

reflection with expansion

@r e %
A

P
4 ! multilevel contraction

0
'."' e
,,,,,,
R

Process can be given as follows

1 1. Order according to the values of the vertices:
l ) l ) E l o,
1 2. Calculatexo, the center of gravity off all points except+x
1 3. Reflection: Compute reflected poitd w | @
If the reflectedpoint is better than the second worst, but not better than the best, i.e.:
B B 1.
then obtain a new simplex by replacing the worst paint with the reflected point.xand go to step
1 4. Expansion:
If the reflected point is the best point so I"’» l e Then compute the expanded point
W 0w o W
If the expanded point is better than the reflected ;.inL I e, then obtain a new simplex



by replacing the worst point,x1 with the expanded pointxandgo to step 1.
Elseobtain a new simplex by replacing the worst pointpwith the reflected point,xand gao
step 1.

Else(i.e. rdlected point is worse than second worst) continue at step 5

1 5. Contraction:

Here, itis certain that[j e, [ o.

Compute contracted poidg, @ , " @ @ ,

If the contracted point is better than the worst pointl.o% B

then obtain a new simplex by replacing the worst paint with the contracted point.xand go to

step 1.

Else go to step 6.

1 6. Reduction:

For all but the best point with

o & , G G forall® ¢lBRE p gotostepil
Note: » hatg and,, are respectivelyhe reflection, the expansion, the contraction and the shrink
coefficient. Standard values are  hs fe 7 andd T
For thereflection, since x+ 1 is the vertex with the higher associated value among the vertices, we can
expect to find a lower value at the reflection gf xin the opposite face formed by all vertices point x
except X+ 1.
For theexpansion if the reflection point xis the new minimum along the vertices we can expect to
find interesting values alortpe direction from xto x.
Concerning theontraction: If f(x;) > f(x») we can expect that a better value will be inside the simplex
formed by all the vertices.x
The initial simplex is important, indeed, a too small initial simplex can lead to askeaadh,
consequently the NM can get more easily stuck. So this simplex should depend on the nature of the
problem.Instead ofgiven n+1 point same process can be done by giving one point and a change vector by
defining

@ 0 | Ab whereifi=jl =lelseif i, jl1=0.

For example:

if 0 W andQ® Qw
W Qw
W ® Q® W W

@ W W w Quw W
W W [ W Qw

Figure 6.21 Movements of the neldé&lead simplex element to find the optimum point
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Nelder and Mead simplex method

# 6-2. Nelder and Mead Simplex multivariable nonlinear optimization method
# Nelder & Mead 1965 Computer J, v.7, SRE3.

function nelder(fnelder,a,da)
maxiteration=100
tolerance=1&
global pavg=0.0
i=1
=1
flo=0.0
ilo=1
fhi=0.0
ihi=1
fnhi=0.0
inhi=1
fe=0.0
fr=0.0
fc=0.0
fcc=0.0
n=length(a)
nl=n+1
x=zeros(Float64,n1,n)
x1=zeros(Float64,n)
global p=zeros(Float64,n1,n1)
fl=zeros(Float64,n)
fori=1:nl
for j=1:n
if i==j
x[i.j]=afj]+daf]]
XL[1=X[i.j]
pli.jT=x[i.j]
else
x[i,j]=alj]
X1[]=x[i.]]
pli.j1=x[i.]]
end # if i==j
end # for j=1:n
pli,n1]=fnelder(x1)
end # for i=1:n1
# Inlet variable definitions
# fnelder : abstraanultivariable function f(x)
# x : independent variable set of n+1 simplex elements
# maxiteration : maximum iteration number
# tolerance :
NDIMS =n
NPTS =n1
FUNC =n1
ncalls =0
ave = zeros(Float64,NDIMS)
# reflect
r =zeros(Float64,NDIMS)
# shrink:
c=zeros(Float64,NDIMS)
# shrink all dimensions
cc=zeros(Float64,NDIMS)
# expand
e = zeros(Float64,NDIMS)
# construct the starting simplex ###HH#H#H#H#
#p [NPTS,NPTS¥ [row,col] = [whichvx,coord,FUNC]
z=zeros(Float64,NDIMS)
best = 1e99
global pavg=0.0
# #HiHHHHHE calculate the first function values for the simplex ##H##H#HH#
iter=1
for iter=1:maxiterabn
# #### define lo, nhi, hi (low high next_to_high ####H##




#printin("Block 1 : entry to iter loop iter= $itén")
#show(lOContext(stdout, :limit=>false), MIME"text/plain"(), p)
#printin("\n flo= $flo thi $thi fnhi = $fnhi fr = $fr fe= $fe fc = $fc fcc=$fan")
ihi=1
fnhi=0.0
inhi=1
fe=0.0
fr=0.0
fc=0.0
fcc=0.0
ilo=1
ihi=1
inhi =-1 #-1 means missing
flo = p[1,FUNC]
fhi = flo
sterr=0.0
for i=2:NPTS
if p[i,FUNC] < flo
flo=p[i,FUNC]
ilo=i
end #if p[i,FUNC] < flo
if p[i, FUNC] > fhi
fhi=p[i,FUNC]
ihi=i
end # p[i,FUNC] > fhi
end # for i=1:NPTS

fnhi = flo
inhi = ilo
for i=1:NPTS

if (i = ihi) && (p[i,FUNC] > fnhi)
fnhi=p[i,FUNC]
inhi=i
end # if (i = ihi) && (p[i,FUNC] > fnhi)
end # for i=1:NPTS
HiH#H exit criteria #iHHHEHE
ix=iter % (4*NDIMS);
ifix==1
# calculate the average (including maximum value)
pavg=0.0
for i=1:NPTS
pavg+=p[i,FUNC]
end # for i=1:NPTS
pavg/=NPTS
tot=0.0
for i=1:NPTS
tot=(p[i,FUNC}-pavg)*(p[i, FUNC}pavg)
end # for i=1:NPTS
sterr=sqrt(tot/NPTS)
for j=1:NDIMS
z[jl=plilo,j]
end # for j=1:NDIMS
best = p[ilo,FUNC]
end # if (iter % 4*NDIMS) ==
##/ calculate avarage without maximum value ###
ave = zeros(Float64,NDIMS)
for i=1L:NPTS
ifi l=ihi
for j=1:NDIMS
ave[j] +=p[i,j]
end # for j=1:NDIMS
end #if i = ihi
end # for i=1:NPTS
for j=1:NDIMS
ave[j] /= (NPTS1.0)
end # for j=1:NDIMS
Hit# reflect #tHH#HH
for j=1:NDIMS
rj] = 2.0*ave[j] - p[ihi,j]
ri=rfj]
r2=ave[j]




r3=pl[ihi,j]
#print("j = $j r = $rl ave = $r2 pihi,j = $13")
end # fo j=1:NDIMS
fr = fnelder(r)
if (flo <= fr) && (fr < fnhi) # in zone: accept
for j=1:NDIMS
plihi,j] = rfj]
end # for j=1:NDIMS
p[ihi,FUNC] = fr
continue
end # if (flo <= fr) && (fr < fnhi)
if fr<flo ## expand
for j=1:NDIMS
e[j] = 3.0*ave[j] - 2.0*p[ihi,j]
end # for j=1:NDIMS
fe = fnelder(e)

if fe <fr
for j=1:NDIMS
plihi,j] = e[j]

end # for j=1:NDIMS
plihi,FUNC] = fe
continue

else
for j=1:NDIMS

plihi,j] = r[j]

end # for j=1:NDIMS
plihi,FUNC] = fr
continue

end # if fe <fr

end #if fr < flo

#H#HHHE shrink:
if fr < fhi
for j=1:NDIMS
c[j] = 1.5*ave[j] - 0.5*p[ihi,]]
end # for j=1:NDIMS
fc = fnelder(c)
if fc <=fr
for j=1:NDIMS
plihi,j] = cfj]
end # for j=1:NDIMS
plihi,FUNC] = fc
continue
else ###/ shrink
for i=1:NPTS
if il=ilo
for j=1:NDIMS
p[i.j] = 0.5*pilo,] + 0.5*p[i j]
X1[j]=pli.j]
end # for j=1:NDIMS
p[i,FUNC] = fnelder(x1)

end #if i!=ilo
end # for i=1:NPTS
continue

end #if fc <=fr
end # if fr < fhi
if fr>=thi #/
for j=1:NDIMS
cc[j] = 0.5*ave[j] + 0.5*p[ihi,j]
end # for j=1:NDIMS
fcc = fnelder(cc)
if (fcc < fhi)
for j=1:NDIMS
plihi,j] = ccfj]
end # for j=1:NDIMS
plihi,FUNC] = fcc
continue
else
for i=1:NPTS
if (i 1= ilo)




for j=1:NDIMS
pli.j] = 0.5*pfilo,j] + 0.5*p[i,]]
x1[j]=pli,j]
end # for j=1:NDIMS
p[i,FUNC] = fnelder(x1)
end # if (i I=ilo)
end # for i=1:NPTS
end # if (fcc < fhi)
end # if fr >=fhi
end # for iter=1:maxiteration
return z
end

function nelder(fnelder,a)

n=length(a)

da=zeros(Float64,n)

fori=1:n
dx=0.1*rand(Float64)
da[i]=dx*a[i]

end # for

return nelder(fnelder,a,da)

end # function

func(x)=(x[1]-2.0)*(x[1]-2.0)*(x[1]-2.0)*(x[1]-2.0)+(x[2]}- 1.0)*(x[2]-1.0)+
3.0%(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)
a=[1.0 2 3]

z=nelder(func,a)

print("\nz = $z")

---------- Capture Output ----------
> "C: \co\Julia\bin\julia.exe" opt_nelder_mead.jl

z =[1.9998420725538413, 0.9999993740596262, 1.0116906510607162]
> Terminated with exit code 0.

EXAMPLE PROBLEM
It is desired to find the minimum of functioffx1,x2)=3x1?-4x1x2+2x2%-x1-x2 with the initial value ofx}=[ -2,2]
Function written in java :

func(x)=3.0*x[1]*X[1]-4.0*x[1]*x[2]+2.0*x[2]*x[2] -x[1]-X[2]
a=[-2.0 2]

z=nelder(func,a)

print("\nz = $z")

---------- Capture Output---------
> "C:\coJulidbin\julia.exe"opt_nelder_mead.jl

z =[0.9999999887469639, 1.249999982589196]
> Terminated with exit code 0.

Nelder-Mead actual amobea movement for the example function
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EXAMPLE PROBLEM

As a second example factory space selection problem is taken. In this preldeynity has a

number of potential customer. In order to minimize transportation cost of the product new factory
should be located in a place minimizing the following function

C-
€
8‘
€
€

0

WhereN; population of the city and, x andy; are location of the city. x,y are the location of the
factory. Following city location function is given as a test function in file city.txt

Population X coordinate of the city Y coordinate of the city
10 0 0
10 0 1
10 1 0
10 1 1

Population : 10 Population: 10

Location: (0,1) Location: (1,1)

N ) /,
™ S
. /-

qulnrv"

Location:(0.5,0.5)
p ~
-
e N
e N

/ N

Population : 10 Population : 10
location : (0,0) Location: (1,0)

It is clearthat optimum point for such a data will be located at [0.5,0.5]. In the example program
nelder mead method is taken from class NA41

factory placementoptimization
function func(x)
n=4
a=[10.0101010;0.0011;0.0101]
ff=0.0
for i=1:n
ff;=a[1,i]*((><[l] -a[2,i])*(x[1] -a[2,i])+(x[2]-a[3,i])*(x[2] -a[3,i]))
en
return ff
end # function




a=[1.0 1]
z=nelder(func,a)
print("\nz = $z")

---------- Capture Output---------
> "C:\cd\Julidbin\julia.exe" opt_nelder_mead.j|

z =[0.5000000019636436, 0.5000000043279331]
> Terminated with exit code 0.

| 4] CantourPlot
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function nelder(fnelder,a)

n=length(a)

da=zeros(Float64,n)

fori=1l:n
dx=0.1*rand(Float64)
dafi]=dx*ali]

end # for

return nelder(fnelder,a,da)

end # function

function func(x)
n=4
a=[10.0 10 10 10;0.0011;0.0101]
ff=0.0
for i=1:n
ff;=a[1,i]*((X[1] -a[2,i)*(x[1] -a[2,))+(x[2]-a[3,])*(x[2] -a[3,i]))
en
return ff
end # function

a=[0.1 0.1]
z=nelder(func,a)
print("\nz = $z")
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What will happen if he population of one of the city is different, for example

Population X coordinate of the city Y coordinate of the city
30 0 0

10 0 1

10 1 0

10 1 1

Population : 10 Population: 10

Location: (0,1) Location: (1,1)

Factory

Location:(0.33,0.33)

[

C
Population : 30 Population : 10
Location . (0,0) Location: (1,0)

Then optimum point will move to:

function func(x)
n=4
a=[30.0 1010 1®.001 1;0.01 Q]
ff=0.0
fori=1:n
ff;=a[1,i]*((><[1] -a[2,i)*(x[1] -a[2,i)+(x[2]-a[3,i)*(x[2] -a[3,i]))
en
return ff
end # function

a=[0.10.1]
z=nelder(func,a)
print("\nz = $z")

—————————— Capture Output---------
> "C:\coJulidbin\julia.exe" opt_nelder_mead.j|

z =[0.33333333193655074, 0.33333333362547546]
> Terminated with exit code 0.
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Let us look at a realistic version of the example problem. Cities Latitude and longitudes of Turkish cities. What
will be ideal place to locate the factory for minimisihg transportation cost. It is assumed gath person has
the same purchasing potential

The optimum factory location in Turkey:

Place Name 2021 Population Latitude Longitude
Adana, Turkey 1248900| 37 35.321335
Afyonkarahisar, Turkey 146136 | 38.756886 30.538704
Amasya, Turkey 82896 | 40.652382 35.828819
Ankara, Turkey 3517182 | 39.925533 32.866287
Antalya, Turkey 758188 | 36.884804 30.704044
Artvin, Turkey 24266 | 41.183224 41.830982
Bolu, Turkey 96629 | 40.731647 31.589813
Bursa, Turkey 1412701 | 40.193298 29.074202
Denizli, Turkey 313238 | 37.783333 29.094715
Diyarbakir, Turkey 644763 | 37.91 40.240002
Edirne, Turkey 126470 | 41.674965 26.583481
9t T Pex ¢ dzN 298004 | 38.680969 39.226398
941 A0SKANE 514869 | 39.766193 30.526714
Gaziantep, Turkey 1065975 | 37.066666 37.383331
Giresun, Turkey 98864 | 40.917534 38.392654
Hatay, Turkey 210000 | 36.200001 36.166668
Isparta, Turkey 172334 | 37.768002 30.561905
Istanbul, Turkey 14804116| 41.015137 28.97953
Izmir, Turkey 2500603 | 38.423733 27.142826
Izmit, Kocaeli, Turkey 196571 | 40.766666 29.916668
Kahramanmaras, Turke 376045 | 37.575275 36.922821
KayseriTurkey 592840 | 38.734802 35.467987
Konya, Turkey 875530 | 37.874641 32.493156
Malatya, Turkey 441805 | 38.356869 38.309669
Manisa, Turkey 243971 | 38.630554 27.422222
Mersin, Turkey 537847 | 36.812103 34.641479
bSP5SKANE ¢ 75527 | 38.626995 34.719975
Rize, Turkey 92772 | 41.025513 40.517666
Sakarya, Turkey 1042649 | 40.783333 30.4
Sanliurfa, Turkey 449549 | 37.158333 38.791668
Sivas, Turkey 264022 | 39.750359 37.015598
Tekirdag, Turkey 122287 | 40.977779 27.515278
Trabzon, Turkey 255083 | 41.002697 39.716763
Van, Turkey 371713 | 38.499817 43.378143
Yozgat, Turkey 87881 | 39.82206 34.808132
Zonguldak, Turkey 100229 | 41.451733 31.791344

function func(x)

n=36

a=[1248900 146136 82896 3517182 758188 24266 96629 1412701 313238 644763 126470
298004 514869 1065975 98864 210000 172334 148041162500603 196571 376045 592840



https://www.latlong.net/place/adana-turkey-27651.html
https://www.latlong.net/place/afyonkarahisar-turkey-19.html
https://www.latlong.net/place/amasya-turkey-88.html
https://www.latlong.net/place/ankara-turkey-2708.html
https://www.latlong.net/place/antalya-turkey-27239.html
https://www.latlong.net/place/artvin-turkey-22081.html
https://www.latlong.net/place/bolu-turkey-22895.html
https://www.latlong.net/place/bursa-turkey-11873.html
https://www.latlong.net/place/denizli-turkey-22164.html
https://www.latlong.net/place/diyarbakir-turkey-29023.html
https://www.latlong.net/place/edirne-turkey-4158.html
https://www.latlong.net/place/elazig-turkey-9384.html
https://www.latlong.net/place/eskisehir-turkey-22089.html
https://www.latlong.net/place/gaziantep-turkey-29021.html
https://www.latlong.net/place/giresun-turkey-24861.html
https://www.latlong.net/place/hatay-turkey-7282.html
https://www.latlong.net/place/isparta-turkey-22080.html
https://www.latlong.net/place/istanbul-turkey-2242.html
https://www.latlong.net/place/izmir-turkey-204.html
https://www.latlong.net/place/izmit-kocaeli-turkey-29022.html
https://www.latlong.net/place/kahramanmaras-turkey-12796.html
https://www.latlong.net/place/kayseri-turkey-9559.html
https://www.latlong.net/place/konya-turkey-22040.html
https://www.latlong.net/place/malatya-turkey-1287.html
https://www.latlong.net/place/manisa-turkey-29024.html
https://www.latlong.net/place/mersin-turkey-21358.html
https://www.latlong.net/place/nevsehir-turkey-21707.html
https://www.latlong.net/place/rize-turkey-15374.html
https://www.latlong.net/place/sakarya-turkey-9009.html
https://www.latlong.net/place/sanliurfa-turkey-29019.html
https://www.latlong.net/place/sivas-turkey-993.html
https://www.latlong.net/place/tekirdag-turkey-27881.html
https://www.latlong.net/place/trabzon-turkey-731.html
https://www.latlong.net/place/van-turkey-22165.html
https://www.latlong.net/place/yozgat-turkey-24264.html
https://www.latlong.net/place/zonguldak-turkey-22509.html

875530 441805 243971 537847 75527 92772 1042649 449549 264022 122287 255083
371713 87881  100229;

37 38.75688610.65238239.9255336.88480411.18322410.73164740.1932987.78333387.91 41.6749658.680969
39.76619387.06666610.91753486.20000187.76800241.015138B8.42373310.76666@7.57527588.7348087.874641
38.3568688.6305586.81210388.62699511.02551310.78333B7.15833389.75035310.9777791.00269B8.499817
39.82206 41.451733;

35.32133%0.53870485.8288182.866280.70404411.83098231.5898129.0742029.09471510.2400026.58348139.226398
30.52671487.38333188.39265486.1666680.5619028.97953 27.1428269.9166686.9228215.46798B2.493156
38.30966R7.42222234.64147B4.71997510.5176660.4 38.7916687.0155987.5152789.71676313.378143
34.8081321.791344]

ff=0.0

fori=1:n

ff+=a[1,i]*((x[1] -a[2,])*(x[1] -a[2,])+(x[2]-a[3,i])*(x[2] -a[3,1]))

end

return ff

end # function

a=[0.10.1]
z=nelder(func,a)
print("\n[Latitude,Longitude] = ",z)

> "C:\cd\Julidbin\julia.exe" opt_nelder_mead.jl
[Latitude,Longitude] = [39.75600091923573, 31.245720445008125]
> Terminated W|th exit code 0.
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Sakarya(40.70,30.4) could beeideal place to locate the factory. Other alternatives will be
Eskisehir(38.68,38.52 or Ankara(39.92,32.87)

Julia hasoptimisation library as a package, This package can be use to carry outMebkkoptimisation
Let us utilise the program now, to use much more cities anddifferent populations for each cities

[luuing Pkg; Pkg.add(AOpti mo)

# 6-2. Nelder and Mead Simplewrultivariable nonlinear optimization method
# Nelder & Mead 1965 Computer J, v.7, SRB3.

using Optim
func(x)=(x[1]-2.0)*(x[1]-2.0)*(x[1]-2.0)*(x[1]-2.0)+(x[2]-1.0)*(x[2]-1.0)+
3.0%(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)*(x[3]-1.0)
a=[10,2.0,3.0]

z=optimize(func,a, NelderMead())

print(z)

x=Optim.minimizer(z)

print("x = $x")

#y=func(x)

y=Optim.minimum(z)

print("\nminimum = $y")




> "C:\co\Julidbin\julia.exe" opt_nelder_mead3.jl

x =[1.99143318803141D,9999753150134735, 0.9683777585648278]
minimum = 8.995175285691&

> Terminated with exit code 0.

include("opt_nelder_mead3.jl")

* Status: success

* Candidate solution
Final objective value:  8.99517b68

* Found with
Algorithm:  Néder-Mead

* Convergence measures
a ( E®2yn01.0e08

* Work counters

Seconds run: 0 (vs limit Inf)

lterations: 65

f(x) calls: 122
X =[1.991433188031417, 0.9999753150134735, 0.9683777585648278]
minimum =8.9951752856918@

NON-LINEAR MULTIDIMENSIONAL STEEPEST DESCENT METHOD

For the n dimensional non linedéxo,x1,x2, € ) function , we would like to find minimum value of
the function. The General definition of the NewidRaphson approach can be writts:

. .

w W | O n"Q
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is Hessian Matrixa is a step function. In steepefscent method the value of inverse hes$idln' is taken as
unit vector [] Then the definition of the equation becomes:
W W | n"Q
In this method, As a first action a starting point for the iteration will be selected. If thegstartin
function is B
0 Qo o fw Mg
In each iteration step values of the function and derivatives are calculated.
Q Qo ho o FEh  k=0..n
Then for each x value is increased byvwith an unknown multipliea. In the new equation as only
unkown remains is unknown multipliar(so equation converted to a one dimensional equation as a
function ofa)
hoR hoR

Q) Mo | Q Mw | ——————ho | "B mha | h h i@

| value minimizing functior is found by using one of the one dimensional minimisation
methods. The new" value calculated by using

Y Y

W w | Q
Process continues untile error is small.
EXAMPLE PROBLEM

Find minimum value of functiofQc Foo oM TW®W CO o ®withthe initial value of



() o C( by using steepest descent method.
ook, % T P <P
Tw TW p pu
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If these values are substituted into the function

Moy o® TtOw cw o o itbecomes

Q" o ¢ ¢p” T ¢ ¢p" ¢ pVT ¢ ¢ ¢p© ¢ ¢p" ¢ pu©
Q" 00 0Pd onop

In order to find minimum of this function, analitical solution will be used in this example
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If this value is substituted int&, and x;
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The same problem is also solved in the algorithm

Program steepest descent algoritin

# Multidimensional nodinear steepest descent algorithm

# one dimensional first derivative
#first derivative

function df(f,x)

dx=0.001

¢c=[1.0/280.04.0/105.0 1.0/5.0 -4.0/5.0 0 4.0/5.0 -1.0/5.0 4.0/105.61.0/280.0]
ff=0.0

for i=-4:4

fi+=c[i+5]*(x+dx*i)

end

return ff/dx

end

#one dimensional second derivative

function d2f(f,x)

dx=0.001

¢=[-1.0/560.0 8.0/315.0-1.0/5.0 8.0/5.0205.0/72.0 8.0/5.61.0/5.0 8.0/315.01.0/560.0]
ff=0.0

for i=-4:4

fi+=c[i+5]*f(x+dx*i)

end

return ff/(dx*dx)

end

# multideimensional first derivative
# first derivative

function dfunc(func,x)

global dx=0.001




global c=[1.0/280.04.0/105.0 1.0/5.0 -4.0/5.0 0
n=length(x)
ff=zeros(Float64,n)
global yy=ff
x1=zeros(Float64,n)
for ix=1:n
for i=-4:4
# create x1set for derivative input
#
for k=1:n
xx=x[K]
if kl=ix
x1[K]=xx
else
delta=Floa®4(i)*dx
x1[k]=xx+delta
end
end # for k
#
ff1=func(x1)
ffix]+=c[i+5]*ff1
yx=ff[ix]
end # for i
fffix]/=dx
yx=ff[ix]
end # for ix
return ff
end # for function

# one dimensional reduced function
# to be utilised in one dimensional optimisation routine
function f1dim(ff1,pc,xc,x)

n=length(pc)

xt =zeros(Float64,n)

for j=1:n

xt[j]=pcfi]+x*xclj]

end # for

yy=ff1(xt)

return yy
end # function

# minimisation function

function linmin(ff1,pc,xc)
f1(x)=f1dim(f,pc,xc,x)
xi=0.0
xmin=newton(f1,xi)
return xmin

end # function

# one dimensional newteraphson (secant) optimisation
function newton(f,x)
# NewtorrRaphson(secant) optimisation method
# single variable
nmax=100
tolerance=1.040
for i=0:nmax

dfx=df(f,x)

d2fx=d2f(f,x)

x-=dfx/d2fx

if abs(dfx)<tolerance

return x

4.0/5.0 -1.0/5.0 4.0/105.01.0/280.0]




end #f
end #for
return x
end # function

# addingvectors
function add(left,right)
#addition of two vectors
nl=length(left)
n2=length(right)
if n1>=n2
nMax=n1l
else
nMax=n2
end # if n1>=n2
b =zeros(Float64,nMax)
for i=1:n1
b[i]=b[i]+left[i]
end # fori=1:nl
for i=1:n2
b[i]=b[i]+right[i]
end # for i=1:n2
return b
end # function add(left,right)

# multiplying vectors
function multiply_c_v(left,right)
# multiplying a vector with a constant
n=length(right)
b = zeros(Float64,n)
fori=1:n
b[i]=left*right[i]
end # for
return b
end # function

# steepest descent optimisation
function steepestdescent(f,x)
# steepestdescent method
ti=1.0
nmax=100
tolerance=1.040
n=lengh(x)
b =ones(Float64,n)
xc =zeros(Float64,n)
i=0
total=0.0
fori=1:n
total+=Db[i]
end # for
i=0
while iknmax && total>tolerance
xc=dfunc(f,x)
pc=x
Im=linmin(f,pc,xc)
b= multiply_c_v(Im,xc)
x=add(x,b)
total=0
for j=1:n
total+=abs(b[j])
end
i=i+1




end # while
return X
end # function

x=[-2,2]

n=length(x)

f(x)=3.0*x[1]*x[1] -4.0*x[1]*x[2]+2.0*x[2]*X[2] -X[1]-X[2]
r=steepestdescent(f,x)

print("r= $r")

---------- Capture Output---------

> "C:\co\Juliabin\julia.exe" opt_steepest_descent.jl
r=[0.9999995947658935, 1.2499992827564628]
> Terminated with exit code 0.

EXAMPLE PROBLEM
Find the minimum of théunction f(x,x2)=sin(>1)cos(x) with the initial starting point {x}=[1,0.5]
Sample function used in the problem

x=[1.0,0.5]
n=length(x)
f(x)=sin(x[1])*cos(x[2])
r=steepestdescent(f,x)
print("r= $r")

—————————— Capture Output---------

> "C:\co\Juliabin\julia.exe" opt_steepest_descent.jl
r=[1.57079635303355162.2306434420770096%]
> Terminated with exit code 0.
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STOCHASTIC METHODS: MONTE -CARLO METHOD

Monte carlooptimizationas a nethod is very simple. Pointstiaeen the given limits are selected
randomly and evaluated. When number of points increase to very high numbers, statistically there will
be a homogeneous coverege of all the search region. Record the best optimtlso flaunWhat is

achived is similar to plotting data, but in monte carlo method taken constant steps and walk through
the steps are not needed because randomness takes care of uniformithof/isen the total number

is big enough.

#function set

function func(x)
ff=1.0+cos(pi*(x[1}3.0))*cos(2.0*pi*(x[2]-2.0))/(1+(x[1}3.0)*(x[1]-3.0)+(x[2]-2.0)*(x[2]-2.0))
return ff

end

function monte_carlo_opt(func,imin,imax,N)
# monteCarlo optimisation method
min=imin
max=imax
n=length(min)
global xmax=zeros(Float64,n)
global x=zeros(Float64,n)
max_number=1.0e99
for k=1:N
for i=1:n
X[i]=min[i]+(max[i] -min[i])*rand()
end #for i=1:n
f=func(x)
if f>max_number
max_number=f
fori=1:n
xmax([i]=x{i]
end #for i=1:n
end # if f>max_number
end # for k
return xmax
end # function

imin=[-10.0-10.0]

imax=[10.0 10.0]

N=10000

r=monte_carlo_opt(func,imin,imax,N)

y=func(r)

printin("r = $ry = $y")

---------- Captue Output----------

> "C:\coJulidbin\julia.exe" opt_newton.jl

r =[3.112835283143717, 1.9680878153402759] y = 1.9065714544579773

> Terminated with exit code 0.

Sample test program:

#function set

function func(x)
ff=x[1]*sin(10.0*pi*x[1])+3.0
returnff

end

function monte_carlo_opt(func,imin,imax,N)

# monteCarlo optimisation method
min=imin
max=imax
n=length(min)
global xmax=zeros(Float64,n)
global x=zeros(Float64,n)
max_number=1.0e99
for k=1:N

for i=1:n

X[i]=min[i]+(max[i] -min[i])*rand()
end #for i=1:n




f=func(x)
if f>max_number
max_number=f
for i=1:n
xmax[i]=x[i]
end #for i=1:n
end # if f>max_number
end # for k
return xmax
end # function

imin=[-1.0]

imax=[2]

N=10000
r=monte_carlo_opt(func,imin,imax,N)
y=func(r)

printin("r = $ry = $y")

> "C:\cdJuliabin\julia.exe" opt_monte_carlo.jl
r =[1.8504975256833687] y = 4.8502714882191444

> Terminated with ek code 0.

STOCHASTIC METHODS: PARTICLE SWARM ALGORITHM

Particle swarm optimization (PSO) was developed by Kennedy and Eberhart in 1995, based on swarm behaviour
such as fish and bird schooling in nature. PSO searches the space of an objective function by adjusting the
trajectories of individual agents, callpdrticles. The movement of the particles has both stochastic and
deterministic elements. Each particle is attracted toward the best location of the given time and the best location
of the near past (a current global). It has also tendency to move randféhdy a particle finds a location that is

better than any previously found locations, then it updates it as the new current best fori paaisde

remembers all the currents best values to update a current global value. The aim is to find thegjlaibabng

all the current best values available until no more improvements are available.

@)

/ Global best
Particle i

\ Current best
@

Figure 5.23.1 Particle will attract toward the global best, current best and also move randomly

The method is given in Table 5.23.1 as pseodocodeaifdky position vector and velocity for particle i, the

new velocity vector is determined as:

0 O 1-TG w T @

Wheree; ande; are two random vectors betwe@and 1 ¢ is the current global bezf is local best.The
parametera andb are the learning parameters or acceleration constihgs initial velocity of the particles
can be taken as zero, 1. The new position can then be updateddy & 0 . Although

vi can be any values, it is boded in some range [G].

There are many variants of the standart PSO algorithm. The most noticiable one is the version in
which previous velocity function multiplied with an inertia function. This is called an accelerated
PSO.
0 —0 |- o e w

This is equivalent to introduce a virtual mass to stabilise the motion of the particles.

Table 5.23.1Particle swarm algorithm
Objective functiorf(P;), B = (o, ...,%n)i for particle i and m space dimension variable
Initialize locations? and velocityV; of n particles by random selection
Use as velocity vector:
&) - |1 OEQEO GRS T 0E QEBa Qi




Whereq is inertia functionén iterative variable betweera@d J)

a andb are learning parameters or acceleration constants
| | T wheremm [ p | e 18 fort isthe virtual time
Find Global besGPminfrom min{ f(Py) &(P,)} (att=0)

while ( criterion )

t =t +1 (pseudo time dteration counter)
for loop over alln particles and alin dimensions

Generate new velocity

Calculate new location$ 0
Evaluate objective functions at new locations
Find the current best for each partiBiain

Find the gbbal best for each particleR&nin

end for

end while
Output the final resultBminandGPmin

#function set

function func(x)

ff=(1.0-x[1])*(1.0-x[1])+100.0* (X[2]-X[1]*X[1])*(x[2] -x[1]*X[1])
return ff

end

function particle_swarm_opt(ff,mi, xxmisxmax, alphai, betai,ngenerationi)
teta=0.5
gamma=0.5
#initial population set
n=length(xxmin)
m=mi
alpha=alphai
betaO=betai
beta=betal
ngeneration=ngenerationi
x=zeros(Float64,m,n)
v=zeros(Float64,m,n)
y=zeros(Float64,m)
xmin=zeros(Float64,n)
gmin=zeros(Fdat64,n)
x1=zeros(Float64,n)
ygmin=0
x2=0
ngeneration=ngenerationi
yxmin=1.0e50
#
fori=1:m
for j=1:n
x2=xxmin[j]J+rand()*(xxmax[j}xxmin[j])
xX[i,j]=x2
x1[j]=x2
V[i,jl=rand()
end # for j=1:n
ylil=ff(x1)
y1=y[i]
if yl<yxmin
yxmin=yl
ygmin=y1
for k=1:n
xmin[k]=x[i,k]
gmin[K]=x[i,k]
end #end k=1:n
end #end if y[i]<yxmin
end #i=1:m
# end of init
#
t=0
while(t<ngeneration)
yxmin=1.0e50
x2=0




for i=1:m
for j=1:n
x2=x{i,jl+V[i,j]
x1[j]=x2
x[i,j]=x2
if x[i,j]<xxmin(j]
X[i,j]=xxmin[j]
X1[j]=xxmin[j]
end # if
if x[i,jl>xxmax[j]
X[i,j]=xxmax{j]
x1[j]=xxmax([j]
end # if
end # for
yli=ff(x1)
if y[i]<yxmin
yxmin=y[i]
for k=1:n
xmin[k]=x]i,k]
end #fork=1:n
end # if y[il<yxmin
end # for i=1:m
for i=1:m
if y[i]l<ygmin
ygmin=y[i]
for k=1:n
gmin[k]=x[i,k]
end # for k=1:n
erd # if y[i]<ygmin
end # for i=1:m
fori=1:m
for j=1:n
Vv[i,j]=teta*v[i,j]+alpha*rand()*(gmin[j]-xmin[j])+beta*rand ()*(xmin[j}-x[i,j])
end # for j=1:n
end # end for i=1:m
f1=ff(xmin)
t=t+1
beta=beta0*gamma”(0.01*t)
end # while
return gmin
end # function

xmin=[0.0 0.0]

xmax=[2.0 2.0]

m=100

alpha=2.04865767

beta=0.78742864

ngeneration=500

rl=particle_swarm_opt(func,m, xmin,xmax,alpha,beta,ngeneration)
y=func(rl)

printin("r = $r1 y = $y")

---------- Capture Outpu---------
> "C:\co\Juliabin\julia.exe" particle_swarm_opt.jl
r=[1.0,1.01y=0.0

> Terminated with exit code 0.

STOCHASTIC METHODS: BAT SEARCH ALGORITHM

Xin-She Yang (2010) [51] propose the Bat Algorithm (BA), BA is inspired by the research on the social
behavior of batsThe BA is based on the echolocation behaviour of bats. Microbats use a type of sonar
(echolocation) to detect prey, avoid obstacles, and locate their roosting crevices in the dark. These bats emit
a very loud sound pulse and listen for the echo that beureek from the surrounding objects. Their pulses

vary in properties and can be correlated with their hunting strategies, depending on the species. Based on the

above description of bat process, »She Yang proposes the Bat algorithm. The structure gfdbedo
code of the Bat Algorithm is as follows :

Table Bat Search algorithm

Objective function Q@ how B hw

Initialize the bat populatior (i= 1, n@andv é ,
Define pulse frequendyatx;

Initialize pulse rates and the loudnesa




while (t < Max Number of iterations)

{

Generate new solutions by adjusting frequency
And updating velocities and locations/solutions:

0 "0 0 0 1

U U W @0
W V]
If (rand >fi)

{ Select a solution among the best solutions
Generate a local solution around the selected best solution
}

End if

Generate a new solution by flying randomly

If (rand <A andf(x) <f(x.))

{ Accept the new solutions

Increase; and reducey

}

End if

Rank the bats and find the current bést

} End while

Postprocess results

Bats fly randomly with velocityi at positionxi with a fixed frequencymin, varying wavelength and

loudnessA0 to search the prey, they can automatically adjust the wavelength (or frequency) of their emitted
pulses and adjust the rate of pulse emissid,1], depending on the proximity of their target. Although

the loudness can vary from a large posif\deto aminimum constant valudmin b i [0,1]is a random

vector drawn from a uniform random number generator. A program using above algorithm is developed.
Code are listed below:

function func(x)
ff1=(1.0-x[1])*(1.0-x[1])+100.0*(x[2]-X[1]*x[1])*(x[2] -X[1]*X[1])
return ff1
end # function
function dist(x,i,j,n)
d=0.0
for k=1:n
d=d-+(x[i,K]-x[j,K)*(x[1,K] -x[i,K])
end # for k=1:n
d=sqrt(d)
return d
end # function

# rl=bat_opt(func,m, xmin,xmax,gamma,alpha0,alphan,ngeneration)
function bat_opt(ff,mi, xxmin,xxmax,gammai,alpha0i,alphani,ngenerationi)

# initial population set

n=length(xxmin) # number of objective function

m=mi

printin("m=$m n=$n")

x=zeros(Float64,m+1,n)

x1=zeros(Flo&@4,m+1)

I0=zeros(Float64,m+1)

xmin=zeros(Float64,n)

# x=new double[m+1,n];

# 10=new double[m+1];

# xmin=new double[n];

gamma=gammai

alphaO=alpha0Oi

alphan=alphani

alpha=alpha0Oi

ngeneration=ngenerationi

x2=0.0

imin=0

for j=1:n

xmin([j]=xxminj]+rand()*(xxmax[j] -xxmin{j])

end # for j=1:n

ymin=ff(xmin)

# end of init

1=0;

d=0.0;

t=0.0;

while I<ngeneration




# find minimum of population
for i=1:m
for j=1:n
x2=xxmin[j]+rand()*(xxmax[j]-xxmin[j])
x1[j]=x2
X[i,jl=x2
end # forj=1:n
10[i]=ff(x1)
if 10[i]<ymin
ymin=I0[i]
imin=i
for k=1:n
xmin[k]=x[i,k]
end # for k=1:n
end # if 10[i]<ymin
end # for i=1:m
for j=1:n
X[m+1,j]=xmin([j]
end # for j=1:n
I0[m]=ymin
I=1+1
fi=0.0
fi=0.0
for i=1:m+1
for j=1:n
if 10[i]<IO[j]
d=dist(x,i,j,n)
beta= I0[i]*expfgamma*d*d)
for k=1:n
#The best one will remain the rest witiange
if i'=imin
xX[i,k]=(1.0-beta)*x[i,k]+beta*x[j,k]+alpha*(rand(0.5)
end # if i'=imin
end # for k=1:n

else
for k=1:n
if il=imin
x[i,k]=x[i,k]+alpha*(rand(}-0.5)
end # il=imin

end # for k=1:n
end # if 10[i]<IO[j]
end # for j=for j=1:n
end # for i=1:m+1
#alpha will change by time
#shrink to a smaller value
alpha=alphan+(alpha8ilphan)*expft)
t=0.1*
end # while I<ngenerain
return xmin
end # function

xmin=[0.0,0.0];

xmax=[2.0,2.0];

m=500

gamma=1.0

alpha0=0.5

alphan=0.01

ngeneration=500

r1= bat_opt(func,m, xmin,xmax,gamma,alpha0,alphan,ngeneration)
y=func(xmin)

print("xmin = $rl fmin= $y")

> "C:\coJulidbin\julia.exe" bat_opt.jl

m=500 n=2

xmin =[0.99584182480588, 0.9912614074873121] fmin= 1.0
> Terminated with exit code 0.

PROBLEMS

PROBLEM 1
In a distillation tank operates with saturated steam benzetokmh is seperated. In order to obtain purest toluen in liquid
phase (maximize the toluen in the mixture) what would be the ideal temperature?



X tolierPdoyma_toliert X benzelPdoyma_benzen= P = 760 mmHg

10010(Pdoyma_ benzeh=6.9051 1211/(T+221)
10g10(Pdoyma_toliep =6.9531 1344/(T+219)

temperature degree C, pressumaHg

PROBLEM 2
Two dimensional distribution of pollution in a chanoeh be given by the equation
C(x,y)=7.9+0.13x+0.214.05%-0.016y-0.007xy

Pollution is didtributed in aegion -10 <= x <= 10 an@® <=y <= 20, find the place where the pollution is maximum
1 3 boyutlu grafik it [FE]

PROBLEM 3

A petrochemical compargeveloping a new fuel additive for commercial airplanes. Additive is consist of three components
X,Y and Z. Fort he best performance total additive in the fuel should be a6 lehét. Due o security reasons the total of
most flammable X and Y componerghould be less tha&mL/L. Componnt X should always be equal or more than the
component Y, and componet Z should be more than half of the component Y. The cost of X,Y and Z components are
0.15,0.025 ve 0.05L respectively. Find the mixing component thidl give the minimum cost.

PROBLEM 4

A food company is trying to design a new container box for preserved food that will minimise the cost of material. Total 320
cmPvolume is requested. Estetic concers limits diameter of the box in betweelDZma and the height in between 2 to 10

cm. Box will be made of steel sheet of 0.4 mm thich with densi#B06 kg/ni. The cost of box material is 37 TL. Assume

that box including top and bottom covers are made of the same material, find the box sizZélibagiven the minimum

cost. And the cost per box.

PROBLEM 5

Air enters atl bar 300Kto a3 stagecompressosystem. After each stage air is cooled down again to 300 K before entering
to the next stage. Calculate internal pressure for each stage to minimize work input to the compressors.

The work requirement for eah stage of the compressor

W=Cp(Ti T Te)=CpTi(L-Te/Ti)=kRTi/(k-1)*[1-(Pe/P) kD]

Total work fort he thre stages.

W=KRTi/(k-1)*[1-(P2/Pr)&1+ KRTi/(k-1)*[1-(Pa/P2) D+ kRTi/ (k-1)*[1-(Pa/P3)k- 1/

W= KRTi/(K-1)*[3-(PaofPr)k-Drk-(Pa/Py) k-Drk-(Py/P3) k-1)K]

(P2/P1) *(P3/P2)*(PalP3)= (Pa/P1)=27

k=1.4 G=1.005 KJ/kg K

Py T,

Work written as java function
| class f1 extends f_xj




{
public double func(double x[])

{

double ff=1.4*8.3145*300/(14)*(1-x[0]*(1.4-1)/1.4)+ 1.4*8.3145*300/(1-4)*(1-(x[1]/x[0])*(1.4-1)/1.4)
+1.4*8.3145*300/(1.41)*(1-(27/X[1])*(1.4-1)/1.4);

return ff; [/ / mini mum diefarptk maxsi mum i stendijJinden

1

answer: 3 bar an® bar

PROBLEM 6
By using the data below find the aximum poivibu can use an interpolation polynomial then mxintise
X Y
2
6
8
12
14
13
11
9
13
14.5
7

OO|N|OO|AWINF O

=
o

PROBLEM 7

Function below is given, find the maximuri<x [0]<1 -1<x [1]<1

double func(double x[])

{ double ff= 34+x[0]*(Math.sin(3.0*Math.PI*(x[0]x[1]))+x[1]*Math.sin(20.0*Math.PI*x[1]));
return ff;

}

PROBLEM 8

An antibiotic producing microorganism has a specific growth rate(g) is function of food concer{ration

If g = 2*c/(4+0.8c+&+0.26)

Find the c thatvill give te maximum growthiate.In low food concentrations growth rate drops to zero, similarly in very high
food concentrations growth rate will drop to zero due to food poisining effect. Because of this reason, valuesigger tha
10 mg/Lshould not be investigated.

PROBLEM 9
Find minimum of function
f(x)=-(1.0/((%0.3)*(x-0.3)+0.01)+1.0/((>0.9)*(x-0.9)+0.04))



