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1. PYTHON PROGRAMMING LANGUAGE BASICS
1.1 LOADING PYTHON ENVIRONMENT INTO YOUR COMPUTER

We are recommending anacanglython version. You can obtain this from
https://anaconda.org/anaconda/python

) Python : Anaconda Cloud x  +
& C () @& anacondacrg/anaconda/python g & + Q a @
2 Uygulamalar IE'den Al TURKIYE HALK BAN.. @

‘) NACCND: Search Anaconda Cloud “ Gallery About Anaconda Help Download Anaconda Sign In

danacondad / packages / python zses n

General purpose programming language

B License: PSP

# Home: http//www.python.org,
<[> Development: htt
&) Documentation: https://www. pyt
& 4171942 total downloads

9 Last upload: 1 month and 1day ago

Adress. Furthermore package include several editors to wdnk\Wé are using spyder editor, but it is
up to you to sele your own.

& Spyder (Python 3.8} - [m]

(x[11,y[31)
1d(xi, yi)

ult. To mak
Inline Plottin;

n [2]: runfile(”

Python is an interpreted language.interpreted languageis a type ofanguageor which most of its
implementations executestructions directlywithout previouslycompiling to machine language (binary)
codeinstructions. Théythoninterpreterexecutes the program directly, translating each statememhattime
language code. Elimination of compiling process makes running of the program simpler, but execution of the
program is much slower compare to compiled programming langsagbas C. Authors personel preference

for complex numerical modelling and processes languages like C, C++ or java, of which C and C++ are
compiled languages and java has two step procedure. In the first step it is compiled to a virtual code close to
machinelanguage, and then interpret this code into machine language.


https://anaconda.org/anaconda/python

1.2BASIC PROCESSESAND VARIABLES

In Python language when defining the variables, method and classes variable types is not specified.

When the data is loaded to a value into the varianigdage determine the variable type. This has

both positive and negatve effects. Very beginner programmers does not have to learn variable type

i mmadetly, but yet because the | anguage using th
properly. Passging of variables into methods(functions) and classes are a little different compare to
languages with enforced variable type specifications.

You can run the python statements directly in console environment

TG =2 2FE=dmindS B
|1 w=2.3%s1in(pi/f4.8)

6]: y=x%*2+3.2%x+

But it is only practical wan the codes are simple. For the complex cases programs should be written
and running (through enterpreter). Programs should be savednaspy. Simple examplesxplain
variables and input andoutput will be given here.

Welcome message (String)
print("welcome to python programming language" )

runfile('E:/okul/SCOL/if_x_test.py', wdir="E:/okul/SCO1")
welcome to python programming language

Pyton supports integéint) and floating numbe(fBoat). Declaration of the type is not necassary in
python, wheryou need an integer numbers deciages x=15 and when you need a floating numbers
declaret as x=15.0

Integer numbers are sored in memory of computer a s a series of binary bits. They are called bytes.
Different number of bits can be located in agbyh python bytes of an integer can be changed
acording to actal numbers stored

Table writing integer 15 as an integer variable in computer memongas binary bits

+/- 26 2° 24 28 22 2t 20

+ 64 32 16 8 4 2 1

0 0 0 0 1 1 1 1

import sys

X=75
y=sys.getsieof(x)
print(y)

28

w=2**75
yl=sys.getsizeof(w)
print(y1)

36




Sys.getsizeof(xjeturns the size of integer in bits that stored in computer memory

writing 22.625x10 in a floating numbers as binary bits

+H- |28 28 22 2t 20 21 22 23 24 +H- |2 23 22 2t 20
+ 16 8 4 2 1 0.5 | 0.25] 0.125| 0.0625| - 16 |8 4 2 1
0 1 0 1 1 0 1 0 1 0 1 1 0 0 0 1
Python supports four different numerical types 1

1 int (signed integers)
1 long (long integers, they can also be represented in octal and hexadecimal)
71 float (floating mint real values)
1 complex (complex numbers)
If a string variable is consider, you useuble or single quote signs

X=0Tur hano or X=0Tur hanod
x=15

y=15.0;

z=int(15);

w="15'

g=int(w)

r=float(w)

s=float(x)

runfile('E:/okul/SCO1/number.py', wdir="E:/okul/SCOL1")
Xx=15y=15.0z=15w=159=15r=15.0s=15.0

Arithmetic processes of integer + add : substract * multiply; / divide; % remaining in divide

Integer variable reading, calculating & printing
x=int(input("x="))
y=2*x+5
print("x ="x,"y =",y)
runfile('E:/okul/SCO1/int1.py', wdir="E:/okul/SCO1")

x=5
x=5y= 15

Methodsor functionsareprogram pieces that has input variables and output variables. Structure is as
follows:

def method_nameinethod input variable,methodhput variable,.):

rogram statements -
2 9 Input variables output variables

return method output variable m———— method ——

Integer variable reading, calculating by using method(function) & printing
def f(x):
y=2*x+5
return Y:

x=int(input("x="))

print("x =",x,"y = ",f(x))
runfile('E:/okul/SCO1/int2.py', wdir="E:/okul/SCO1")

x=5
x=5y=15

Integer variable reading, calculating by using method(function) & printing
def divide(x,y):
z=xly
return int(z);
def remain(xy):
z=X%y




return z;

x=int(input("x="))
y=int(input("y=")
print("x ="x,"y ="y,"x/ly = ",divide(x,y),"x%y = ", remain(x,y))

runfile('E:/okul/SCO1/int3.py', wdir="E:/okul/SCO1")
x=7

y=3
x=7y=3xly= 2x%y=1

numberl=int(input("numbér="))
number2=int(input("number2 = "))

sum = numberl+number2;

substract = numbemumber2

multiply = numberl*number2
divide=int(number1l/number2)
remain=number1%number2

s=str(numberl)+" + "+str(number2)+" = "+str(sumy"
s+=str(numberl)+* "+str(numker2)+" = "+str(substract)-Hi"
st+=str(numberl)+" x "+str(number2)+" = "+str(multiply)m"
s+=str(numberl)+" / "+str(number2)+" = "+str(divide)r"
s+=str(numberl)+" % "+str(number2)+" = "+str(remainj+"
print(s)

runfile('E:/okul/SCO1/string2.py', air="E:/okul/SCO1")
numberl =7

number2 =3
7+ 3=10
7-3=4
7x 3=21
713=2
7% 3=1

Note when adding strings together in tor float will be converted dto string by using str(variable) method

Float variable(real numbers) reading, calcuating and printing

x=float(input("x="))
Y=X*X-2.3*x+5.7
print('x="x"y="y)

x=1.235
x= 1.235 y= 4.384725

Float variable(real numbers) reading, calculating by using method(function) and printing

def f(x):
Y=X*X-2.3*x+5.7
returny;

x=float(inpu("x="))

print("x=",x,"y=",(x))

runfile('E:/okul/SCO1/float2.py', wdir="E:/okul/SCO1")

x=1.235
x=1.235 y=4.384725

Float variable(real numers) reading, calculating by using method(function) and printing

def divide(x,y):
z=xly
return z

x=float(input("x="))
y=float(input("y="))
print("x =" x,"y = "y,"xly = ",divide(x,y))

runfile('E:/okul/SCO1/float3.py', wdir="E:/okul/SCOL1")
x=7

y=3
x=7.0y= 3.0x/y= 2.3333333333333335




numberl=float(input("numberl = "))
number2=float(input("number2'3)

sum = numberl+number2;

substract = numbemumber2

multiply = numberl*number2

divide=numberl/number2

s=str(numberl)+" + "+str(number2)+" = "+str(sumy*"
s+=str(numberl)+* "+str(number2)+" = "+str(substract)"
s+=str(numberl)+" x "+str(numi@e+" = "+str(multiply)+'\n"
s+=str(numberl)+"/ "+str(number2)+" = "+str(divide)r"
print(s)

runfile('E:/okul/SCO1/float4.py', wdir="E:/okul/SCOL1")
numberl = 7.86

number2 =2.31

7.86 + 2.31=10.17

7.86- 2.31 = 5.550000000000001
7.86 x 2.31 =18566

7.86/ 2.31 =3.4025974025974026

Reading and writing string

name=input("what is your name =")
print("welcome to pyhon programming ",name)

runfile('E:/okul/SCO1/prog2.py', wdir="E:/okul/SCO1")

what is your name =turhan
welcome to pyhon programngnturhan

Reading and writing string by using method name()

def name():
n=input("what is your name =")
return n

print("welcome to pyhon programming ",name())

what is your name =turhan
welcome to pyhon programming turhan

Reading and writing string by using method hello()

def hello():
n=input("what is your name ="
s="welcome to python programming "+n
return s

print(hello())

runfile('E:/okul/SCO1/name3.py', wdir="E:/okul/SCO1")

what is your name =turhan
welcome to python prognaming turhan

Boolean variables:

Boolean variable tales values True/Falegakes only one bit binary to define a boolean number.
Boolean operators:

AND OR NOT

Boolean Logic table

First variable Second variable AND OR
True True True True
True False False True
False True False True
False False False False
First variable NOT

True False




False

| True

x=True

y=False

z=xandy

W=X or y

u=not X
print("x=",x,"y="y,"z=",z,"w=",w,"u=",u)

runfile('E:/okul/SCO1/booll.py', wdir="E:/okul/SCOL1")
x= True y= False z= False w= True

def x_and_y(x,y):
return x and y

def x_or_y(x,y):
return x or y

def not_x(x):
return not x

x=True

y=True

print("x=",x,"y=",y,"x and y=",x_and_y(x,y),"x or y=",x_or_y(x,y),"not x ",not_x(x))

x=True
y=False

print("x=",x,"y=",y,"x and y=",x_and_y(x,y),"x or y=",x_or_y(x,y),"not x ",not_x(x))

print("x=",x,"y=",y,"x and y=",x_and_y(x,y),"x or y=",x_or_y(x,y),"not x ",not_x(x))

print("x=",x,"y=",y,"x and y=",x_and_y(x,y),"x or y=",x_10y(x,y),"not x ",not_x(x))

runfile('E:/okul/SCO1/bool2.py', wdir="E:/okul/SCO1")

x= True y= True x and y= True x or y= True not x False
x= True y= False x and y= False x or y= True not x False
x= False y= True x and y= False x or y= True not x True
x= False y= False x and y= False x or y= False not x True

Comparison of two numbers:

sign meaning
> greater
>= Grater and equal
< smaller
<= Smaller and equal
== equal
I= Not equal
def greater(x,y):
return x>y
def smaller(x,y):
return x<y
def greater_and_equal(x,y):
return x>=y
def smaller_and_equal(x,y):
return x<=y
def equal(x,y):
return x==y
def not_equal(x,y):
return xl=y

x=int(input("x="))
y=int(input("x="))

I(x,y),"not equal ",not_equal(x,y))

runfile('E:/okul/SCO1/bool3.py', wdir="E:/okul/SCOL1")
x=2

x=3

x= 2 y= 3 x>y= False x<y= True x>=y False x<=y True equal False not equal True

runfile('E:/okul/SCO1/bool3.py', wdir="E:/okul/SCO1'")




x=3
x=3
x= 3 y= 3 x>y= False x<y= False x>=y True x<=y True equal True not equal False

Character variable type and Unicode characters

Character (char) variable type define actual characters in comgutersler to see characters in pytH8®
Unicodecharacter standards are used. Unicode character code consist of 4 hexagonal (base 16) number. In case
you are not familiar with orthogonal number system, a table of equiavalancy is given

Tablo Heksagonal($xteen base), and 10 base and binary number systems equvalency

Heksagonal | 10 base 2 base (binary)
0 0 0000
1 1 0001
2 2 0010
3 3 0011
4 4 0100
5 5 0101
6 6 0110
7 7 0111
8 8 1000
9 9 1001
A 10 1010
B 11 1011
C 12 1100
D 13 1101
E 14 1110
F 15 1111

X = int(input("Input an integer: "))

print("x ten base =",x,"x 2 base ",bin(x),"x octogonal base",oct(x),"x hexagonal base=",hex(x))
Input an integer: 15

x ten base = 15 x 2 base 0b1111 x octogonal base 0017 x hexagonal base= Oxf

Input an ineger: 12

X ten base = 12 x 2 base 0b1100 x octogonal base 0014 x hexagonal base= 0xc

in ISO unicode\l0041' defines character 'A". 03E1'. Or codau03E1l" defines 'a'. When the first two
number of unicode equals to 0, it defines ASCII charamties. You can find very detailed list of characters in
ISO unicode by looking the internet sildtp:\\ unicode.org

In the small code sample below character A ani'loaded to computer as char variablegyithon

A1="u0041'

A2='A'

alphal2u03B1'

print(A1,A2,alphal)

runfile('E:/okul/SCO1/charl.py', wdir="E:/okul/SCO1")

A A U

Table Some special control characters

Chracter sysmbol action Unicode symbol
\b Back one character | \u0008
\t tab \u0009
\n ctrl-return \uOOOA
\" f sign \u0022




\' 0 sign \u0027

\\ \ sign \u005C

Some additional unicode characters are given insdiéow By using control characters several actions in

print can be carried out such as lbapace, carriageeturn, tab etc. When character variables are used, they can
merge in strings, In fact strings are character arrays. When something with a character that does not available in
your editor you can add that character into your String blrias char variable character.

b1="0

b2="7"

b3='¢'

b4="a’

b5="b'

b6="c'

s=""+b1+b2+b3+b4+b5+b6

print(s)

runfile('E:/okul/SCO1/char2.py', wdir="E:/okul/SCO1")
¢] -abc

b1=\u03B1'

b2=\u03B2'

b3=\u03B3'

b4=\u03B4'

b5=\u03B5'

b6=\u03B6'

s=""+b1+b2+8+b4+b5+b6

print(s)

runfile('E:/okul/SCO1/char3.py', wdir="E:/okul/SCO1")

UboiuUsg

b1=\u0394'

b2=\u00B2'

$=b1+"T = "+b1+"X"+b2+"+"+b1+"y"+b2

print(s)

runfile('E:/okul/SCO1/charl.py', wdir="E:/okul/SCOL1")

T = x| +qy]

Table Some unicode charactecodes
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2200 Mathematical Operators 22FF
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Binary , octagonal and hexagoal integers

Integemumbers can be expressed either in 10 digit form we are familiar with or binary form which is
what computer understand or octagonal form and hexagonal form which basically derived frgm binar
bit combinations (octagonal=8 digit3:hexagonal=16 digit= If you want to output a 10 base

integer into binary, octagonal or hexagonal form use bin,oct and hex method

x=256

print("x=",x,"binary ",bin(x),"octagonal ",oct(x),"hexagonal ",hex(x))
runfile('E:/okul/SCO1/greek_char.py', wdir="E:/okul/SCOL1")

x= 256 binary 0b100000000 octagonal 00400 hexagonal 0x100




We can enter a binary integer by using Ob in front, for example 0b001101, Oo for octogonal humber,
for example 00134, 0x for hexagonal numfog example Ox12af

x=134

x1=0b001101

x2=00134

x3=0x12af

print("x=",x,"binary ",bin(x),"octagonal ",oct(x),"hexagonal ",hex(x))
print("x1=",x1,"binary ",bin(x1),"octagonal ",oct(x1),"hexagonal ",hex(x1))
print("x12",x2,"binary ",bin(x2),"octagonal ",oct®},"hexagonal ",hex(x2))
print("x3=",x3,"binary ",bin(x3),"octagonal ",oct(x3),"hexagonal ",hex(x3))
runfile('E:/okul/SCO1/greek_char.py', wdir="E:/okul/SCOL1")

x= 134 binary 0b10000110 octagonal 00206 hexagonal 0x86

x1=13 binary 0b1101 octagonal Goiexagonal Oxd

x12 92 binary 0b1011100 octagonal 00134 hexagonal Ox5c

1.3IF STATEMENT

When a decision should be made by a computer program, if control structure used. If structure has the
following form :

an example of boolean variable

if booleanvariable 1:
executes statements here if boolean variable 1 is true

elif boolean variable 2:

executes statements here if boolean variable 2 is true
elif (boolean variable 3)

executes statements béf boolean variable 3 is true
éééé. ( mo ifsatemednts are gossible)
Else

executes statements here if none of the above boolean variables are true

elif

condition

false

k

block else block

F

-~

IF structure

In our first example program name and grade of a students read and process the grade according to
number grade.

name=input("Enter student namg="
grade=float(input("enter studéistgrade="))
s1="Grade of "+name+"is "

if grade>=90: s1=s1+"A"

elif grade>=75: s1=s1+"B"

elif grade>=60: s1=s1+"C"

elif grade>=50: s1=s1+"D"

elif grade>=40: s1=s1+"E"

else:veli

78 s1=s1+"F"

print(sl);




runfile('E:lokul/SCO1/if5.py', wdir="E:/okul/SCO1")
Enter student name=ali

enter student's grade=16
Grade of aliis F

runfile('E:/okul/SCO1/if5.py', wdir="E:/okul/SCO1")
Enter student name=veli

enter student's grade=78
Grade of veli is B

x=float(input("x="))

if Xx<2: y=x*x-2

elif x>=2 & x<4: y=x+5.5
else: y=3
print("x=",x,"y=",y)

runfile('E:/okul/SCO1/ifl.py', wdir="E:/okul/SCO1")

x=1.5
Xx=15y=0.25

wheather=input("how is weather to day?")
x1=wheather=="rainy"
x2=wheather=="sunny"
x3=wheather=="cloudy"

if x1: action="stay at home"

elif x2: action="go to beach"

elif x3: action="study"

else: action="do nothing"

print(action)

runfile('E:/okul/SCO1/wheather.py', wdir="E:/okul/SCOL1")

how is weather to day?sunny
go to beach

def compare(x,y):
if x<y: s=str(x)+" is smaller than "+str(y)
elif x>y: s=str(x)+" is bigger than "+str(y)
elif x==y: s=str(x)+" is equal to "+str(y)
return s

x=float(input("x="))
y=float(input("x="))
print(compare(x,y))

runfile('E:/okul/SCO1/bool3.py', wdir="E:/okult301")
x=7.35

x=2.23
7.35 is bigger than 2.23

def guess_color(s):
bl=s=="red"
if b1: s1="Correct guess color you entered is red"
else: s1="Color you entered is npt red, it is "+s
return s1

x=input("guess the color =")
print(guess_coldk))

runfile('E:/okul/SCO1/bool4.py', wdir="E:/okul/SCOL1")

guess the color =red
Correct guess color you entered is red




Nested if
x=float(input("x = "))
y=float(input("y = "))
if x>5:
if y>5: s="x and y are greater than 5"
elif y==5: s="x is grater that 5 and y is equal to 5"
else: s="x is greater that 5 and y is smaller than 5"
else:
if y>5: s="x is smaller or equal to 5 and vy is greater than 5"
elif y==5: s="x is smaller or equal to 5 and y is equal to 5"
else: s="x is smallesr equal to 5 and y is smaller than 5"
print(s)
runfile('E:/okul/SCO1/bool5.py', wdir="E:/okul/SCOL1")

x=1.23

y=2.35
x is smaller or equal to 5 and y is smaller than 5

Composite if

x=float(input("x = "))

y=float(input("y = "))

if x>5 and y>5: s"x and y are greater than 5"

elif x>5 and y==5: s="x is greater that 5 and y is equal to 5"

elif x>5 and y<5: s="x is greater that 5 and y is smaller than 5"

elif x<=5 and y>5: s="x is smaller or equal to 5 and Yy is greater than 5"
elif x<=5 and y==5: sx is smaller or equal to 5 and y is equal to 5"

elif x<=5 and y>5: s="x is smaller or equal to 5 and y is smaller than 5"
print(s)

runfile('E:/okul/SCO1/bool6.py', wdir="E:/okul/SCO1")

x=3
y=2
x is smaller or equal to 5 and y is smaller than 5

1.4FOR AND WHILE STATEMENTS

In the if structure of the previous section, it is seen that if the given boolean value is true, computer
carries out instruction inside of the if section. While structure is similar to if structure, with one
difference: In thef statement inside of the statement structure instructions will be carried out once. In
while statements, it will go inside of while statement as repeatedly, as long as the boolean is true.

while boolean variable:
processes while boolean variablis true

while
condition

WHILE iteration

def sum(n):
total=0;




i=1

while i<(n+1):
total=total+i;
i+=1

return total;

n=int(input("n ="));
r=sum(n);
print("total=",r);

n =100

total= 5050

For loop structure is also similar to while structigcept initial condition and incrimental conditions
are also given in the structure

for initial variablein a vector
body
A set of numbergor any type of varibles} calledlists. Listsare given within [] and seperated with ,
A set of numbers(or artype of variables) is called tupples . Tupples are given within () and seperated with ,
Basic difference of list and tuple is: elements of list can be changed. Elements of tuple can not be changed define
only ones and then used as is. In math, List apkbtis representaector.

list = [ 'abcd’, 786 , 2.23, john', 70.2 ]

print(list) # Prints complete list

print(list[0]) # Prints first element of the list
print(list[1:3])  # Prints elements starting from 2nd till 3rd
print(listf2:])  # Prints elements starting from 3rd element
runfile('E:/okul/SCO/list.py', wdir="E:/okul/SCO1")

['abcd', 786, 2.23, ‘john’, 70.2]

abcd

[786, 2.23]

[2.23, 'john', 70.2]

tuple = ('abcd'’, 786 , 2.23, ‘john’, 70.2)

print(tuple) # Printsamnplete list

print(tuple[0]) # Prints first element of the list
print(tuple[1:3])  # Prints elements starting from 2nd till 3rd
print(tuple[2:])  # Prints elements starting from 3rd element
runfile('E:/okul/SCO1/list.py', wdir="E:/okul/SCO1'

(‘abcd', 786, 2.23, 'john’, 70.2)

abcd

(786, 2.23)

(2.23, 'john', 70.2)

There are buit in functions to be used with the lists

Method Description

append() Adds an element at the enfitbe list

clear() Removes all the elements from the list

copy() Returns a copy of the list

count() Returns the number of elements with the specified value

extend() Add the elements of a list (or any iterable), to the end of the cuisent
index() Returns the index of the first element with the specified value

insert() Adds an element at the speedliposition



https://www.w3schools.com/python/ref_list_append.asp
https://www.w3schools.com/python/ref_list_clear.asp
https://www.w3schools.com/python/ref_list_copy.asp
https://www.w3schools.com/python/ref_list_count.asp
https://www.w3schools.com/python/ref_list_extend.asp
https://www.w3schools.com/python/ref_list_index.asp
https://www.w3schools.com/python/ref_list_insert.asp

pop() Removes the element at the specified position

remove() Removes the first item with the specified valu
reverse() Reverses the order of the list
sort() Sorts the list

list = [ 'abcd’, 786 , 2.23, john', 70.2 ]

print(list) # Prints complete list

print(list[0]) # Prints first element of the list
print(list[1:3])  # Prints elements starting from 2nd till 3rd
print(listf2:])  # Prints elements starting from 3rd element
list.append("xxx"

print(list)

list1=[1,2,3]

list.extend(listl)

print(list)

list.pop(5)

print(list)

runfile('E:/okul/SCO1/list_testl.py', wdir="E:/okul/SCO1")
['abcd', 786, 2.23, 'john’, 70.2]

abcd

[786, 2.23]

[2.23, 'john', 70.2]

['abcd', 786, 2.23, 'john’, 70.2, 'xxX]

[abcd’, B6, 2.23, 'john’, 70.2, 'xxx', 1, 2, 3]

['abcd', 786, 2.23, 'john', 70.2, 1, 2, 3]

vector can be defined y using range methodiven directly

y=[1,2,3,5,7,9,11]

i=0

forxiny:
print("i=",i,"x=",x)
i=i+1

runfile('E:/okul/SCO1/for3.py', wdir="#okul/SCOL1")
i=0x=1

i=1x=2

i=2x=3

i=3x=5

i=4x=7

i=5x=9

i=6x=11

y=(1,2,3,5,7,9,11)

i=0

forxiny:
print("i=",i,"x=",x)
i=i+1

runfile('E:/okul/SCO1L/list.py', wdir="E:/okul/SCO1")
i=0x=1

i=1x=2

i=2x=3

i=3x=5

i=4x=7

i=5x=9

i=6x=11



https://www.w3schools.com/python/ref_list_pop.asp
https://www.w3schools.com/python/ref_list_remove.asp
https://www.w3schools.com/python/ref_list_reverse.asp
https://www.w3schools.com/python/ref_list_sort.asp

y=["What's"," Up"," Docs"]
i=0
forxiny:
print("i=",i,"x=",x)
i=i+1

runfile('E:/okul/SCO1/for4.py', wdir="E:/okul/SCO1")
i= 0 x= What's

i=1x= Up

i= 2 x= Docs

Range method can defined vectors
range(3) definef,1,2]

range(1,4) defines [1,2,3]
range(0,2,10) defines [0,2,4,6,8]
range(5;1,0) defines [5,4,3,2,1]

i=0

for x in range(5):
print("i=",i,"x=",x)
i=i+1

runfile('E:/okul/SCO1/for5.py', wdir="E:/okul/SCO1")
i=0x=0
i=1x=1
i=2x=2
i=3x=3
i=4x=4

i=0

y=range(5)

forxiny:
print("i=",i,"x=",x)
i=i+1

runfile('E:/okul/SCO1/for5.py', wdir="E:/okul/SCO1")
i=0x=0
i=1x=1
i=2x=2
i=3x=3
i=4x=4

A matrix(double array) example

m=3
n=5
x= [[O for j in range(n)] for i in ange(m)]
s1=""
s2=""
for i in range(m):
for j in range(n):
s="("+str(i)+str(j)+")
s1=str(i)+str(j)
S$2=82+s
x[i]li]=int(s1)
s2=s2+\n"
print("x = ")
print(x)
print("s2 = ")
print(s2)
print(x)

X=
[[0, 1, 2 3, 4], [10, 11, 12, 13, 14], [20, 21, 22, 23, 24]]
s2 =

(OO; (01) (02) (03) (04)
(10) (11) (12) (13) (14)
(20) (21) (22) (23) (24)

[0, 1, 2, 3, 4], [10, 11, 12, 13, 14], [20, 21, 22, 23, 24]]




iteration yes

complete?

block

Y

increment
index

—

FOR iteration

A

from math import *

def sum(n):
total=0;
for i in range(1,(n+1)):
total=total+i;
return total;

n=int(input("n = "));
r=sum(n);
print("total=",r);

from math import *

def average(x):
n=len(x);
total=0;
i=1;
for i in range(0,n):
total=total+x[i];
return total/n;

x=[1.1179,2.21,3.31,4.41,5.51,6.61];
r=average(Xx);
print ("average="r);

a=['al", Vel 49" "ell]
foriin a:
print("i =",i)

runfile('E:/okul/SCO1/sum.py', wdir="E:/okul/SCOL1")
i=ali

i =veli

i=49

i=elli

a=[1.03.5,7.5,9.1,10.5]
sum=0
foriin a:

sum+=i

print("i =",i,"sum=",sum)

runfile('E:/okul/SCO1/sum.py', wdir="E:/okul/SCO1')
i=1.0sum=1.0
i=3.5sum=45




i=7.5sum=12.0
i=9.1sum=21.1
i=10.5 sum=31.6

List of greek chareters
cl=ord(lu03B1")
c2=0rd(lu03D2")
s=""
for i in range(cl,c2):
s=s+" "+chr(i)
print(s)
rugfile('E:/0kuI/SCOl/greek_char.gy', wdir="E:/okul/SCO1")

U b o 0 U e d d 95 8 & €»3 3 68

ASCII characters
cl=ord(lu0021")
c2=ord(\u007E")
s=""
for i in range(c1,c2):

s=s+" i: "+str(i)+" "+chr(i)
print(s)

runfile('E:/okul/SCO1/greek_char.py', wdir="E:/okul/SCO1")
i:3311:34"i:35#i:36%$i:37%i:38&i:39"i:40 (i:41)i:42*i:43 +i:44 ,i:4546 .i:47/i:480i:491i:502i:51 3i: 524
i:535i:546i:557i:568i:579i:58:i:59;i:60<i:61=i:62>i:637i:64 @ABH6Bi:67Ci:68Di:69Ei:70Fi:71Gi
72Hi:7311:743i:75Ki: 76 Li: 77Mi: 78 Ni: 790i:80Pi:81Qi:82Ri:83Si:84Ti:8Ui:86Vi 8B8/Xi:89Yi 90

Zi:91[i:92\i:93]i:947i:95_i:96 "i:9Ai:98bi:99ci:100di:101 ei: 102 fi: 103 gi: 104 hi:105ii: 106 ji: 107 k i: 108

109 mi:110ni:1110i:112pi: 113 qi: 114 ri: 115si: 116 ti: 117 ui: 118 vi: 119 wi: 120 x i: 121 y i: 12BZii: 124 | i: 125}

1.5 CLASS CONCEPT IN PYTHON

class Person:
def __init__(self, name, age,ssno):
self.name = name
self.age = age
self.ssno=ssno

def print(self):
print("name = ",self.name,"age=",self.age,"social security number = ",self.ssno)

pl =Person("John", 36,20321)
p2=Person("Daphne",18,65655)
pl.print()

p2.print()

runfile('E:/okul/SCO1/Person.py', wdir="E:/okul/SCO1")
name = John age= 36 social security number = 20321
name = Daphne age= 18 social security number = 65655

class Box:
def __init__(self, length,width,height,color):
self.length = length
self.width = width
self.height=height
self.color=color
def volume(self):
return self.length*self.width*self.height
def area(self):
return 2.0*(self.length*déwidth+self.length*self.height+self.width*self.height)

def print(self):
print("length = ",self.length,"width=",self.width,"height = ",self.height,"color = ",self.color,"volume =
" self.volume(),"area=",self.area())

pl =Box(1.0,1.2,0.4,"bkl")
p2=Box(1.2,1.2,1.0,"yellow")
pl.print()

p2.print()

runfile('E:/okul/SCO1/Box.py', wdir="E:/okul/SCO1")
length = 1.0 width= 1.2 height = 0.4 color = blue volume = 0.48 area=4.16

length = 1.2 width= 1.2 height = 1.0 color = yellow volume = hra=7.68

class redBox:




def __init__(self, length,width,height):
self.p = Box(length,width,height,"red")

def print(self):
print("length = ",self.p.length,"width=",self.p.width,"height = ",self.p.height,"color = ",self.p.color,"volkame
" self.p.volume(),"area=",self.p.area())

pl =redBox(1.0,1.2,0.4)

p2=redBox(1.2,1.2,1.0)

pl.print()

p2.print()

runfile('E:/okul/SCO1/redBox.py', wdir="E:/okul/SCO1")

length = 1.0 width= 1.2 height = 0.4 color = red volume = 0.48 area= 4.16
length= 1.2 width= 1.2 height = 1.0 color = red volume = 1.44 area= 7.68

from math import *
class robot:
def __init__(self, name):
self.name = name
self.R=0.0
self.theta=0.0
def turn_north(self):
self.theta=pi/2.0
def turn_south(sét
self.theta=3.0*pi/2.0
def turn_west(self):
self.theta=pi
def turn_east(self):
self.theta=0.0
def turn(self,angle):
self.theta=angle
def forward(self):
self.R=self.R+1.0
def forward(self,Ri):
self.R=self. RRIi
def backward(self):
self.R=self.R1.0
def backward(self,Ri):
self.R=self.RRi
def print(self):
print("name = ",self.name,"R=",self.R,"theta=",self.theta)

pl = robot("R2D2")

pl.turn_north()

pl.forward(2.5)

pl.pint()

runfile('E:/okul/SCO1/robot.py', wdir="E:/okul/SCOL1")
name = R2D2 R= 2.5 theta= 1.5707963267948966

Class inheritance:

class yellowBox(Box):
def __init__(self, length,width,height):
self.length=length
self.width=width
self.height=haiht
self.color="yellow"

pl = yellowBox(1.0,1.2,0.4)

p2 = yellowBox(1.2,1.2,1.0)

pl.print()

p2.print()

runfile('E:/okul/SCO1/yellowBox.py', wdir="E:/okul/SCO1")

length = 1.0 width= 1.2 height = 0.4 color = yellow volume = 0.48 area= 4.16
length = 1.2 width= 1.2 height = 1.0 color = yellow volume = 1.44 area= 7.68

1.6 ABSTRACT CLASS
An abstract class or interface is an empty class for reference purposes, although they can have additional
methods. Most of the modern third generation languagss as java, C++, python has abstract class and/or
interface buid into the language. Lambda variables a-shodefinition to define a new class derived from
an interface. This concepts are very useful for us in numerical methods, because functibonddfirour



numerical codes become independent of actual function. As an input function an object of abstract class or
interface can be defined, and when we will use the numerial analysis codes (suc as root finding, integration
etc.) actual function carelbdefined as derived form abstract/class and/or interface. Abstract class/interface
examples will be given here for simple function f(x). Please note that inside of these classes some
additional codes for derivatives, root finding methods and integiglst mxist. In order to see details of

these codes please refer to related chapters in this book.

# Python program showing
# abstract base class work

from abc import ABC, abstractmethod
class Polygon(ABC):

@abstractmethod
def noofsiles(self):
pass

class Triangle(Polygon):

# overriding abstract method
def noofsides(self):
print("l have 3 sides")

class Pentagon(Polygon):

# overriding abstract method
def noofsides(self):
print("l have 5 sides")

class Hexagon(Polygon):

# overriding abstract method
def noofsides(self):
print("l have 6 sides")

R = Triangle()
R.noofsides()

R = Pentagon()
R.noofsides()

K = Hexagon()

K.noofsides()

runfile('E:/okd/SCO1/Polygon.py', wdir="E:/okul/SCOL1")
| have 3 sides

I have 5 sides

| have 6 sides

Abstract Class if_x (for mathematical function f(x))

from abc import ABC, abstractmethod
from math import *

class if_x(ABC):

@abstractmethod
def funceelf,x):
pass;

def dfunc(self,x,n):

dx=0.001;

if n==0: df=self.func(x);

elif n==1: df=(3.0*self.func(34.0*dx)-32.0*self.func(x3.0*dx)+168.0*self.func(32.0*dx)-672.0*self.func(x
dx)+672.0*self.func(x+dx)1168.0*self.func(x+2.0*dx)+32.0*self.func(x+3.0*dx3.0*self.func(x+4.0*dx))/840.0/dx;

elif n==2: df=(14350.0*self.func(>0.0*self.func(x4.0*dx)+128.0*self.func(>3.0*dx)-1008.0*self.func(x
2.0*dx)+8064.0*self.func(3dx)+8064.0*self.func(x+dx)L008.0*self.func(x+2.0*dx)+128.0*self.func(x+3.0*dx)
9.0*self.func(x+4.0*dx))/5040.0/dx/dx;

elif n==3: df=(7.0*self.func(x4.0*dx)+72.0*self.func(>x3.0*dx)-338.0*self.func(x2.0*dx)+488.0*self.func(xdx)-
488.0*self.func(x+dx)+338.0*self.func(x+2.0*k2.0*self. func(x+3.0*dx)+7.0*self.func(x+4.0*dx))/240.0/dx/dx/dx;




elif n==4: df=(2730.0*self.func(x)+7.0*self.func{#.0*dx)-96.0*self.func(x3.0*dx)+676.0*self.func(32*dx)-1952.0*self.func(x
dx)-1952.0*self.func(x+dx)+676.0*self.func(x+2.0*d96.0*self.func(x+3.0*dx)+7.0*self.func(x+4.0*dx))/240.0/dx/dx/dx/dx;

elif n==5: df=(self.func(34.0*dx)-9.0*self.func(x3.0*dx)+26.0*self.func(>2.0*dx)-29.0*self.func(xdx)+29.0*self.func(x+dx)
26.0%self.func(x+2.0*dx)+9.0*self.func(x+3.0*dxgelf.func(x+4.0*dx))/6.0/dx/dx/dx/dx/dx;

elif n==6: df=(150.0*self.func(xjself.func(x4.0*dx)+12.0*self.func(33.0*dx)-52.0*self.func(x2.0*dx)+116.0*self.func(x
dx)+116.0*self.func(x+dxp2.0*self.func(x+2.0*dx)+12.0*self.func(x+3.0*dxgelf.func(x#4.0*dx))/4.0/dx/dx/dx/dx/dx/dXx;

elif n==7: df=(self.func(x4.0*dx)+6.0*self.func(x3.0*dx)-14.0*self.func(x2.0*dx)+14.0*self.func(xdx)-
14.0*self.func(x+dx)+14.0*self.func(x+2.0*dx§.0*self.func(x+3.0*dx)+self.func(x+4.0*dx))/2.0/dx/dx/dx/dx/d/dx;

elif n==8: df=(70.0*self.func(x)+self.func(®.0*dx)-8.0*self.func(x3.0*dx)+28.0*self.func(32.0*dx)-56.0*self.func(xdx)-
56.0*self.func(x+dx)+28.0*self.func(x+2.0*d>8.0*self.func(x+3.0*dx)+self.func(x+4.0*dx))/dx/dx/dx/dx/dx/dx/dx/dXx;

else: df=0;

return df;

def gauss_legendre_coefficients(self,x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
xI=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
for i in range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(z1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]l=xm+xI*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def integral(sk,x1,x2,n):
#integral func(x)dx
#integral of a function by using gadggendre quadrature
#between x1 and x2
a=self.gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*self.func(a[0][i])
return z

from math import *
from if_x import *;

class f1(if_x):
def func(self,x):
Y=X*X-2;
return y;

x=[1.2,2.3,3.4,4.5,5.6,6.0,5.7,5.1,4.6]
n=len(x)
f=f1()
for i in range(n):
print("i =",i," x =" x[i],"y=f(x) =",f.func(x]i]))

runfile('E:/okul/SCO1/if_x_test.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x

i= 0 x= 1.2y=f(x) =-0.56

1 x= 2.3 y=f(x) = 3.289999999999999

x = 3.4 y=f(x) = 9.559999999999999

x = 4.5y=f(x) = 18.25

x = 5.6 y=f(x) = 29.359999999999996

x= 6.0 y=f(x) = 34.0

x = 5.7 y=f(x) = 30.490000000000002

x = 5.1 y=f(x) = 24.009999999999998
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[i= 8 x= 4.6 y=f(x) = 19.159999999999997

Lambda version of class f1

from mathimport *
from if_x import *;

x=[1.2,2.3,3.4,4.5,5.6,6.0,5.7,5.1,4.6]

n=len(x)
class f1(if_x):func=lambda self,x: x*x
f=f1(
for i in range(n):
print("i =",i," x = " x[i],"y=f(x) =", f.func(x[i]))

runfile('E:/okul/SCOL/if_x_test.py', wdir="E:/akSCO1")
Reloaded modules: if _x
i=0x=12y=f(x)= 1.44

i x = 2.3 y=f(x) = 5.289999999999999
x = 3.4 y=f(x) = 11.559999999999999
x = 4.5y=f(x) = 20.25

x = 5.6 y=f(x) = 31.359999999999996
x= 6.0 y=fk) = 36.0

x = 5.7 y=f(x) = 32.49

x = 5.1y=f(x) = 26.009999999999998
X = 4.6 y=f(x) = 21.159999999999997
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The samdunction carbe defined witHambda variable method(function) as:

x=[1.2,2.3,3.4,4.5,5.6,6.0,5.7,5.1,4.6]
n=len(x)
f = lambda x: x*x-2;
for i in range(n):
print("i =",i," x =" X[i],"y=f(x) =", f(x[i]))

runfile('E:/okul/SCOL/if_x_testl.py', wdir="E:/okul/SCOL1")
i= 0 x= 1.2y=f(x) =-0.56

1 x= 2.3 y=f(x) = 3.289999999999999

x = 3.4 y=f(x) = 9.559999999999999

x = 4.5y=f(x) = 18.25

x = 5.6 y=f(x) = 29.359999999999996

x= 6.0 y=f(x) = 34.0

x = 5.7 y=f(x) = 30.490000000000002

x = 5.1 y=f(x) = 24.009999999999998

X = 4.6 y=fx) = 19.159999999999997
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Abstract class f_xj (for multi independent function f(x0,x1,x2..))

from abc import ABC, abstractmethod
from math import *

classf_xj(ABC):

# multifunction multi independent variable
# vector of dependent vables are returned
# example f[0]=x[0]+sin(x[1])

# f[1]=x[0]*x[1]-x[1]

# func(x) returns the value of f[0] and f[1]
# as a two dimensional vector

@abstractmethod
def func(self,x):
pass;

def funcxy(self,x1,y1):
n=2;
x=[0 for i in range(n)];
x[0]=x1;
X[1]=y1;
return self.func(x);

def dfunc_(self,x,x_ref):
#derivative of the function with respect to x_ref
h0=0.015675863;
m=7,
n=len(x);
x1=[0 for i in range(n)];
x2=[0 for i in range(n)];




for i in range(n):
x1[i]=x[i];
X2[i]=x[i];
#derivative of a simple function
T=[[0 for i2 in range(m)] for j2 in range(m)];
h=[0 for i in range(m)];
for i in range(m):
h[i]=0;
for j in range(m):
TH[=0;
h[0]=ho;
r=0.5;
for i in range(m):
h[i]=hO0*pow(r,i);
for i in range(m):
x1[x_ref]l+=h[i];
x2[x_ref]-=h[i];
fl=self.func(x1);
f2=self.func(x2);
T[i][0]=( f1 - f2)/(2.0*h[i]);
x1[x_ref]l=x[x_ref];
x2[x_ref]l=x[x_ref];
for k in range(1,m):
for i in range(0,r¥k):
THIK]=(h[]*h[i*Ti+1][k  -1] - h[i+k]*h[i+K]*T[i][k -1])/(h[i]*h(i]
- h[i+k]*h[i+k]);
xx=T[0][n-1];
return xx;

def d2func_(self,x,x_ref):
#second derivative of the function with respect to x_ref
h0=0.015675863;
m=7,
n=len(x);
x1=[0 for i in range(n)];
x2=[0 for i in range(n)];
for i in range(n):
xA[i]=x[i];
X2[i]=x{i];
#derivative of a simple function
T=[[O for i2 in range(m)] for j2 in range(m)];
h=[0 for i in range(m)];
for i in range(m):
h[i]=0;
for j in range(m):
THI=0;
h[0]=ho;
r=0.5;
for i in range(m):
h[i]=h0*pow(r,i);
for i in range(m):
x1[x_ref[1]]+=h[i];
x2[x_ref[1]]-=h[i];
fl=self.dfurc_(x1,x_ref[0]);
f2=self.dfunc_(x2,x_ref[0]);
T[i][0]=( f1 - f2)/(2.0*h[i]);
x1[x_ref[1]]=x[x_ref[1]];
x2[x_ref[1]]=x[x_ref[1]];
for k in range(1,m):
for i in range(0,r¥k):
THIK]=(h[ i*h[i*Tli+1][k -1] - h[i+k]*h[i+K]*T[i][k -1])/(h[i]*h(i]
- h[i+k]*h[i+k]);
xx=T[0][n-1];
return xx;

def dfunc(self,x):
n=len(x);
c=[0 for i in range(n)];
for i in range(n):
c[i]=self.dfunc_(x,i);
return c;

def d2func(self,x):
n=len(x);
x_ref=[0 for i2 in range(2)];
c=[[0 for i2 in range(n)] for j2 in range(n)];




for i in range(n):
for j in range(n):
x_ref[0]=i;
x_ref[1]=j;
c[i][j]=self.d2func_(x,x_ref);
return c;

Separate class version

#-*- coding: utf8 -*-

Created on Fri Aug 24 16:46:48 2018

@author: Mustafa Turhan Coban
from math import *
from f_xj import *

class f2(f_xj):
def func(self,x):
y=sin(x[0])*x[0]+sin(x[1])*x[1];
returny;

f=f2();

x=[1,1];
df=f.dfunc(x);
print("df",df);
d2f=f.d2func(x);
print("d2f",d2f);

runfile('E:/okul/SCOL/f_xj.py', wdir="E:/okul/SCO1")

runfile('E:/okul/SCOL/f_xjtest.py’, wdir="E:/okul/SCO1")
df [1.3817732900787727, 1.3817732900787727]
d2f [[0.239133626323676663.68283374768637283], [-3.682833747686372E3, 0.23913362632367666]]

Lambda version:

from math import *
from f_xj import *

class f1(f_xj):func=lambda self,x: sin(x[0])*x[0]+sin(x[1])*x[1]
f=f1()

x=[1,1]

df=f.dfunc(x)

print("df",df)

d2f=f.d2func(x)

runfile('E:/okul/SCOL/f_xjtestl.py', wdir="E:/okul/SCO1")

Reloaded modules: f_xj

df [1.3817732900787727, 1.3817732900787727]

d2f [[0.239133626323676663.682833747686372E3], [-3.682833747686Re 13, 0.23913362632367666]]

Abstract class fi_xi (for multi independent function-vector function )
f1(x0,x1,x2..)

f2(x0,x1,x2..)

é

from abc import ABC, abstractmethod
from math import *

class fi_xi(ABC):

# multifunction multi independeniariable

# vector of dependent variables are returned
# example f[0]=x[0]+sin(x[1])

# f[1]=x[0]*x[1]-x[1]

# func(x) returns the value of f[0] and f{1]

# as a two dimensional vector

@abstractmethod
def func(self,x):
pass;

def xp(self,x,j,m):
k=len(x);
h=1.0e6
xx=[0 for i in range(K)];




for i in range(k):
if i==m:
XX[i]=X[i]+j*h;
else: xx[i]=x{il;
return xx;

def dfunc(self,x,n):
h=1.0e6;
k=len(x);
df=[[0 for i in range (k)] for j in range(k)];
for i in range(k):
for j in range(Kk):
dffil[j]=self.dfun(x,n,i,j);
return df;

def dfun(self,x,n,j,m):
k=len(x);
ff=[[0 for i2 in range(k)] for j2 in range(9)];
xp1=[[0 for i2 in range(k)] for j2 in range(9)];
h=1.0e6;

x1=x[m];
for jj in range(4,5):
j1=jj+4;
xpl[j1]=self.xp(x,jj,m);
ff[j1]=self.func(xp1[j1]);
if n==0: df=ff{4][j];
elif n==1:
df=(3.0*ff[0][j] -32.0*ff[1][j]+168.0*ff[2][]] -672.0*ff[3][j]+672.0*f[5][j] -168.0*f[6][j]+32.0*ff[7][j] -3.0*ff[8][j])/840.0*hh;
elif n==2:
df=(-14350.0*ff[4][j]-9.0*ff[O][j]+128*ff[ 1][j] -1008*ff[2][j]+8064*ff[3][j]+8064.0*ff[5][j] -1008.0*f[6][j]+128.0*f[7][j] -
9.0*f[8][j])/5040.0*hh*hh;
elif n==3:
df=(-7.0*ff[0][j]+72.0*ff[1][j] -338.0*f[2][j]+488.0*f[3][j] -488.0*ff[5][j]+338.0*ff[6][j] -
72.0*f[7][j]+7.0*[8][j])/ 240.0*hh*hh*hh;
elif n==4:
df=(2730.0*ff[4][j]+7.0*ff[0][j] -96.0*ff[1][j]+676.0*f[2][j] -1952.0*f[3][j]-1952.0*ff[5][j]+676.0*[6][]] -
96.0*ff[7][j]+7.0*ff[8][j])/240.0*hh*hh*hh*hh;
elif n==5:
df=(ff[O][j] -9.0*ff[1][j]+26.0*ff[2][j] -29.0*f[3][j]+29.0*f[5][j] -26.0*f[6][j]+9.0*f[7][j] -ff[8][j])/6.0*hh*hh*hh*hh*hh;
elif n==6:
df=(-150.0*ff[4][j] -ff[O][j]+12.0*ff[1][j] -52.0*ff[2][j]+116.0*ff[3][j]+116.0*f[5][j] -52.0*f[6][j]+12.0*ff[7][] -
ff[8][j])/4.0*hh*hh *hh*hh*hh*hh;
elif n==7:
df=(-ff[0][j]+6.0*ff[1][]] -14.0*ff[2][j]+14.0*f[3][j] -14.0*ff[5][j]+14.0*ff[6][j] -6.0*f[7][j]+ff[8][j])/2.0*hh*hh*hh*hh*hh*hh*hh;
elif n==8:
df=(70.0*f[4][j]+ff[O][j] -8.0*ff[1][j]+28.0*ff[2][j] -56.0*f[3][j] -56.0*ff[5][j]+28.0*ff[6][]] -
8.0*ff[7][j]+f[8][i])*hh*hh*hh*hh*hh*hh*hh*hh;
else: df=0;
return df

from math import *
from fi_xi import *

class f2(fi_xi):
def func(self,x):
y=[0 for i2 in range(2)]
Y[0]=sin(x[0])*x[0]+sin(x[1])*X[1]
Y[1]=X[0]*X[0] -X[1]
return y;

f=f2();
x=[1.0,1.0]
ff=f.func(x)
print("f=\n",ff)
df=f.dfunc(x,1)
print("df=\n",df)

runfile('E:/okul/SCO1/fi_xjtest.py', wdir="E:/okul/SCO1")

Reloaded modules: fi_xi

f=

[1.682941969615793, 0.0]

df=

[[1.3817732906328843, 1.3817732906328843], [2.0000000000161.899999999954873]]

Abstract class fij_xj (for multi independent function-matrix function )
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from abc import ABC, abstractmethod
from math import *

class fij_xi(ABC):

# multifunction multi independent variable

# for n independent variable n*n matrix of

# dependent variables are returned

# example f[0][0¥x[0]+Math.sin(x[1]) f[0][1]=x[0]-X[1]

# f[1][0]=x[0]*x[0]-x[1] fl1][1]=Math.exp(X[O]+x[1]*X[1]
# func(x) returns the value of

# multifunction multi independent variable

# for n independent variable n*n matrix of

# dependent vables are returned

# example f[0][0]=x[0]+Math.sin(x[1]) f[O][1]=x[0Ix[1]

# f[1][0]=x[0]*x[0]-x[1] fl1][1]=Math.exp(X[O]+Xx[1]*X[1]
# func(x) returns the value of

# f[0](0], f[O][1]

# fl1][0], f1][1]

# as awo dimensional matrix

@abstractmethod
def func(self,x):
pass;

from math import *
from fij_xi import *

class f2(fij_xi):
def func(self,x):

y=[[O for j in range(2)] for i in range(2)]
y[0][0]=2.0*x[O]+X[1];
YIOI[1]=X[0];
Y[1][0]=3.0*x[1]*x[1];
y[1][1]=1.0+6.0*x[0]*X[1];
return y;

f=f2();

x=[1.0,1.0]

ff=f.func(x)

print("f=\n",ff)

runfile('E:/okul/SCO1/fij_xitest.py', wdir="E:/okul/SCOL1")
Reloaded modules: fij_xi

f=

[[3.0, 1.0], [3.0, 7.0]]

Iterable in Python:

An iteratable is a Python object that can be used as a sequence. You can go to the next item of the sequence
using the next() method.

You can loop over an iterable, but you cannot access individual elements directly.

It 6s a c ont aonyetwrn and of ies eléement at the toma.

d={"one" 1, "two": 2, "three": 3, "four": 4, "five": 5}
iterable = d.keys()
for item in iterable:
print(item)
runfile('E:/okul/SCO1l/iterablel.py', wdir="E:/okul/SCO1")
one
two
three
four
five

1.7 MATH LIBRARY



Several mathematical functions(methods) are defined in math library of python. Detail information can
be obtained fronhttps://docs.python.org/3/library/math.htmlinternet site. A lisbf methods and
constants are given below as a table

ceilx) Return the ceiling o, the smallest integer greater than or equal thx is not a float,
copysigrx, y) Return a float with the magnitude (absolute valuej lmiit the sign of).

comb(n, k) Return the number of ways to chodsiéems fromn items without repetition

fabs(x) Return the absolute value xf

factorial(x) Returnx factorial as an integer.

floor(x) Return the floor ok, the largest integer less than or equa. to

fmod(x, y) Returnfmod(x,y)

frexp(x) Return the mantissa and exponent a6 the paifm, e). m is a float anck is an integer
fsum(iterable) Return an accurate floating point sum of values in the iterable.

gcda, b) Return the greatest common divisor of iftegersa andb. If eithera or b is nonzero
modf(x) Return the fractional and integer partsof

prod(iterable, *, start=1) | Calculate the product of all the elements in the iieuable. The defaulstart value for the product is.
remainder(, y) Return the IEEE 754tyle remainder of with respect tgy.

trunc(x) Return theRealvaluex truncated to ainteger

exp(X) Returne raised to the powe, wheree= 2. 718281é is the base of n
expml(x) Returne raised to the poweq, minus 1.

log1Q(x) Return the bas&0 logarithm ofx.

log(X[, basg) With one argument, return the natural logarithnx @b basee).

pow(x, y) Retun x raised to the poway.

sqrt(x) Return the square root rf

acogx) Return the arc cosine &fin radians.

asin(x) Return the arc sine af in radians.

atan(x) Return the arc tangent rfin radians.

atan2(y, x) Returnatan(y/ x), in radiansThe result is betweeipi andpi. T

cogXx) Return the cosine ofradians.

dist(p, q) Return the Euclidean distance between two p@rasdg,

hypot(*coordinateg Return the Euclidean norragrt(sum(x**2for X in coordinates))

sin(x) Return the sinef x radians.

tan(x) Return the tangent ofradians.

degreegx) Convert anglex from radians to degrees.

radiangx) Convert angle from degres to radians.

acoshx) Return the inverse hyperbolic cosinexof

asinh(x) Return the inverse hyperbolic sinexof

atanh(x) Return the inverse hyperbolic tangenkof

coshx) Return the hyperbolic cosine xf

sinh(x) Return the hyperbolic sine gf

tanh(x) Return the hyperbolic tangent xf

erf(x) Return thesrror functionatx.

phi(x) Cumulative distribution function for standard normal distribution

erfc(x) Return the complementaryrer function atx.

lgammaXx) Return the natural logarithm of the absolute value of the Gamma function at
CONSTANTS

pi The mathematicalconstanE 3. 141592é, to available precisi
e The mathematicalconstaet 2. 718281é, to available precisi
tau The mathematicalconstant 6. 283 185¢é, to available precisi
inf A floating-point positive infinity.

nan Afloatingp oi nt finot a number o (NaN) value.
x =1[0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1,0.1]

y=fsum(x)

print("y=",y)

runfile('E:/okul/SCO1/iterablel.py', wdir="E:/okul/SCO1")

y=1.0

Note cmath library is available for similar functions for complex variabfgsother important
functionlibrary in pyython is scripy.special A very rich collection chtmematical functions are
available in this librarytttps://docs.scipy.org/doc/scipy/reference/special.htmlFor full list please
refer to above internet site. Some of the functiortke library is listed in here:

Elliptic functions and integrals
ellipj(u, m) Jacobian elliptic functions
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https://docs.scipy.org/doc/scipy/reference/special.html
https://docs.scipy.org/doc/scipy/reference/special.html#elliptic-functions-and-integrals
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.ellipj.html#scipy.special.ellipj

ellipk(m) Complete elliptic integral of the first kind.
ellipkmi(p) Complete elliptic integral of the first kind around= 1
ellipkinc(phi, m) Incomplete elliptiantegral of the first kind

ellipe(m) Complete elliptic integral of the second kind

ellipeinc(phi,m

Incomplete elliptic integral of the second kind

Bessel functions

jv(v, z

Bessel function of thérst kind of real order and complex

Exponentially scaled Bessel function of orger

Bessel function of the second kind of integer order and real

Bessel function of the second kind of real order and complex

Exponentially scaled Bessel function of the second kind of reg

Modified Bessel function of the second kind of integer order

Modified Bessel function of #nsecond kind of real order

Exponentially scaled modified Bessel function of the second k

Modified Bessel function of the first kind of real order.

Exponentially scaled modified Bessel function of the first kind

ankell(v

Hankel function of the first kind

ankelle(v

Exponentially scaled Hankel function of the first kind

ankel2(v

Hankel function of the secondhkl

ankel2e(v

Exponentially scaled Hankel function of the second kind

wright_bessel X

Wrightdéds generalized Bessel

Imbda(v,x

JahnkeEmden Lambda function, Lambdav(x).

Zeros of Bessel functions

jnjnp_zeros(nt)

Compute zeros ofintege r der Bessel func

jnyn_zeros(nnt) Compute nt zeros of Bessel functions Jn(x I n o ( x) ,
jn_zeros(nnt) Compute zeros of integerder Bessel functions Jn.
jnp_zeros(nnt Compute zeros of integerr der Bessel func

n_zeros(nnt

Compute zeros of integerder Bessel function Yn(x).

yn_zeros(nnt)
ynp zeros( n;m

Compute zeros of integerder Bessel function derivatives

Compute nt zeros of Bessel function YO(z), and derivative at

Compute nt zeros of Bessel function Y1(z), and derivative at

Compute nt zeros of Bessel

Faster versions of common Bessel functions

Bessel function of the first kind of order 0.

Bessel function of the first kind of order 1.

Bessel function of the second kind of order 0.

Bessel function of the second kind of order 1.

Modified Bessel function of order 0.

Exponentially scaled modified Bessel function of order 0.

Modified Bessel function of order 1.

EEE[EEEEE

Exponentially scaled modified Bessel function of order 1.

kO(x Modified Besel function of the second kind of order@.
kOe(x) Exponentially scaled modified Bessel function K of order 0
k1(x) Modified Bessel function of the second kind of ordeiK1(x).
kle(x) Exponentially scaled modified Bessel function K of order 1

Integrals of Bessel functions

itjoyO(x[, out]) Integrals of Bessel futions of the first kind of order 0.
it2joy0(x[, out]) Integrals related to Bessel functions of the st of order 0.
itiokO(x[, out]) Integrals of modified Bessel functions of order 0.

it2i0k0(x[, out]) Integrals related to modified Bessel functions of order 0.

besselpoly(amb, nu[, out])

Weighted integral of the Bessel function of the first kind.

Derivatives of Bessel functions

jivp(v, z[, n]) Compute derivatives of Bessel functions of the first kind.
yvp(v, z[, n]) Compute derivatives of Besl functions of the second kind.
kvp(v, z[, n]) Compute nth derivative of rearder modified Bessel function
ivp(v, z[, n]) Compute derivatives of modified Bessel functions of the first
hlvp(v,z[, n]) Compute nth derivative of Hankel function H1v(z) with respec|
h2vp(v,z[, n]) Compute nth derivative of Hankel function H2v(z) with respec|

Spherical Bessel functions

spherical_jn(nz[, derivative])

Spherical Bessel function of the first kind or its derivative.
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.iv.html#scipy.special.iv
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.ive.html#scipy.special.ive
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hankel1.html#scipy.special.hankel1
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hankel2.html#scipy.special.hankel2
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hankel2e.html#scipy.special.hankel2e
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.yn_zeros.html#scipy.special.yn_zeros
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.ynp_zeros.html#scipy.special.ynp_zeros
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.y0_zeros.html#scipy.special.y0_zeros
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.y1_zeros.html#scipy.special.y1_zeros
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.y1p_zeros.html#scipy.special.y1p_zeros
https://docs.scipy.org/doc/scipy/reference/special.html#faster-versions-of-common-bessel-functions
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.j0.html#scipy.special.j0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.j1.html#scipy.special.j1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.y0.html#scipy.special.y0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.y1.html#scipy.special.y1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.i0.html#scipy.special.i0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.i0e.html#scipy.special.i0e
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.i1.html#scipy.special.i1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.i1e.html#scipy.special.i1e
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.k0.html#scipy.special.k0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.k0e.html#scipy.special.k0e
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.k1.html#scipy.special.k1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.k1e.html#scipy.special.k1e
https://docs.scipy.org/doc/scipy/reference/special.html#integrals-of-bessel-functions
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.itj0y0.html#scipy.special.itj0y0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.it2j0y0.html#scipy.special.it2j0y0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.iti0k0.html#scipy.special.iti0k0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.it2i0k0.html#scipy.special.it2i0k0
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.besselpoly.html#scipy.special.besselpoly
https://docs.scipy.org/doc/scipy/reference/special.html#derivatives-of-bessel-functions
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.jvp.html#scipy.special.jvp
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.yvp.html#scipy.special.yvp
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.kvp.html#scipy.special.kvp
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.ivp.html#scipy.special.ivp
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.h1vp.html#scipy.special.h1vp
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.h2vp.html#scipy.special.h2vp
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.spherical_jn.html#scipy.special.spherical_jn

spherical_ynd, z[, derivative])

Spherical Bessel function of the second kind or its derivative.

sphercal_in(n,z[, derivative])

Modified spherical Bessel function of the first kind or its

spherical_kn(nz[, derivative])

Modified spherical Bessel function of the second kind or its

Gamma and related functions

gamma(z) gamma function.

gammaln(x[,out]) Logarithm of the absolute value of the gamma function.
loggamma(z[put]) Principal branch of the logarithm of the gamma function.
gammasgn(x) Sign of the gamma function.

gammainc(ax) Regularizd lower incomplete gamma function.
gammaincinv(ay) Inverse to the lower incomplete gamnoadtion with respect tr.
gammaincc(ax) Regularized upper incomplete gamma function.
gammainccinv(ay) Inverse of the upper incomplete gamma function with respect
beta(apl, out Beta function.

betaln(ab) Natural logarithm of absolute value of beta function.

betainc(ab, x[, out])

Incomplete beta function.

betaincinv(ab, y[, out])

Inverseof the incomplete beta function.

psi(z[, out]) The digamma function.
rgamma(z[out]) Reciprocal of the gamma function.
olygamma(n Polygamma functions.

multigammaln(ad)

Returns the log of multivariate gamma, also sometimes calleg

digamma(z[.out])

The digamma function.

poch(z,m) Pochhammer symbol.

Error function and Fresnel integrals

erf(z) Returns the error function of complex argument.
erfc(x[, out]) Complementary errowfction,1 - erf(x).

erfex(x[, out]) Scaled complementary error functi@xp(x**2) * erfc(x).
erfi(z[, out]) Imaginary error functioni erf(i z).

erfinv(x, /[, out, where,casting,order,é ] )

Inverse of the error function.

erfcinv(x, /[, out,where,castingorder,é ] )

Inverse of the complementary error function.

wofz(z)

Faddeeva function

dawsn(x)

Dawsonds integral

fresnel(z[,out])

Fresnel integrals.

fresnel_zeros(nt)

Compute nt complex zeros of sine and cosine Fresnel integra

modfresnelp(x)

Modified Fresnel positive integrals

modfresnelm(x)

Modified Fresnel negative integrals

voigt_profie(x, sigma,gammal[ out])

Voigt profile.

erf_zeros(nt)

Compute the first nt zero in the first glrant, ordered by absolut

fresnelc_zeros(nt)

Compute nt complex zeros of @os Fresnel integral C(z).

fresnels_zeros(nt)

Compute nt complex zeros of sine Frelsntegral S(z).

Legendre functions

Ipmv(m, v, X)

Associated Legendre function of integer order and real degre

sph_harm(mn, theta,phi)

Compute spherical harmonics.

clpmn(m,n, z[, type

Associated Legendre function of the first kind for complex

Ipn(n, z) Legendre function of the first kind.

lan(n, z) Legendre function of the second kind.

Ipmn(m,n, z) Sequence of associated Legendre functions of the first kind.
lgmn(m,n, z) Sequence of associated Legendre functions of the second kir|

Ellipsoidal harmonics

ellip_harm(h2k2, n, p, [, signm,signn])

Ellipsoidal harmonic functions E”p_n(l)

ellip_harm_2(h2k2,n, p, s)

Ellipsoidal harmonic functions F*p_n(l)

ellip_normal(h2k2,n

Ellipsoidal harmonic normalization constants gamma”p_n

Orthogonal polynomials

The following functions evaluate values of orthogonal

assoc_laguerre(x[, k])

Compute the generalized (associated) Laguerre polynomial o

eval_legendre(rx[, out])

Evaluate Legendre polynomial at a point.

eval_chebyt(nx[, out])

Evaluate Chebyshev polynomial of the first kind at a point.

eval_chebyu(nx[, out])

Evaluate Chebyshev polynomial of the second kind at a point

eval_chebyc(nx[, out])

Evaluate Chebyshev polynomial of the first kind e P] at a

eval_chebys(m[, out])

Evaluate Chebyshev polynomial of the second kind®n2] at a

eval_jacobi(nalphabetax[, out])

Evaluate Jacobi polynomial at a point.

eval_laguerre(nx[, out])

Evaluate Laguerre polynomial at a point.
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eval_genlaguerre(mlpha x|, out])

Evaluate generalized Laguerre polynomial at a point.

eval_hermite(nx[, out])

Evaluate physicistods Her mit

eval_hermitenorm(rnx[, out])

Eval uate probabilistds (nor

eval_gegenbauer(alphax|, out])

Evaluate Gegenbauer polynomial at a point.

eval_sh_legendre(m[, out])

Evaluate shifted Legendre polynomial at a point.

eval_sh_chebyt(rx[, out])

Evaluate shifted Chebyshev polynomial of the first kind at a p

eval_sh_chebyu(ix[, out])

Evaluate shifted Chebyshev polynomial of the second kind at

eval_sh_jacobi(m. g, X[, out])

Evaluate shifted Jacobi polynomial at a point.

The following functions compute roots and quadrature

roots_legendre(ninu))

GausslLegendre quadrature.

roots_chebyt(n[mu])

GaussChebyshev (first kind) quadrature.

roots_chebyu(n[mu])

GaussChebyshev (second kind) quadrature.

roots_chebyc(n[mu])

GaussChebyshev (first kind) quadrature.

roots_chebys(nfnu])

GaussChebyshev (second kind) quadrature.

roots_jacobi(nalpha,beta[,mu])

GaussJacobi quadrature.

roots Iaguerremmu )

GaussLaguerre quadrature.

roots_genlaguerre(alphal,mu])

Gaussgeneralized Laguerre quadrature.

roats_hermite(n[mu])

GaussHer mi te (physicistds) qud

roots_hermitenan(n[, mu])

GaussHer mi te (statisticiands)

roots_gegenbauer(alphal, mu])

GaussGegenbauer quadrature.

roots_sh_legendre(nfu])

GaussLegendre (shifted) quadrature.

roots_sh_chebyt(nfnu])

GaussChebyshev (first kingshifted) quadrature.

roots_sh_chebyu(nfnu])

GaussChebyshev (second kind, ftied) quadrature.

roots_sh_jacobi(m1.g1[, mu])

GaussJacobi (shifted) quadnarte.

The functions below, in turn, return the polynomial

legendre(n[monic])

Legendre polynomial.

chebyt(n[,monic])

Chebyshev polynomial of the first kind.

chebyu(n[;monic])

Chebyshev polynomial of the second kind.

chebyc(n[monic])

Chebyshev polynomial of the first kind n1 2 , 2] .

chebys(n[monic])

Chebyshev polynomial of the second kindjon 2, 2] .

jacobi(n,alpha,beta[,monic])

Jacobi polynomial.

laguerre(n[monic

Laguerre polynomial.

genlaguerre(nalphal,monic])

Generalized (associated) Laguerre polynomial.

hermite(n[,monic])

0 Her mite polynom

hermitenorm(n[monic])

Physicistos
Nor mal i zed (probabilistds)

gegenbauer(ralphal,monic])

Gegenbauer (ultraspherical) polynomial.

sh_legendre(njmonic])

Shifted Legendre polynomial.

sh_chebyt(n[monic])

Shifted Chebyshepolynomial of the first kind.

sh_chebyu(n[monic])

Shifted Chebyshev polynomial of the secondikin

sh_jacobi(np, g[, monic])

Shifted Jacobi polynomial.

Hypergeometric functions

hyp2fi(ab,c, z)

Gauss hypergeometric function 2F1(a, b; c; z)

hypifi(ab, x[, out])

Confluent hypergeometric function 1F1.

hyperu(ab, x[, out])

Confluent hypergeometric function U

hypO0fi(v,z[, out])

Confluent hypergeometric limit function OF1.

Parabolic cylinder functions

pbdvi, X) Parabolic cylinder function D
bvv(v, X Parabolic cylinder function V
pbwa(ax) Parabolic cylinder function W.

These are not universal functions:

pbdv_seq(vx) Parabolic cylinder functions Dv(x) and derivatives.
pbvv_seq(vx) Parabolic cylinder functions Vv(x) and derivatives.
pbdn_seq(nz) Parabolic cylinder functions Dn(z) and derivatives.

Mathieu and related functions

mathieu_a(mgq) Characteristic value of even Mathieu functions
mathieu_b(mq) Characteristic value of odd Mathieu functions

These are not universal functions:

mathieu_even_coef(ng)

Fourier coefficients for even Mathieu and modified Mathieu

mathieu_odd_coef(ng)

Fourier coefficients for even Mathieu and modified Mathieu
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.sh_chebyu.html#scipy.special.sh_chebyu
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.sh_jacobi.html#scipy.special.sh_jacobi
https://docs.scipy.org/doc/scipy/reference/special.html#hypergeometric-functions
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hyp2f1.html#scipy.special.hyp2f1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hyp1f1.html#scipy.special.hyp1f1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hyperu.html#scipy.special.hyperu
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.hyp0f1.html#scipy.special.hyp0f1
https://docs.scipy.org/doc/scipy/reference/special.html#parabolic-cylinder-functions
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.pbdv.html#scipy.special.pbdv
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.pbvv.html#scipy.special.pbvv
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.pbwa.html#scipy.special.pbwa
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.pbdv_seq.html#scipy.special.pbdv_seq
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.pbvv_seq.html#scipy.special.pbvv_seq
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.pbdn_seq.html#scipy.special.pbdn_seq
https://docs.scipy.org/doc/scipy/reference/special.html#mathieu-and-related-functions
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.mathieu_a.html#scipy.special.mathieu_a
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.mathieu_b.html#scipy.special.mathieu_b
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.mathieu_even_coef.html#scipy.special.mathieu_even_coef
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The following return both function and first derivative:

mathieu_cem(ng, x) Even Mathieu function and its derivative

mathieu_sem(ng, x) Odd Mathieu function and its derivedi
mathieu_modcem1(na, X) Even modified Mathieu function of the first kind aitsl derivative
mathieu_modcem?2(naj, x) Even modified Mathieu function of the sew kind and its
mathieu_modsema(na, X) Odd modified Mathieu functio of the first kind and its derivative
mathieu_modsem2(ng, x) Odd modified Matfeu function of the second kind and its
Spheroidal wave functions

pro_angi(mnp,c, x) Prolate spheroidal angular function of the first kind and its
pro_radi(mn,c, x) Prolate spheroidal radial function of the first kind and its
pro_rad2(mn,c, x) Prolate spheroidal radial function of the second kind and its
obl_angl(mp,c, x) O'blrate'spheroidal angular function of the first kind and its
obl_radl(mpn,c, x) Oblate spheroidal radial function of the first kind and its
obl_rad2(mp, ¢, x) Oblate spheroidal radial function of the second kind and its
pro_cv(m,n, c) Characteristic value of prolate spheroidal function
obl_cv(m,n, c) Characteristic value of oblate spheroidal function
pro_cv_seq(mn, c) Characteristic values for prolate spheroidal wave functions.
obl_cv_seq(mn, c) Charactestic values for oblate spheroidal wave functions.
The following functions require pre-computed

pro_angl cv(mp,c,cv,x) Prolate spheroidal angular function pro_angl for precompute
pro_radl_cv(mn,c, cv, x) Prolate spheroidal radial function pro_rad1l for precomputed
pro_rad2_cv(mn, ¢, CV, X) Prolate spheroidaI radial function pro_rad?2 for precomputed
obl_angl cv(mn,c,cv, x) Oblate spheroidal angular function obl_ang1 for precomputed
obl_radl cv(mn,c,cv,x) Oblate spheroidal radial function obl_rad1 for precomputed
obl_rad2_ cv(mn,c,cv, x) Oblate spheroidal radial function obl_rad2 for precomputed

from scipy.special import *

from math import *

from matplotlib import pyplot as plt
import numpy as np

n=10
dx=1.0/10.0
y=[0 for z in range(n)];
x=[0 for z in range(n)];
for i in range(n):

x[i]=0.00001+dx*i

ylil=erf(xi])

print(x[il," ",y[i)
runfile('D:/okul/SCO1/erf2.py wdir="D:/okul/SCO1')
1le05 1.1283791670579%5
0.10001 0.11247408752318092
0.20001000000000002 0.2227134305366665
0.30001000000000005 0.3286370720372856
0.40001000000000003 0.4284019704211951
0.50001 0.5205086655948966
0.60001 0.60386396330085
0.70001 0.6778081065376335
0.80001 0.7421069145179242
0.90001 0.7969132320633975

1.8 PLOTTING IN PYTHON

Python has the ability to create graphs by using the matplotlib library. It has numerous packages and
functions which generate a wide iy of graphs and plots. It is also very simple to use. It along with
numpy and other python built functions achieves the goal. In this article we will see some of the
different kinds of graphs it can generate.

Matplotlib library documentation:

https:/matplotlib.org/3.3.2/contents.html#

from math import *
from matplotlib import pyplot as plt
import numpy as np
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.pro_cv_seq.html#scipy.special.pro_cv_seq
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.obl_ang1_cv.html#scipy.special.obl_ang1_cv
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def J(v,x):
JJ=1e6
a=1.0
fact=1
b=0.0
if x <=20:
x5=1
Ina=0.0;
x1=v*log(0.5*x)
Inal=log(025*x*x)
for k in range(0,100):
x2=Ina
x3=lgamma(k+1)
x4=lgamma(v+k+1)
b=x1+x2x3-x4
b=x5*exp(b)
Ina=Ilna+lnal
x5=-1*x5
JJ=JJ+b
elif (v==0 and x==0):
JJ=1
else:
JJI=sqrt(2.0/P1/x)*cos(®.5*v*P1-0.25*Pl)
return JJ

n=1000

dx=1.0/100.0

y=[0 for z in range(n)];

x=[0 for z in range(n)];

for i in range(n):
X[]=0.00001+dx*i
y[i1=3(0.0,xi])
print(x{i]," " y[il)

plt.plot(x,y)

plt.xlabel("Bessel Function J(0,x)")
plt.ylabel("J(0,x)")

plt.title('x’)

plt.show()
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Besselfunction can be obtained from scripy.special function library

from scipy.special import *

from math import *

from matplotlib inport pyplot as plt
import numpy as np

n=1000

dx=1.0/100.0

y=[0 for z in range(n)];

x=[0 for z in range(n)];

for i in range(n):
x[]=0.00001+dx*i
ylil=jv (0.0, xi])
print(x[i]," ", y[i])

plt.plot(x,y)

plt.xlabel("Bessel Function J(0,x)")
plt.ylabel("J(0,x)")

plt.title('x")




[ plt.show()

Bessel function is also available in Mathd library giving as a part of this text

from Mathd import *
from matplotlib import pyplot as plt
import numpy as np

n=1000

dx=1.0/100.0

y=[0 for z in range(n)];

x=[0 for zin range(n)];

for i in range(n):
x[]=0.00001+dx*i
y[i]l=Mathd.J(0.0,x[i])
print(x[i]," "y[i])

plt.plot(x,y)

plt.xlabel("Bessel Function J(0,x)")
plt.ylabel("J(0,x)")

plt.title('x’)

plt.show()

from math import *
from matplotlib import pyplbas plt
import numpy as np

f = lambda x: x*x2;
n=1000
dx=1.0/100.0
y=[0 for z in range(n)];
x=[0 for z in range(n)];
for i in range(n):
x[i]=0.00001+dx*i
YII=F(x[iT)
print(x{i]," " y[il)

plt.plot(x,y)
plt.xlabel("x")
plt.ylabel("y")
plt.title("y=f(x)=x*x-2")
plt.show()

y=f{x)=x*x-2
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3D Plot example is given below. The function is f(x)=sin(x)*cos(y)

# Import libraries

from mpl_toolkits import mplot3d
import numpy as np

import matplotlib.pyplot as plt
from f_xj import *;

#Function to plot




classf2(f_xj):
def func(self,x):
y=sin(x[0])*cos(x[1])
returny;

# Creating dataset
def plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLAbel,XLAbel,YLable,ZLabel):
#f=f2()
x=[0.0 for j in range(NX)]
y=[0.0 for j in range(Ny)]
z=[[0.0 for j inrange(Ny)] for i in range(Nx)]
dx=(xmaxxmin)/(Nx-1)
dy=(ymaxymin)/(Ny-1)
for i in range(Nx):
for j in range(Ny):
X[i]=xmin+dx*i
yli] = ymin+dy?j
z[i][j]=f.funcxy(x[i1y[il)
xi=np.array(x)
yi=np.array(y)
Xi, yi = np.meshgrid(xi, yi)
zi=np.array(z)
#print(x[i{," " ylil0l," ", z[i0])
fig = plt.figure(figsize =(14, 9))
ax = plt.axes(projection ='3d")
# Creating color map
my_cmap = plt.get_cmap('terrain’)
# Creating plot
surf = ax.plot_surface(xi, yi, zi,
cmap = my_cmap,
edgecolor ='none’)
fig.colorbar(surf, ax = ax,
shrink = 0.5,
aspect = 5)

ax.set_title(Phbel)
ax.set_xlabel(XLabel)
ax.set_xlim(xmin, xmax)
ax.set_ylabel(YLabel)
ax.set_xlim(ymin, ymax)
ax.set_zlabel(ZLabel)
ax.set_zlim(np.min(zi), np.max(zi))
plt.show()

f=f2()

xmin=0.0

Xmax=6.283185307

Nx=100

ymin=0.0

ymax=6.28185307

Ny=100

PLabel="Surface plot f(x,y)=sin(x)*cos(y)"
XLabel="x"

YLabel="y"

ZLabel="z=sin(x)*cos(y)"
plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel,XLabel,YLabel,ZLabel)




Surface plot f(x,y)=sin(x)*cos(y)
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#Function to plot
class f2(f_xj):
def func(self,x):
z=-(1.0+cos(pi*(x[0}3.0))*cos(2.0*pi*(x[1]-2.0))/(1+(x[0} 3.0)*(x[0]-3.0)+(x[1}2.0)*(x[1]-2.0)))

return z;

f=f2()

xmin=0.0

xmax=4

Nx=100

ymin=0.0

ymax=4

Ny=100

PLabel="Surface plot f(x,y)"
XLabel="x"

YLabel="y"

ZLabel="z"
plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel,XLabel,YLabel,ZLabel)

Surface plot f(x,y)




from math import *
from f_xj import *
import plot3D1 as P3D

class f1(f xj):func=lambda self,x3.0*(1.0+cos(pi*(x[0}3.0))*cos(2.0*pi*(x[1}
2.0))/(1+(X[0}3.0)*(X[0]-3.0)+(x[1]-2.0)*(x[1]-2.0)))

f=f1()

a=[-1.0;1.0]

b=[1.0,1.0]

f=f1()

xmin=0.0

xmax=2.0

Nx=100

ymin=0.0

ymax=2.0

Ny=100

PLabel="Surface plot f(x,y)"

XLabel="x"

YLabel="y"

ZLabel="z"

P3D.plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel, XLabel,YLabel,ZLabel)

runfile('E:/okul/SCOL/f_xjtestl.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj, plot3D1

Surface plot f(x,y)

Plotting contour_plot

from mpl_todkits import mplot3d
import numpy as np

import matplotlib.pyplot as plt
from f_xj import *

#Function to plot
class f2(f_xj):
def func(self,x):
y=sin(x[0]/2.0)*cos(x[1]/3.0)
return y;

# Creating dataset
def contour_plot(f,xmin,xmax,Nx,yim,ymax,Ny,PLabel,XLabel,YLable,ZLabel):
#f=f2()
x=[0.0 for j in range(NXx)]
y=[0.0 for j in range(Ny)]
z=[[0.0 for j in range(Ny)] for i in range(NXx)]
dx=(xmaxxmin)/(Nx-1)
dy=(ymaxymin)/(Ny-1)
for i in range(Nx):
for j in range(Ny):
X[i]=xmin+dx*i
y[il = ymin+dyj




z[i][j]=f.funcxy(x[il.y[i])
xi=np.array(x)
yi=np.array(y)
Xi, yi = np.meshgrid(xi, yi)
zi=np.array(z)
fig, ax = plt.subplots(1, 1)
# plots cotour lines
ax.contour(xi, yi, zi,linewidths=0.5)
ax.set_title(PLabel)
ax.set_xlabel(XLabel)
ax.set_xlim(xmin, xmax)
ax.set_ylabel(YLabel)
ax.set_xlim(ymin, ymax)
plt.show()

f=f2()

xmin=0.0

xmax=50.0

Nx=100

ymin=0.0

ymax=5Q00

Ny=100

PLabel="Surface plot f(x,y)=sin(x/2)*cos(y/3)"
XLabel="x"

YLabel="y"

ZLabel="z=sin(x)*cos(y)"
contour_plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel,XLabel,YLabel,ZLabel)
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from mpl_toolkits import mplot3d
import numpy as np

import matplotlib.pyplot as plt
from f_xj import *

# Creating dataset
def contour_plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel,XLabel,YLable,ZLabel):
#f=f2()
x=[0.0 for j in range(Nx)]
y=[0.0 for j in range(Ny)]
z=[[0.0 for j in range(Ny)] for i in range(Nx)]
dx=(xmaxxmin)/(Nx-1)
dy=(ymaxymin)/(Ny-1)
for i in range(Nx):
for j in range(Ny):
X[i]=xmin+dx*i
y[i] = ymin+dy*j
z[i]fi] =f.funcxy(x[il,y[il)
xi=np.array(x)
yi=np.array(y)
Xi, yi = np.meshgrid(xi, yi)
zi=np.array(z)
fig, ax = plt.subplots(1,1)




# plots contour lines

ax.contour(xi, i, zi,linewidths=0.5)
ax.set_title(PLabel)
ax.seé_xlabel(XLabel)
ax.set_xlim(xmin, xmax)
ax.set_ylabel(YLabel)
ax.set_xlim(ymin, ymax)
plt.show()

class f1(f_xj):func=lambda self3&.0*(1.0+cos(pi*(x[0}3.0))*cos(2.0*pi*(x[1}-2.0))/(1+(x[0} 3.0)*(x[0]-3.0)+(x[1}
2.0)*(x[1]-2.0)))

f=f1()

xmin=0.0

xmax=5.0

Nx=500

ymin=0.0

ymax=5.0

Ny=500

PLabel="Surface plot f(x,y)"

XLabel="x"

YLabel="y"

ZLabel="z=sin(x)*cos(y)"
contour_plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel,XLabel,YLabel,ZLabel)

. Surface plot fix,y)
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1.9 READING AND WRITING DATA FROM A SEQUENTIAL FILE

In order to read/write data into a sequaential file open statement will beTigedtatement has the
following form:
File_object=open(idafilenameo, omodeo)

Where fAfilenamedo is the name of input/output

@61 Read mode Wich is used when the file is only being read

avdT Write mode which is used to edit and write new information to the file (any existing files with

the same name will be erased when this mode is activated)
@01 Append mode, which is used to add new datiaeé end of the file; that is new information is
automatically amended to the end

G+01 Special read and write mode, which is used to handle both actions when working with a file

path = "e:/okul/SCO1/b.txt'
filel = open(path,'r’

days = filel.read()
print(days)

runfile('E:/okul/SCO1/readl.py', wdir="E:/okul/SCOL1")

1.234 3.24 5.67 7.78

path ="e:/okul/SCO1/d.txt'

filel = open(path,'w')

s="once upon a time, in a country far far away"
filel.write(s)

filel.close()

filel = open(path,'r)

sl = filel.read()

print(s1)

runfile('E:/okul/SCO1/writel.py', wdir="E:/okul/SCO1")
once upon a time, in a country far far away

Reading file b.txt (first two varibles as x,y in each line)
File b.txt

1.2343.245.67 7.78
1.3455.255.67 7.78
3.748 6.38 5.67 7.78
2.1755.24.67 7.78

1.222 3.455.67 7.78

path = 'b.txt'
filel = open(path,'r’)
filel.seek(0,2) #jumps to the end
endLocation=filel.tell()
filel.seek(0) #jumps to the start
nn=0
while True:
line=filel.readline()
nn+=1
if filel.tell()==endLocation:
break
x=[0.0 for i in range(nn)]
y=[0.0 for i in range(nn)]
filel.seek(0) #jumps to the start
for i in range(nn):
line=filel.readline()
ee=line.split()
x[i]=float(ee[0])
yli]=float(ee[1])
print(x[il," ",y[i])
filel.close()

runfile('E:/okul/SCO1/read2.py’, wdir="E:/okul/SCO1")
1.234 3.24
1.345 5.25

f



3.748 6.38
2175 5.24
1.222 3.45

def read_array2D(d):
path =d
filel = open(path,'r)
filel.seek(0,2) #jumps to the end
endLocation=filel.tell()
filel.seek(0) #umps to the start
nn=0
m=0
while True:
line=filel.readline()
ee=line.split()
nn+=1
if filel.tell()==endLocation:
break
m=len(ee)
print("m=",m)
a=[[0.0 for i in range(nn)] for in range(m)]
filel.seek(0) #jumps to the start
for i in range(nn):
line=filel.readline()
ee=line.split()
for j in range(m):
a[jl[i]=float(ee[j])
filel.close()
return a

a=read_array2D('b.tyt'
print(a)

runfile('E:/okul/SCO1/read3.py', wdir="E:/okul/SCO1")
m=4
[[1.234, 1.345, 3.748, 2.175, 1.222], [3.24, 5.25, 6.38, 5.24, 3.45], [5.67, 5.67, 5.67, 5.67, 5.67], [7.78, 7.78, 77783]].78




2. TAYLOR SERIES AAHRIES APPROXIMATIONFORQIONS

2.1 TAYLOR SERIES

Taylor equation can be considered the roots of many numerical analysis methods. It will give us serial.
Taylor seriesis a representation offanctionas an infinite sum of terms calculated from the values of

its derivatives at gingle point. It is named after the English mathematician Brook Taylor. If the series
is centered at zero, the series is also callaelaurin series, named after the Scottish mathematician
Colin Maclaurin. It is common practice to use a finite numbdewhs of the series to approximate a
function.Taylor series around a point a can be written as

QO TR, ., QD x
Qw Qw F w F w W oA E
Or if it is written in summation notation
20 EA
Or if a is replaces withand x is replaced with¥ equation becomes
Qw A w w

B
Computers could not calculad@ything more complex than addition, the rest usuaitpmplish through

Taylor series approximations. For example function f(Xjza@ be approximated as
W QP A AR PP T Y Tropan
Some of the formulation used in Numerical analysdirisct derivation from the Taylor series.
For example for the Newton root finding equation, above linear terms of the equation is ignorede
and function value is replaced with O
"Qw T "Qw Ry W () Will yield to

W 0 —
Taylor series can also be used to estimate error. The series usually used up to a certain term and
error will be proportinal to one upper term in the series. For example If exponetial function is
taken as

Ve Q p B — — —

The error term will be proportional to the next term of the series

Ol | ¢ +—
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Digital computers can only calculate addition process, therefore finih&t mathematical expressions are
calculated by using series. Series solutions of a few functions will be listed in here.

1. 1l ¢B — — T ®
2. Ao B —

3. Agbg B p
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10. A

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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“ B — Bailey, Borwein Plouffe(BBP) formula[90]

Bessel function
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O Bessel function

r ioEi a®E B - EulerMascheroni constant
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24.0 —B

I F Gy QK=0025g655941370 6

25- 2B AA Srinavasa Ramanujéncalculation series

26.- —8B a A Chudnovsky formula calculation series

27.* B — BaileyBorveinPlouffe formuld’ calculation
series

Exponential functiod @& B —

from math import *
def exp(x):
total=0;
factorial=1,;
power=1,
for i in range(1,100):
total=total+power/factorial;
power=power*x;
factorial=factorial*i;
return total;
r=exp(1.0);
print("r=",r);

runfile('E:/okul/SCOL/exp.py', wdir="E:/okul/SCO1")
r=2.7182818284590455

Natural logarithmi T ¢B —— — T ®

from math import *

def In(x):
total=0;
y=(x-1.0)/(x+1.0);
power=y;
for k in range(1100):
total=total+power/(2.0*KL.0);
power=power*y*y,
return 2*total;
e=r=2.7182818284590455;
r=In(e);
print("r=",r);

runfile('E:/okul/SCO1/func2.py’, wdir="E:/okul/SCO1')
r=0.9999999999999999




In(x)

k X= 2,7182818285

y=(x-1)/(x+1) |0,4621171573]

power total

0,4621171573 0

0,0986861666|0,9242343145

0,0210746546|0,9900250922

0,00450054030,9984549541

0,0009611006|0,9997408227

0,0002052452|0,9999544006

4,38306E-005|0,9999917179

9,36012E-006|0,9999984611

o|~N|o|u| s[NP o

1,99887E-006|0,9999997091

94,26864E-007|0,9999999443|

10[9,11578E-008|0,9999999892

11/1,94670E-008|0,9999999979

12|4,15721E-009|0,9999999996

13|8,87782E-0100,9999999999

14/1,89588E-010 1

15(4,04869E-011

16|8,64608E-012

17|1,84639E-012

18(3,94301E-013

19/8,42038E-014

[ T T T

20|1,79819E-014
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import math;

def sin(x):

total=0;

factorial=1;

power=x;

plusminus=1;

i=0;

for k in range(1,80):
total=total+power/factorial*plusminus;
power=power*x*x;
i=2*k+1,;
factorial=factoriat(i -1)*i;
plusminus*=1;

return total;

pi=math.pi;
X=pi/3.0;
print ("sin="+str(sin(x))+"math.sin = "+str(math.sin(x)));

runfile('E:/okul/SCO1/sin.py', wdir="E:/okul/SCOL1")
sin=0.8660254037844385math.sin = 0.8660254037844386

. QA

¢ A ¢Q p

import math;

def asin(x):
total=0;
factoriall=1,;
factorial2=1,;
power=Xx;
power2=1;
i=0;
for k in range(1,80):
total=total+power*factoriall/(power2*faarial2*factorial2)/(2.0*(k1)+1.0);

power*=x*x;
power2*=4;
i=2*k;

factoriall=factorial1*(i1)*i;




factorial2=factorial2*k;
return total;

pi=math.pi;

x1=pi/3.0;

x2=math.sin(x1);

print ("asin="+str(asin(x2))+" matasin = "+str(math.asin(x2)));

runfile('E:/okul/SCO1/asin.py', wdir="E:/okul/SCOL1")
asin=1.0471975511964204 math.asin = 1.0471975511965976

0w Q

from math import *

def In(x):
total=0
y=(x-1.0)/(x+1.0)
power=y
for k in range(1,100):
total=total+power/(2.0*KL.0)
power=power*y*y
return 2*total;
def exp(x):
total=0;
factorial=1;
power=1,
for i in range(1,100):
total=total+power/factorial;
power=power*x;
factorial=factorial*i;
return total;
def pow(a,x):
return exp(x*log(a));

r=pow(2.0,3.0);
print("r=",r);

runfile('E:/ok/SCO1/pow.py', wdir="E:/okul/SCO1")
r=7.999999999999999

1. v a — B P Bessel function

Note :G(x) gamma function existed in pytha math library as math.gamma(x) and natural logarithm of gamma function as
math.lgamma(x)

from math import *

def J(v,x):
JJ=0
a=1.0
fact=1
b=0.0
if x <=20:
x5=1
Ina=0.0;
x1=v*log(0.5*x)
Inal=log(0.25*x*x)
for k in range(0,100):
x2=Ina
x3=lgamma(k+1)
x4=lgamma(v+k+1)
b=x1+xX2-x3-x4
b=x5*exp(b)
Ina=Ina+lnal
x5=-1*x5
JJ=3J+b
elif (v==0 and x==0):




JJ=1
else:
JJ=sqrt(2.0/PI/x)*cos0.5*v*P1-0.25*PI)
return JJ
x=0.1
y=J(0.0,x)
print("J(0.0,",x,") = "y)
runfile('E:/okul/SCO1/bessel.py', wdir="E:/okul/SCOL1")
J(0.0, 0.1) = 0.9975015620660401
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import math

def erf(x):

A=2.0/math.sgrt(math.pi)

total=00

plusminus=1

power=x

factorial=1.0

for n in range(1,200):
total=total+power*plusminus/factorial/(2.0*h)+1.0)
power=power*x*x
factorial=factorial*n
plusminus*=plusminus*{);

return A*total

x=0.1

yl=erf(x)

y=math.erf(x)

print("X:HYXY"yl:"Yy‘"y:"‘y)

runfile('E:/okul/SCO1/erfl.py', wdir="E:/okul/SCO1")
x=0.1y1=0.1124629160182849 y= 0.1124629160182849

Some of the algorithmsight not be as clear as a directly given function. For example let usitdbk Russian
peasant multiplication problem:

Take two integer for example 21 and 37 then double the first one(left hand side) and divide by two the second
one(right side) ignore remaining in division process and stop when the right hand side redctued tioen

cross each line where the right side number is even add up remaining left hand side numbers for example. If the
given integer numbers to be multiplied is 21 and 17, the procédslew the path given below:

2137

42-18cross out (18 is even)
849

168-4cross out(4 is even)
336-2cross out(2 is even)
6721

then 21+84+672=777
21*37=777

Now let us convert this to an algorithmic structure:
from math import *

def isOdd(x):
return bool(x %2 !=0);

def multiply(x1,x2):
y2=x2;
yl=x1;
b2=0;
total=0;
while y2>=1:




b2=isOdd(y2);
ify2%2!=0:
total=total+y1,;
print(“total=",total,"y1=",y1,"y2=",y2);
yl=y1*2;
y2=(int)(y2/2);
return total;

x1=21;

x2=37,

x=multiply(x1,x2);

print("Russian multiplication\nx = "

X)

runfile('E:/okul/SCOL/russian.py', wdir="E:/okul/SCOL1")
total= 21 y1= 21 y2= 37

total= 21 y1=42 y2=18

total= 105 y1= 84 y2=9

total= 105 y1= 168 y2=4

total= 105 y1= 336 y2=2

total= 777 yl= 672 y2=1

Russian multiplication :

x= 777

EulerMascheroniconstanf T@® X X CPULU QO T WMPUOCUOMOPMOUP CMWNTNMEBC T M(TOPMNTI(PUWAOU WO
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#EulerMascheroni constant
from math import *
from f_x import *

def euler_contant():
n=100000
total=0.0
for k in range(1,n):
total+=1.0/k
return-log(n)+total

print(euler_contant())

runfile('D:/okul/SCO1/euler_contant.py', wdir='D:/okul/SCO1")
Reloaded modules: f_x
0.5772106648931068

“ B — Bailey-BorveinPlouffe formula“ calculation
series
# Bailey-BorveinP | ouf fe formula °~ <calculation series

from math import *
from f_x import *

def pi():

n=1000

total=4.62.0/4.01.0/5.01.0/6.0

pow=1.0;

for k in range(1,n):
pow*=16
k8=80*k
total+=1.0/pow*(4.0/(k8+1.0p.0/(k8+4.0)1.0/(k8+5.0)1.0/(k8+6.0))

return total

print("pi=",pi())

runfile('D:/okul/SCO1/pi_Plouffe.py', wdir="D:/okul/SCO1")
Reloaded modules: f_x
pi= 3.141592653589793

Bailey-

Borvein
Ploufe T
formula

[ pow total




0 1 3.13333333333333000000000E+
1 16 3.14142246642247000000000E+
2 256 3.14158739034658000000000E+
3 4096 3.14159245756744000000000E+
4 65536 3.14159264546034000000000E+
5 1048576 3.14159265322809000000006ED
6 16777216 3.14159265357288000000000E+
7 2.68E+0§ 3.14159265358897000000000E+
8 4.29E+09 3.14159265358975000000000E+
9 6.87E+1( 3.14159265358979000000000E+
10 1.1E+12 3.14159265358979000000000E+

Further mathentaal functions are defed as class Mathd. Some of the methods definedcherbe
used in numerical math.

from math import *

from cmath import *

from random import *

import matplotlib.pyplot as plt

class Mathd():
def __init__(self):
self.name ='mathd’

# Fird derivative
def df(f,x):
h=0.001
return €f(x+2.0*h)+8.0*f(x+h)-8.0*f(x-h)+f(x-2.0*h))/(12.0*h);

# second derivative
def d2f(f,x):
dx=0.001
return €1.0/12.0*f(%2.0*dx)+4.0/3.0*f(xdx)-5.0/2.0*f(x)+4.0/3.0*f(x+ck)-1.0/12.0*f(x+2.0*dx))/dx

# nth derivative
def dnf(f,x,n):
dx=0.001
dxh=1.0/dx
df=0.0;
if n==0: df=f(x);
elif n==1: df=(3.0*f(x4.0*dx)-32.0*f(x-3.0*dx)+168.0*f(x2.0*dx)-672.0*f(x-dx)+6 72.0*f(x+dx}
168.0*f(x+2.0*dx)+32.0*f(x+3.0*dx}3.0*f(x+4.0*dx))/840.0*dxh;
elif n==2: df=(14350.0*f(x)}9.0*f(x-4.0*dx)+128*f(x-3.0*dx)-1008*f(x-2.0*dx)+8064*f(xdx)+8064.0*f(x+dx}
1008.0*f(x+2.0*dx)+128.0*f(x+3.0*dx)9.0*f(x+4.0*dx))/5040.0*dxh*dxh;
elif n==3:
df=(-7.0*f(x-4.0*dx)+72.0*f(x-3.0*dx)-338.0*f(x-2.0*dx)+488.0*f(%dx)-488.0*f(x+dx)+338.0*f(x+2.0*dx)
72.0%(x+3.0*dx)+7.0*f(x+4.0*dx))/240.0*dxh*dxh*dxh;
elif n==4:
df=(2730.0*f(x)+7.0*f(%4.0%dx)-96.0*f(x-3.0%dx)+676.0*f(% 2*dx)-19520*(x -dx)-1952.0*f(x+dx)+676.0*F(x+2.0%dx)
96.0*f(x+3.0*dx)+7.0*f(x+4.0*dx))/240.0*dxh*dxh*dxh*dxh;
elif n==5:
df=(f(x-4.0*dx)-9.0*f(x-3.0*dx)+26.0*f(x-2.0*dx)-29.0*f(x-dx)+29.0*f(x+dx)} 26 .0*f(x+2.0*dx)+9.0*f(x+3.0*dx)}
f(x+4.0*dx))/6.0*dxh*dxh*dxh*dxh*dxh;
return df;
#polynomial function
# c1[0]+cL[1]*x+c1[2]*x"2+..
def f_poly(c1,x):
# this function calculates the value of
# c least square curve fitting function
n=len(cl);
if n1=0.0:
ff=c1[n-1];
foriin range(R2,-1,-1):
fi=ff*x+c1[i];
else:
ff=0,0;
return ff;
#derivative of polynomial function
# c1[0]+cl[1]*x+Cc1[2]*x"2+..
def df_poly(c1,x):
h=0.001




return ¢Mathd.f_poly(c1,(x+2.0*h))+8.8athd.f_poly(c1,(x+h))8.0*Mathd.f_poly(c1,(xh))+Mathd.f_poly(cl,(x
2.0*h)))/(12.0*h);
#second derivative of polynomial function
# c1[0]+cl[1]*x+c1[2]*x"2+..
def d2f_poly(c1,x):
dx=0.001
y1=-1.0/12.0*Mathd.f_poly(c1,(>2.0*dx))+4.0/3.0*Mathd.f_poly(c1,(xdx));
y2=-5.0/2.0*Mathd.f_poly(c1,x)+4.0/3.0*Mathd.f_poly(c1,(x+dx))0/12.0*Mathd.f_poly(c1,(x+2.0*dx));
return (yl+y2)/dx;
#Leguerre polynomial root finding method
def LeGuerre(cl):
# LeGuerre root finding method polynomials
maxit=500;
iter=0;
es=0.0000001;
ea=1.1%es;
n=len(c1)1;
x=complex(1.0,0.0);
while ea>es and iter<maxit:
dfx=Mathd.df_poly(c1,x);
fx=Mathd.f_poly(c1,x);
d2fx=Mathd.d2f_pty(c1,x);
G=dfx/fx;
H=G*G-d2fx/fx;
y=sqrt((n*HG*G)*(n-1.0));
z1=GH+y;
22=Gy;
zbool=z1.real*z1.real+z1.imag*z1.imag> z2.real*z2.real+z2.imag*z2.imag;
if zbool: z=21,
else: z=z2;
aa=n/z;
X=X-aa;
iter=iter+1;
if abs(fx)<1el5: return x;
if iter>=maxit: print("Maximum number of iteration is exceededesult might not be valid");
return x;

#False position root findjnmethod
def false_position(f,xl,xu):

# false position root finding method

maxit=100

iter=0

es=0.0000001

ea=1.1*es

s=""

fxI= f(xI)

fxu= f(xu)

xr=xl

while ea>es and iter<maxit:
xold=xr
xr=xu-fxu*(x! -xu)/(fxI-fxu);
fxr= f(xr);
iter=iter+1;
if xr'=0:

ea=abs((xold)/xr)*100

test= fxI*fxr;
iftest==0.0: ea=0;
elif test<0.0: xu=xr;fxu=fxr;
elif test>0:  xl=xr;fxI=fxr;
else : ea=0;
if iter>=maxit: print("Maximum number of iteration is exceededesult might not be valid");

return xr

#bisection root finding method
def bisection(f,xl,xu):

# bisection root finding method

maxit=100

iter=0

es=0.0000001

ea=1.1*es

s=""

fxI= f(xI)

fxu= f(xu)

xr=x|

while ea>es and iter<maxit:
xold=xr
xr=(xl+xu)/2.0;




fxr= f(xr);
iter=iter+1;
if xr!=0:
ea=abs((>axold)/xr)*100
test= fxI*fxr;
iftest==0.0: ea=0;
elif test<0.0: xu=xr;fxu=fxr;
elif test>0:  xl=xr;fxI=fxr;
else : ea=0;
if iter>=maxit: print("Maximum number of iteration is exceededesult might not be valid")
return xr
#secant root finding method
def secant(f,x):
# secant root finding method
nmax=100
tolerance=1.04.0
for i in range(0,nmax):
fx=f(x)
dfx=Mathd.df(f,x)
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x
#secant optimisation method
def secant_opt(f,x):
# secant optimisation method
nmax=100
tolerance=1.040
for i in range(0,nmax):
fx= Mathd.df(x)
dfx=Mathd.d2f(f,x)
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x
#newtonRaphson root finding method
def newton(f,df,x):
# NewtorRaphson root finding method
nmax=100
tolerance=1.04.0
for i in range(0,nmax):
fx=f(x);
dfx=df(x)
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x
#muller root finding method
def muller(f,x0,x1,x2):
# Findng real roots by using Muller method
iter=0;
es1=0.001;
es=esl;
ea=1.1%es;
maxit = 100;
Xr=x0;
for iter in range(0,maxit):
fx0=f(x0);
fx1=f(x1);
fx2=f(x2);
h0=x1-x0;
h1=x2-x1;
d0=(fx1-fx0)/h0;
d1=(fx2-fx1)/h1;
a=(d%d0)/(h1+h0);
b=a*h1+d1;
c=fx2;
determinant=b*b4.0*a*c;
if determinant<=0: determinant=0;
else: determinant=sqrt(determinant);
if abs(b+deteminant)> abs(leterminant): den=b+determinant;
else: den=kleterminant;
hr=-2*c/den;
xr=x2+hr;
ea=abs((x2)/xr)*100;
x0=x1;
x1=x2;
X2=Xr;
if ea<es: return xr




if iter>=maxit: prin{’'Warning : Maximum number of iteration is exceeded result may not be valis');
return xr;
# Hasan root finding method
def hasan(f,x):
# finding real roots by using hasan method third order
nmax=500;
r=3;
tolerance=1.8-15;
for iter in range(0,nmax):
x=f(x);
dfx=Mathd.df(f,x);
d2fx=Mathd.dnf(f,x,2);
x=x-fx/(dfx+1.0/r*dfx*log((dfx*dfx -fx*d2fx)/(dfx*dfx)));
if abs(fx)<tolerance: return x;
return x;
# inverse interpolation (Lagrange interpolation) root finding method
def inverseinter2Droot(f,x1,x2,x3):
#Inverse quadratic Lagrange interpolation
#root finding method
p=1;
maxit=100
iter=0;
tol=1.0e10;
es=0.0000001;
€a=0.001,
f1=f(x1);
f2=f(x2);
f3=f(x3);
if f1==0: p=x1,
elif f2==0: p=x2;
elif f3==0: p=x3;
if f1*3>0: print("Root is not existed in the given region");
while (ea>es) and (iter<maxit) and fOland f2!=0 and f3!=0:
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp=f(p);
ea=abs(xd);
if abs(f3)<tol: p=x3;
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
iter=iter+1;
if iter>=maxit: print("Warning : Maximum number of iteration is exceeded");
return p;
#Halley qudratic order root finding methos
def halley(f,x):
# secant quadratic root img method
nmax=100
tolerance=1.040
for i in range(0,nmax):
fx=f(x);
dfx=Mathd.df(f,x)
d2fx=Mathd.d2f(f,x)
x=x-2.0*x*dfx/(2.0*dfx*dfx -fx*d2fx)
print("x",x,"fx",fx,"dfx",dfx,"d2fx",d2fx);
if abs(fx)<tolerance: return x
return x
#Halley optimisation method
def halley_opt(f,x):
# halley optimisation method
nmax=100
tolerance=1.040
for i in range(0,nmax):
fx=Mathd.df(x);
dfx=Mathd d2f(f,x)
d2fx=Mathd.dnf(f,x,3)
x=x-2.0*x*dfx/(2.0*dfx*dfx -fx*d2fx)
if abs(fx)<tolerance: return x
return x
#root of cubic equations
def cubicroot(d):
x=[[O for i in range(3)] for j in range(2)]
a=d[2]d[3]
b=d[1]/d[3]
c=d[0]/d[3]
Q=(a*a3.0*b)/9.0
y1=2.0*a*a*a
y2=-9*a*b




y3=27*c
yA=yl+y2+y3
R=y4/54.0
Q3=Q*Q*Q
R2=R*R
if R2<Q3:
qg=2.0*sqrt(Q);
theta=acos(R/Ma.sqrt(Q3));
X[0][0]=gg*cos(theta/3.01/3.0;
x[0][1]=gg*cos((theta2.0*pi)/3.0)}a/3.0;
x[0][2]=qg*cos((theta+2.0*pi)/3.01/3.0;
else:
A=-pow((R+sqrt(R2Q3)),(1.0/3.0));
if A==0: B=0
el : B=Q/A
X[0][0]=(A+B)-a/3.0
x[0][1]=-0.5*(A+B)-a/3
X[1][1]=sqrt(3.0)/2.0*(AB)
X[0][2]=-0.5*(A+B)-a/3
x[1][2]=-sqrt(3.0)/2.0*(AB)
y=[complex(0,0) for i in range(3)];
y[0]=complex(x[0][0].x[1][0]);
y[1]=complex(x[O][1],x[1][1]);
y[2]=complex(x[0][2] X[1][2]);
returny
#root of quadratic equations
def squareroot(d):
# square root
x= [0 for i in range(2)];
a=d[2];
b=d[1];
c=d[0];
delta=b*b4*a*c;
X[0]=(-b+sqrt(delta))/(2*a);
X[1]=(-b-sqrt(delta))/(2*a);
return x;
#root of linear equation
def linearroot(d):
# linear rooot
b=d[1];
a=d[0];
return-d[0]/d[1];

#calculates legendgausscoefficients as coefficients of the integral
#for n terms
def gauss_legendre_coefficients(x1,x2,n):
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
for i in range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-plipp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]l=xm+xI*z
a[1][i-1]=2.0*xl/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a
#Gausd_egendre integration
def integral(f,x1,x2,n):
#integral f1(x)dx
#integral of a function by using gadegiendre quadrature
#between x1 and x2
a=Mathd.gauss_legendre_coefficients(x1,x2,n)




z=0
for i in range(n):
z=z+a[1][i*f(a[0][i])
return z
# Solutian of linear system of Equatio by using Gauss method
def gauss(a,b):
# Gauss elimination method with pivoting
n=len(a)
x=[0 for i in range(n)]
for k in range(n):
p=k
buyuk=abs(a[k][K])
for ii in range(k+1,n):
dummy=abs(alii][K])
if dummy>buyuk:
buyuk=dummy
p=ii
if pl=k:
for jj in range(k,n):
dummy=a[p][ij]
afp]fijl=alk][ii]
afk]fjjJ=dummy
dummy=b[p]
b[p]=b[K]
b[k]=dummy
for i in range(k+1,n):
carpan=a[i][K]/a[K][k]
a[i][k]=0;
for j in range(k+1,n):
a[il[jl=a{illj] -carpana[K][j]
b[i] =b[i]-carpan*b[k]
x[n-1]=b[n-1]/a[n-1][n-1]
foriin range(Rl,-1,-1):
toplam=0;
for j in range(i+1,n):
toplam=toplam-+al[i][j]*x[j]
X[i]=(b[i] -toplam)/a[i][i]
return x;
# Solution of linear system of Equatio by using Gaimslan method
def gaug@rdan(a,b):
#Gauss Jordan elimination solution of a system of equations
n=len(a)
npl=n+1
x=[]
C=[[0 for x in range(np1)] for y in range(n)]
for i in range(n):
x.append(0.0)
for i in range(n):
for j in range(n):
Clil[j]=afi[]
CIilln]=bfi]
for k in range(n):
for j in range(k+1,npl):
CIKII=CIKII)/CIK]IK]
for i in range(n):

if i'=k:
carpan=CIi][K]
Cl[i][k]=0.0

for j in range(k+1,np1):
CLIi=CIil] -carpan*CIK][]
for i in range(n):
X[{]=C[i][n]

return x;
# Solution of linear system of Equation (3 band matrix) by using Thomas algorithm
# matrix a is given
def thomas(a,r):

n=len(a);

f=[0.0 for i in range(n)];

e=[0.0 for i in range(n)];

g=[0.0 for i in range(n)];

x=[0.0 for i in range(n)];

for i in range(0,n): fli]=a[i][i];

for i in range(0,RAl): g[i]=a[i][i+1];

for i in range(0,Al): e[i+1]=a[i+1][i];

for k in range(0,n): e[K]=e[k]/f[KL];f[k]=f[K] -e[k]*g[k-1];

for k in range(1,n): r[K]=r[kde[k]*r[k -1];




x[n-1]=r[n-1]/f[n-1];
for k in range(R2,-1,-1): X[K]=(r[K]-g[K]*x[k+1])/[K];
return x;
# Solution of linear system of Equation (3 band matrix) by using Thomas algorithm
#vectors f,e,g is given
def thomas_n(f,e,q,r):
n=len(f);
x=[0.0 for iin range(n)];
for k in range(0,n): e[K]=e[K]/f[KL];f[k]=f[K] -e[k]*g[k-1];
for k in range(1,n): r[k]=r[kde[k]*r[k -1];
x[n-1]=r[n-1]/f[n-1];
for k in range(R2,-1,-1): X[K]=(r[k] -g[K]*x[k+1])/f[K];
return x;
#Gol den search (FKbonnachi) optimisation
def golden(f1,a,b):
# golden search
rl=(sqrt(5}1)/2;
r2=rl*ril;
h=b-a;
ya=fl(a);
yb=f1(b);
c=a+r2*h;
d=a+rl*h;
ye=f1(c);
yd=f1(d)
k=1,
epsilon=1.0€l0;
while abs(ybya) > epsilon:
k=k+1;
if yc<yd:
b=d,
yb = yd;
d=c;
yd =yc;
h=b-a;
c=a+r2*h;
yc = f1(c);
else:
a=gc
ya=yc;
c=d;
yc = yd;
h=b-a,
d=a+rl*h;
yd = f1(d);
p=a;
yp=ya,
if yb<ya:
p=b;
return p;
#Brent root finding method
def brent(f,a,b):
#brent root finding rathod
maxit=500;
iter=0;
tol=1.0e15;
es=0.0000001;
x1=a;f1=f(x1);
x2=h;f2=f(x2);
x3=(x1+x2)/2.0;f3=f(x3);
if f1==0: return x1;
elif f2==0: return x2;
elif f3==0: return x3;
if f1*f2> 0: print("No root is existed in the given region");
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp=f(p);
ea=abs(x®);
while (ea>es) and (iter<maxit):
if abs(f3)<tol: return x3;
if (p<x1) and (p>x2):
p=(x1+x2)/2.0;
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
else:
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=13;8=p;f3=1p;




p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp=f(p);
ea=abs(xd);
iter=iter+1;
if iter>=maxit: print("Warning : MAximum number of iteration is exceeded");
return p;
#Brent optimisation method
def brent_opt(f,a,b):
#brent optimisation method
maxit=500;
iter=0;
tol=1.0e15;
es=0.0000001;
x1=a;f1= Mathd.df(f,x1);
x2=h;f2= Mathd.df(f,x2);
x3=(x1+x2)2.0;f3= Mathd.df(f,x3);
if f1==0: return x1;
elif f2==0: return x2;
elif f3==0: return x3;
if f1*2>0: print("No root is existed in the given region");
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f 2-f3)*(f3-f1));
fp= Mathd.df(f,p);
ea=abs(x®);
while (ea>es) and (iter<maxit):
if abs(f3)<tol: return x3;
if (p<x1) and (p>x2):
p=(x1+x2)/2.0;
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
else:
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp= Mathd.df(f,p);
ea=abs(x®);
iter=iter+1;
if iter>=maxit: print("Warning : Maximum number of iteration is exceeded");
return p;
# Thiele root finding method
def TM1(f,x):
#Thiele 1 method
a=[0.0 fa i in range(3)];
nmax=500;
tolerance=1.04.0;
fx=0;
for i in range(0,nmax):
fx=f(x);
dfx=Mathd.df(f,x);
d2fx=Mathd.d2f(f,x);
d3fx=Mathd.dnf(f,x,3);
P1=4.0*x*dfx*(3.0*dfx*dfx*d2fx -3.0*fx*d2fx*d2fx+fx*dfx*d3fx);
Q1=12.0*dfx*dfx*dfx*dfx*d2fx -18.0*fx*dfx*dfx*d2fx*d2fx+3.0*fx*fx*d2fx*d2fx*d2fx+4.0*fx*dfx*dfx*dfx*d 3fx;
x-=P1/Q1;
if abs(fx)<tolerance: a[0]=x;a[1]=fx;a[2]=i;return a;
print("Maximum number of itation is exceeded in Thielénl);
a[0]=x;a[1]=fx;a[2]=i;
return a;

def SIGN(a,b):
return abs(a)*b/abs(b);
#Ridder root finding method
def ridder(f,x1,x2):
xacc=1.0€9;
MAXITER=200;ABC=-1.0e30;
f_low=f(x1);
f_high=f(x2);
b1=f low > 0.0 and f_high < 0.0;
b2=f_low < 0.0 and f_high > 0.0;
b3=bl or b2;
if b3 :
X_low=x1;
x_high=x2;
answer=ABC;
for j in range(0,MAXITER):
x_mid=0.5*(x_low+x_high);
f_mid=f(x_mid);




s=sqrt(f_mid*f_midf_low*f_high);
if s == 0.0: return answer;
if f_low>=f_high: xx=1;
else: xx=1;
xnew=x_mid+(x_miex_low)*xx*f_mid/s;
if abs(xnewanswer) <= xacc: return answer;
answer=xnew;,
fnew=f(answer);
if fnew == 0.0: return answer;
if Mathd.SIGN(f_mid,fnew) != f_mid:x_low=x_mid;f_low=f_mid;x_high=answer;f_high=fnew;
elif Mathd.SIGN(f_low,fnew) != f_low:x_high=answer;f_high=fnew;
elif Mathd.SIGN(f_high,fnew) !=f_high:x_low=answer;f_low=fnew;
else: print("we should not reach to this point");
if abs(x_highx_low) <= xacc: return answer;
print("Warning : Maximum number of iteration is exceeti@y;
else:
if f_low == 0.0: return x1;
if f_high == 0.0: return x2;
print("Warning : No roots existed between the given limits ");
return 0.0;
#Homer synthetic division method for roots of polynomials
def horner(a):
# roots of a polynomial by using synthetic division process
# complex roots
n=len(a);
x1=complex(1.56435,0.1423523);
nl=n;
nmax=150;
tolerance=1e-10;
nl=n+1;
ref=3.1;
y=[complex(0.0,0.0) for i in range(rA)];
n2=nk2;
for k in range(0,n2):
n=len(a);
x=x1;
xo0ld=3.4878;
ref=abs(xoldx);
b=[complex0.0,0) for i in range(n)];
c=[complex(0.0,0.0) for i in range()];
b[n-1]=a[n1];
ii=0;
while ref>tolerance and iiknmax:
for i in range(R2,-1,-1):
bli]=ali]+b[i+1]*x;
foriin range(R2,-1,-1): c[il=b[i+1];
Q=Mathd.f_poly(c,x);
P=b[0];
x=x-P/Q;
ref=abs(xoldx);
ii=ii+1;
xold=x;
a=c;
n=len(a);
yIKI=x;
return y;

def eigen_LeGuerre(A):
#eigen value result is complex use Horner method with synthetic division
b=Mathd.polynomial_coefficients(A);
return Mathd.LeGuerre_SD(b
#Le Guerre synthetic division method for roots of polynomials
def LeGuerre_SD(a):
# roots of a polynomial by using synthetic division process
# complex roots
n=len(a);
x1=complex(1.56435,0.1);
x=complex(1.56435,0.1);
nl=n;
nmax=500;
tolerance=1.0€0;
nl=n+1,
ref=3.1;
y=[complex(0.0,0.0) for i in range(AA)];
n2=nk2;
for k in range(0,n2):




n=len(a);

m=n-1;

x=x1;

x0ld=34878;

ref=abs(xoldx);

b=[complex(0.0,0) for i in range(n)];

c=[complex(0.0,0.0) for i in range{®)];

b[n-1]=a[n1];

ii=0;

while ref>tolerance and ii<nmax:
foriin range(R2,-1,-1):

b[i]=a[i]+b[i+1]*x;

foriin range(R2,-1,-1): c[il=b[i+1];
dfx=Mathd.df_poly(a,x);
fx=Mathd.f_poly(a,x);
d2fx=Mathd.d2f_poly(a,x);
G=dfx/fx;
H=G*G-d2fx/fx;
yl=sqrt((m*HG*G)*(m-1.0));
z1=G+y1,
22=Gvyl,;
zbool=z1.real*z1.real+z1.imag*z1.imag> z2.real*z2.real+z2.imag*z2.imag;
if zbool: z=z1,
else: z=z2;
aa=n/z;
X=x-aa,;
ref=abs(xoldx);
ii=ii+1;
xold=x;

if n==2: y[k]=-a[0)/a[1];

else: y[k]=x;

a=c;

n=len(a);

return y;

def horner_f(a):
# roots of a polynomial by using synthetic division process
n=len(a);
x1=1.56435;
nl=n;
nmax=150;
tolerance=1.04.0;
nl=n+1;
ref=3.1;
y=[0.0 for i in range(nL2)];
n2=nk2;
for k in range(0,n2):
n=len(a);
x=x1;
x0ld=3.4878;
ref=abs(xoldx);
b=[0.0 for i in range(n)];
¢=[0.0 for i in range(rl)];
b[n-1]=a[n-1];
ii=0;
while ref>tolerance and iiknmax:
foriin range(R2,-1,-1):
b[i]=a[i]+b[i+1]*x;
for i in range(R2,-1,-1): c[i]=b[i+1];
Q=Mathd.f_poly(c,x);
P=b[0];
x=x-P/Q;
ref=abs(xoldx);
ii=ii+1;
xold=x;
a=c;
n=len(a);
yIK]=x;
return y;

def trace(B):
sum=0;
n=len(B);
for i in range(0,n):sum+=Bi][i];
return sum;




def topla(A,a):
n=len(A);
m=len(A[0]);
B = [[O for x in range(m)] for y in range(n)];
for i in range(0,n):
for j in range(0,m):
if it=j: BI]=ALI[T;
else:  BIi][j]=Allli]+a;
return B;

def AT(A):
#transpose matrix
n=len(A);
m=len(A[0]);
B = [[0 for x in rangém)] for y in range(n)];
for i in range(0,n):
for j in range(0,m):
BIIGI=ALILT;

return B;

def I(n):
#unit matrix of dimension n
B =[[O for x in range(n)] for y in range(n)];
for i in rang€0,n):
for j in range(0,n):
if i==j: BI[i][j]=1.0;
return B;

def invA(A):
#inverse matrix (n=m)
n=len(A);
I= Mathd.I(n);
B =[[O for x in range(n)] for y in range(n)];
for i in range(n):
B[i]=Mathd.gauss(A,[i]);
return B;

def invB(B):
#inverse matrix (n!=m)
x=Mathd.SVD(B);
S=x[0];
V=X[1];
U=x[2];
n=len(S);
SI = [[0.0 for x in range(n)] for y in range(n)];
foriin range(0,n):
for j in range(0,n):
if i==j: SI[il[j]=1.0/S[i][i];
UT=Mathd.AT(U);
return Mathd.carp_m_m(V,Mathd.carp_m_m(SI,UT));

def float_vect(A):
#converts complex to float ignore compleart
n=len(A);
B=[0.0 for x in range(n)];
for i in range(0,n):
B[i]=A[i].real;
return B;

def carp_c_m(left,right):
#multiplying a matrix with a constant
n=len(right);
m=len(right[0]);
b = [[O for x in range(m)] for y in range(n)];
for i in range(0,n):
for j in range(0,m):
b[i][j]=right[i][j]*left;
return b;
#end of multiplying a matrix with a constant double

def carp_m_m(left,right
#multiplying two matrisis
nl=len(left);
ml=len(left[0]);
n2=len(right);
m2=len(right[0]);




b = [[0 for x in range(n1)] for y in range(m2)];
if m1 1= n2:
print("warning : matrix sizes should bensa'");
return b;
for i in range(0,n1):
for j in range(0,m2):
for k in range(0,m1):
b[i][j]+=left{i][K]*right[K]il;
return b;

def add_m_m(left,right):
#adding two matrisis
nl=len(left);
ml=len(left[0]);
n2=len(right);
m2=len(right[0]);
b = [[0 for x in range(n1)] for y in range(m2)];
if ml = n2:
print("warning : matrix sizes should be same");
return b;
for i in range(0,n1):
for j in range(0,m2):
bli|[j]=left[il{il+right[i][i];

return b;

def substract_m_m(left,right):
#substracting two matrisis
nl=len(left);
ml=len(left[0]);
n2=len(right);
m2=len(right[0]);
b =[[0 for x in range(n1)] for y in range(m2)];
if ml 1= n2:
print("warning : matrix sizes should be same");
return b;
for i in range(0,n1):
for j in range(0,m2):
b[i][j 1=left[i][i] -right[i][i];

return b;

def mult_m_m(left,right):
return Mathd.carp_m_m(left,right);

def polynomial_coefficients(A):
n=len(A);
m=len(A[0]);
B = [[O for x in range(m)] for y in range(n)];
foriin range(0,n):
for j in range(0,m):
BIII=ATILT;
a =[0.0 for y in range(n+1)];
C =[[0.0 for x in range(m)] for y in range(n)];
a[n]=1.0;
a[n-1]=-Mathd.trace(B);
for k in range(R2,-1,-1):
C=Mathd.topla(B,a[k+1]);
B=Mathd.carp_m_m(A,C);
a[k]=-Mathd.trace(B)/(Fk);
return a;
#Eigen values by using Horners sysnthetic division method
def eigen_horner(A):
#eigen value result is complese Horner method with synthetic division
b=Mathd.polynomial_coefficients(A);
return Mathd.horner(b);

def eigen_horner_f(A):
#eigen value result is float use Horner method with synthetic division
b=Mathd.polynomial_coefficies(A);
return Mathd.horner_f(b);
#Singular value decomposition
def SVD(A):
#singular value decomposition
n=len(A)
B=Mathd.AT(A);
C=Mathd.mult_m_m(B,A);
D=Mathd.eigen_jacobi(C);




V =[[0.0 for x in range(n)for y in range(n)];
E=D[0];
for i in range(0,n):
for j in range(0,n):
Vi|[]=Dli+1]0l;
E=sorted(E, reverse=True); #eigen values
S =[[0.0 for x in range(n)] for y in range(n)];
#inverse of S
SI=[[0.0 for x in range(n)] for y in range(n)];
for i in range(0,n):
for j in range(0,n):
if i==j: Sil[j]=sart(E[i); SIi][]]=1.0/S[i[];
for i in range(0,n):
sum=0.0;
for j in range(0,n):
sum=sum+V[iJ[jI*V[il[il;
sum=sqrt(sum);
for j in range(0,n):
VIil[l= VIl{l/sum;
VT=Mathd.AT(V);
U=Mathd.mult_m_m(A,V);
U=Mathd.mult_m_m(U,SlI);
UT=Mathd.AT(U);
AA=Mathd.mult_m_m(UMathd.mult_m_m(S,VT));
x=[S,V,U];
return x;
#Eigenvalue by using Jacobi method (Symmetric matrices only)
def eigen_jacobi(A):
# eigen value of a symmetric matrix
# Jacobi method
eps=1el5;
err=1;
m=100;
n=len(A);
P=[[0.0 for x in range(n)] for y in range(n)];
R=[[0.0 for x in range(n)] for y in range(n)];
p=n;g=n;
lambdal=[0.0 for x in range(n)];
max=9.99e100;
P=Mathd.l(n);
for i in range(0,n):
for j in range(i+1,n):
if abs(A[i][j]]) > max: max=abs(A[i][i]);p=i;0=j;
while abs(A[p][q]) > eps:
fi=0.5*atan(2.0*A[p][q}/(Alp][p] -Alq][q]+1e-40));
R=Mathd.I(n);
RI[p][p]=cos(fi);
Rld][a]=cos(fi);
RIp][e]=-sin(fi):
R[q][p]=sin(fi);
P=Mathd.carp_m_m(P,R);
A=Mathd.carp_m_m(Mathd.AT(R),Mathd.carp_m_m(A,R));
max=9.99e100;
for i in range(0,n):
for j in range(i+1n):
if abs(A[i][j]) > max: max=abs(A[i][j]);p=i;q=j;
for i in range(0,n):lambdal[i]=Ali][il;
PP=[[0.0 for x in range(n)] for y in range(n+1)];
PP[0]=lambdal;
foriin range(1,n+1):
for j in range(0,n):
PP[i|[j=P[i-1](];
return PP;
#Gauss random number generator
def gaussrandom(xort,r):
iset=0;
gset=0;
aret=0;
v1=2.0*random()1.0;
v2=2.0*random(}1.0;
rsq=v1l*vl+v2*v2;
while rsg>=1.0 and rsq==0.0:
if iset==0:
v1=2.0*random(}1.0;
v2=2.0*random(}1.0;
rsq=v1*vl+v2*v2;




fac=sqrtf2.0*log(rsq)/rsq);
gset=vl*fac;
iset=1;
aret=v2*fac;

else:
iset=0;
aret=gset;

return aret/8.0*r+xort;

def gammay(z):return exp(Ingamma(z)[0])

# natural logarithm of gamma function
def Ingamma(x):
# logarithm of gamma function
# xx[0] value of logarithm of gama function
# xx[1] sign of gamma functon
xx=[0 for i in range(2)]
# result
#a
#b
#c
#p
#q
#u
#w
#z
#inti
# logpi
#ls2pi;
#mp;
sgngam = 1,
logpi = 1.14472988584940017414;
Is2pi = 0.91893853320467274178;
if x<-34.0:
q=-X
#double yy[l=Ingamma(q);
yy=Ingamma(q);
w = yy[0]
tmp=yy[1]
p = floor(q);
i = int(round(p,0))
if 1%2==0:
sgngam =1
else:
sgngam =1
Z=0ap;
if z>0.5:
p =p+l;
Z=pq;
z = g*sin(PI*z);
result = logpilog(z)w;
xx[O]=result
xx[1]=sgngam
return xx
elif x<13 :
z=1;
p=0;
u=x;
while u>=3:
p=pl;
U = X+p;
Z = 7*u;
while u<2:
z=17lu;
p=p+L;
u = X+p;
if z<0:
sgngam =1
z=-z
else:
sgnganF 1
if u==2:
result = log(z);
xx[0]=result;
xx[1]=sgngam;
return xx;
p=p2




X = X+p;
b =-1378.25152569120859100;
b =-38801.631534637840924+x*b;
b =-331612.992738871184744+x*b;
b =-1162370.97492762307383+x*b;
b =-1721737.00820839662146+x*b;
b =-853555.664245765465627+x*b;
c=1,
¢ =-351.81570143652347054%;
€ =-17064.2106651881159223+x*C;
€ =-220528.590553854454839+x*C;
€ =-1139334.44367982507207+x*C;
€ =-2532523.07177582951285+x*C;
€ =-2018891.41433532773231+x*C;
p = x*blc;
result = log(z)+p;
xx[0]=result;
xX[1]=sgngam;
return xx;
g = (x0.5)*log(x)-x+Is2pi;
if x>100000000:
result=q
xx[0]=result
xx[1]=sgngam
return x
p = 1/(x*x)
if x>=1000.0 :
g =qg+((7.9365079365079365079365*0.000R@F777777777777777777778*0.001)*p+0.0833333333333333333333)/x
else:
a=8.11614167470508450300*0.0001
a =-5.950619042843018324*0.0001+p*a
a = 7.93650340457716943945*0.0001+p*a
a =-2.77777777730099687205*0.001+p*a
a = 8.33333333333331927722*0.01+p*a
q = g+a/x
xX[0]= ¢
xx[1]=sgngam
return xx
#Beta function
def beta(z,w):
return exp(Ingamma(z)[0]+Ingamma(w)figamma(z+w)[0])
#incomplete gamma function
def gammap(a,x):
if x<a+1.0:
gamser=gser(a,x)
return gamser
elif x<0.0 or a<=0.0:print("Invalid argumenin routine GAMMP")
else:
gammcf=gcf(a,x)
return 1.0gammcf
def gammagq(a,x):
ifx<0.00ra<=0.0:
print("Invalid arguments in routine GAMMQ")
if x < (a+1.0):
gamser=gser(a,x)
return 1.0gamser
else:
gammcf=gcf(a,x)
return gammcf

def gser(a,x):
AX=200
EPS=3.0¢e7
ap=0.0
gln=Ingamma(a)[0]
ser=0
if x<=0.0:
if x<0.0:
print("x less than 0 in routine GSER")
gamser=0.0
return gamser
else:
ap=a
dell=1.0/a
sum=1.0/a
for n in range(1,ITMAX+1):




ap =ap+1.0
dell =dell*x/ap
sum =sum-+dell
xx1=abs(dell)
xx2=abs(sum)*EPS
if Xx1<xx2:
gamser=sum*expx+a*log(x)-gin)
return gamser
return gamser
def gcf(a,x):
ITMAX=200
EPS=3.0e7
gammcf=0
gold=0.0
fac=1.0
b1=1.0
b0=0.0
a0=1.0
g=0
gln=Ingamma(a)[0]
al=x
for nin range(1,ITMAX+1):
an=float(n)
ana=ara
a0=(al+a0*ana)*fac
b0=(b1+b0*ana)*fac
anf=an*fac
al=x*a0+anf*al
b1l=x*b0+anf*bl
xx1=(g-gold)/g
xx1=abs(xx1)
if al!=0:
fac=1.0A1
g=bl*fac
if xx1<EPS:
gammcf=expi+a*log(x)-gin)*g
return gammcf
gold=g
return gammcf
# Error function
def erf(x):
if x<0.0:
y=-gammp(0.5,x*x)
else:
y=gammp(0.5,x*x)
return'y
#complimentary error function
def erf(x):
return 1.0Mathd.erf(x)

# Bessel polynomial J
def J(v,x):
if x==0.0: x=1.0e10
JJ=0.0
a=1.0
fact=1
b=0.0
x1=0.0
if x <=20:
x5=1.0
Ina=0.0;
x1=log(0.5*x)
x1=x1*v
Inal=log(0.25*x*x)
for k in range(0,100):
x2=Ina
x3=Mathd.Ingamma(k1)[0]
x4=Mathd.Ingamma(v+k+1)[0]
b=x1+x2x3-x4
b=x5*exp(b)
Ina=Ina+lnal
x5=-1*x5
JJ=3J+b
elif (v==0 and x==0):
JJ=1.0
else:




JJ=sqrt(2.0/Pl/x)*cos®.5*v*PI-0.25*PI)
return JJ
#Bessel |
def I(v,x):
if x==0.0: x=1.0e10
JJ=0;a=1.0;fact=1
vtest=int((v*10)/10)
x5=1
Ina=0.0
x1=v*log(0.5*x)
Inaldog(0.25*x*x)
for k in range(100):
x2=Ina
x3=Mathd.Ingamma(k+1)[0]
x4=Mathd.Ingamma(v+k+1)[0];
b=x1+x2x3-x4;
b=exp(b);
Ina+=Inal;
JJ+=b
if v==0 and x==0: J=1
return JJ

#Bessel polynomial Y

def Y(v,x):
if x==0.0: x=1.0e10
YY=(I(v,x)*cos(v*PI}J(-v,x))/sin(v*PI)
return YY

def K(v,x):
if x==0.0:

x=1.0e10

YY=PI/2.0*(I(-v,x)-1(v,x))/sin(v*Math.P1)
return YY

#natural logarithm of factorial

def factin(n):
#log(fact) of an integer number

a=[0.0,0.0,0.6931471805599453,1.0986122886681098,1.3862943611198906,1.6094379124341003,1.791759469228055,1.94
53132,2.07944154167987,2.1972245773362196,2.302585092994046,2.3978952727983707,2.4849066497880004,2.5649493
67,2.6390573296152584,2.70805020110221,2.772588722239781,2.833213344056216,2.8903717578961645,2.9444389791¢
5732273553991,3.044522437723423,3.09104288386,3.1354942159291497,3.1780538303479458,3.2188758248682006,3.25
38021482,3.295836866004329,3.332204510175204,3.367295829986474,3.4011973816621555,3.4339872044851463,3.465]
265,3.4965075614664802,3.5263605246161616,3.5553480614894135,85H883611,3.6109179126442243,3.63758615972638
.6635616461296463,3.6888794541139363,3.713572066704308,3.7376696182833684,3.7612001156935624,3.78418963391
624897703196,3.828641396489095,3.8501476017100584,3.871201010907891,3.8918202981 N8 (5%28146,3.93182563
7243257,3.9512437185814275,3.970291913552122,3.9889840465642745,4.007333185232471,4.02535169073515,4.04305]
.060443010546419,4.07753744390572,4.0943445622221,4.110873864173311,4.127134385045092,4.143134726391583351,
96715,4.174387269895637,4.189654742026425,4.204692619390966,4.219507705176107,4.23410650459726,4.248495242(
26798770413155,4.276666119016055,4.290459441148391,4.30406509320417,4.31748811353631,4.330733340286331,4.34
3684,4.3567088266892,4.3694478524670215,4.382026634673881,4.394449154672439,4.406719247264253,4.4188406077
30816798843313,4.442651256490317,4.454347296253507,4.465908118654584,4.477336814478207,4.48863636973214,4.4
30265,4.51085950651685,4.521788577049041882599493153256,4.543294782270004,4.553876891600541,4.564348191467¢
74710978503383,4.584967478670572,4.59511985013459,4.605170185988092]
ifn<0:
print("Negative fact in routine FACTLN")
return 0.0
elif n >100:
b=Ingamma(n+1.0)
return b[0]
else:
return a[n]
#factorial
def fact(n):
return exp(factin(n))
#Legendre polynomial
def P(n,x):
if n==0: return 1.0
elif n==1: return x
else:return (P((1),x)*x*float(2*n-1)-P((n-2),x)*float(n-1))/float(n)
#Derivative of Legendre Polynomial
def dP(n,x):
return float(n)/(x*x1.0)*(x*P(n,x)}-P((n-1),x))
#Chebychev polynomials
def T(n,x):
if n==0: return 1.0
elif n==1: return x
else:return (2.0*T((+1),X)*x-T((n-2),x))




3. DERIVATIVES
3.1 DEFINITIONS

Definition of derivaives:

Other definitiors
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Derivative is the slope of tangent to the ftioic at a given x value
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Some common analytic formulas for derivatives:
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Examples of analytical derivations
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NUMERICAL DERIVATIONS (DI FFERENCE FORMULAS)
In order to approximate derivation differenequations can be used.Difference equations can basically
be derived from Taylor formulations
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If the first derivative is solved from this equation it is found as
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TermO(h)is the order of error. Error is proportional to the difference parameter h. When h is getting

smaller, error wilshrinkedaccordingly If the second derivative is written the same way:
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In order to decrease the error, if the second derivative difference equation is substitutedinsto the

derivative Taylor equation a first derivative equation with a second order error can be obtained.
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Difference equion can be written as forward or backward way. The backward difference equation:
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. By taken aveage of forward and bakward formulas can create a central formula
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The coefficients of ifference formulas for calculating derivatives are given in the followabtes

Derivative (Difference) equations
Central finite difference

Derivativ | Accurac 15 14 13 12 11 0 1 2 3 4 5




1 2 T 1/ 0 1/2

4 1/12 T2/ 0 2/3 11/ 1

6 T1/ 3/20 13/ 0 3/4 13/ 2 1/60

8 1/280 |1 4/ 1/5 T4/ 0 4/5 T 1/ )4/106 |1 1/02
2 2 1 T2 1

4 11/ 1 43 15/ 4/3 11/1

6 1/90 13/ 2 32 1T49/| 32 T3/ 2 1/90

8 1T 1/0% 8/315 11/ &% 85 |1205| 85 11/ 18B315|1 1/ E
3 2 11/ 2 1 0 T1 1/2

4 1/8 11 13/8 0 113 1 11/

6 T 7/ 72 310 | 1163, 61/30 0 T 61//169/1D 1 3/ | 7/240
4 2 1 T4 6 T4 1

4 11/ 2 113/ 283 113 2 11/

6 7/240 | T 2/ 169/60 |1 122 91/8 |1 122 169/60 1 2/| 7/240
5 2 11/ 2 15/ 0 5/2 T2 1/2

4 1/6 T3/ 13/3 T 29/ 0 29/6 113/ 32 11/

6 T 133/ 19/36 |1 87 13/2 1323 0 323/48| 1 13/, 87/32 |1 19/ 13/28
6 2 1 T 6 15 120 15 16 1

4 T 1/ 3 113 29 175/ 29 113 3 11/

6 13/240 |71 19/, 87/16 | 1 39/ 323/8 1 102| 323/8| 1 39//87/16|1 19/ 13/24

Forward finite difference
Derivative | Accuracy 0 1 2 3 4 5 6 7 8

1 T1 1

2 T3/ 2 2 11/ 2
1 3 111/ 3 13/ 2 1/3

4 125/ 4 T3 4/3 T1/ 4

5 1137 5 15 10/3 15/ 4 1/5

6 149/ 6 T 15/ 7 20/3 115/ 6/5 11/ 6




1 1 T2 1
2 2 15 4 T1
; 3 35/12 126/ 19/2 114/ 11/12
4 15/4 1771 107/6 T13 61/12 15/ 6
5 203/45 1871/ 117/4 1254 33/2 1271 137/180
6 469/90 1223/ 87920 1949 41 1201/ 1019/180 | 1 7/ 1
1 T1 3 T3 1
2 15/ 2 9 112 7 13/ 2
5 3 117/ 71/4 159/ 4 492 141/ 714
4 149/ 29 1461/ 62 1307 13 115/
5 1967/ 638/15 13929 3893 12545 268/5 11849| 29/15
6 1801 349/6 118353 2391/10, 7T 1457 4891/30 1561/ 527/30 |1 469/
1 1 T4 6 T4 1
2 3 114 26 124 11 T2
4 3 35/6 131 137/2 1242 107/2 119 17/6
4 28/3 1111 142 1121 176 1185 82/3 171 %
5 1069/80 | 1 1316 15289/60 |1 214 10993/24| 1 4772 2803/20 1536 967/240
Backward finite difference
Derivative | Accuracy 0 -1 -2 -3 -4 -5 -6 -7 -8
1 1 -1
2 3/2 -2 1/2
1 3 11/6 -3 3/2 -1/3
4 25/12 -4 3 -4/3 1/4
5 137/60 -5 5 -10/3 5/4 -1/5
6 49/20 -6 15/2 -20/3 15/4 -6/5 1/6
1 1 T2 1
2 2 2 15 4 T1
3 35/12 126/ 19/2 114/ 11/12




15/4
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17/4

49/8

967/120

801/80

35/6

28/3

1069/80

1771

187/

1223

-3

-71/4

-29

-638/15

-349/6

131

T111

107/6 T13 61/12 15/ 6
117/4 1254 33/2 1 27/| 137/180
/. 879/20 1949 41 T 201/ 1019/180
3 1
12 -7 3/2
59/2 -49/2 41/4 =714
461/8 -62 307/8 -13 15/8
3929/40 -389/3 2545/24 -268/5 | 1849/120
18353/120| -2391/10| 1457/6 | -4891/30 561/8
6 T4 1
26 124 11 T2
137/2 1242 107/2 119 17/6
142 1121 176 1185 82/3
T 1316 15289/60 | 1 214 10993/24 1 47 7 2 2803/20 | 1

171/ 1

-29/15

171 %

-527/30 | 469/240

53 6| 967/240

In order to Show utilisation of the tahlthe derivative of f(x)=sin(x)

y=F{x)=sin(x}
Derivative Accuracy -5 -4 -3 -2 -1 o 1 2 3 4 5
2 0. 0. 0. 0. <0 0. 0. 0. 0. 0. 0.
4 0.00000000| 0.00000000| 0.00000000) 008333333 |-0.66666667) 0.00000000| 066666667 |-0.08333333 0.00000000{ 0.00000000{ 0.00000000
! 6 0.00000000| 0.00000000| .0.01666667| 0.15000000 |-0.75000000) 0. 0.75000000 |-0.15000000| 0.01666667 0.00000000{ 000000000
g 0.00000000| 0.00357143 |-0.03808524 0.2 -0 0. 0. 02 003808524 | -0.00357143 | 0.00000000
Ax 0.01 £ E = 2 <l 0 1 2 3 1 5
X 0 -0.05 -0.04 -0.03 -0.02 -0.01 0| 0.01 0.02 0.03 0.04] 0.05
y=f{x) Acournay | -0,049979| -0.039989| -0.029996( -0.019998667 -0.01 0| 0.009999833| 0.0199987 0.0299955| 0.0399893| 0.049979|X '{x)
2 0| 0| 0| 0| 0.00439599 0| 0.004999917 0| 0| 0| 0| 0.01| 0.999983
4 0| 0| 0| -0.001666556| 0.0066666 0| 0.006666556| -0.001667 0| 0| 0| 0.01 1
6 0| 0| 0.0004999 -0.0029938) 0.0074939 0| 0.007439875 -0.003| 0.000499925 0| 0| 0.01 1
3 0| -0.000143( 0.0011427| -0.003599733| 0.0079959 0| 0.007999867 -0.004| 0.001142686| -0.000143 0| 0.01 1
Derivative |Accuracy -5 -4 -3 -2 -1 0 1 2 3 4 5
2 1 -2 1
4 -0.083333333| 1.3333333 -2.5| 1.333333333( -0.083333
2 6 0.0111111 -0.15 1.5]-2.722222 1.5 -0.15| 0.011111111
] -0.001786| 0.0253968 -0.2 1.6]-2.847222 1.6 -0.2| 0.025396825( -0.001736
Ax 0.01 5 ] =! 2 1 o 1 2 3 4 s
|x 0 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05
y=f{x) Accrncy | -0,049979| -0.039989| -0.029996| -0.019998667 -0.01 0| 0.009999833| 0.0199987 0.0299955| 0.0399893| 0.043973|Z (%)
2 0 0 0 0 -0.01 0| 0.009999333 ) ) 0 0 0| 0|
4 0 0 0| 0.001666556) -0.013333 0| 0.013333111) -0.001667 ) 0 0| -2.2E-19| -2.2E-17|
§ 0 0| -0.000333 0.0029998 -0.015 0 0.01499975 -0.003| 0.000333283 0 0| 2.71E-19| 2.71E-17
g 0| 7.141E-05| -0.000762| 0.003999733 -0.016 0| 0.015999733 -0.004 0.00076179( -7.14E-05 0| 2.17e-19| 2.17E-17




Derivative |Accuracy -5 -4 -3 =% -1] 0 il 2 3 4 5
2| 0| 0| 0 -0.5 1] 0| -1 0.5 0| 0| 0|
3 4 o 0 0.125 -1 1.625 o -1.625 1 -0.125 0 0
6 0] -0.029167| 0.30000000| -1.40833333(2.03333333| 0.00000000) -2.03333333| 1.40833333| -0.30000000| 0.02916667 0
Ax 0.0001 -5 -4 -3 2 -1 0 1 2 B3 4 5 Third
X 0 -0.05 -0.04] -0.03 -0.02] -0.01] 0 0.01 0.02 0.03 0.04 0.05 Derivative
y=Ff(x) Accuracyy | -0,049979| -0.039989| -0.0299955| -0.019998667( -0.0099998 0| 0.009999833| 0.01999867 0.0299955| 0.03998933| 0.049979|Z f"'[x)
2 0| 0| 0| 0.009999333( -0.0099998 0| -0.009999833| 0.00995933 0| 0| 0| -1E-06] -0.993975
4+ o 0] -0.00374%4| 0.019998667) -0.0162497| 0] -0.016249729| 0.01999867| -0.003749435| 0 0 -1E-06] -1
6 0| 0.0011664( -0.0085987| 0.028164733| -0.020333 0| -0.020332994 0.02816479| -0.00899865| 0.00116636| 0 -1E-06] -1
First derivatives:
(central difference Formula)
Vo e — !
= y
(Forward difference formulaame as in derivative defiilon except the limit)
e e —=
= Yy
(Backward difference formula)
Vo e 2
= Yy

In order to minimize erroDx should be relatively small, to have a further agpmation a second or
higherorder derivative (differencepfmulas can also be used

Y Y . Y ’_ (25.5)
Qo e Y Y Y . Y (2.5.6)

o~ y y y y y y y
Qw e =

Se®nd derivatives:

e
<

<

" . Yy Yy
Qaav e 5
. Mo Yo piRe Yo o piRe Yo Qo Yo
= p Yo

O

def f(x):
y=x*x-2.0*x+5.0
return y
def df(f,x):
dx=0.001
y=(f(x+dx)-f(x-dx))/(2.0*dx)
return y
def d2f(f,x):
dx=0.001
y=(f(x+dx)-2.0*f(x)+f(x-dx))/(dx*dx)
return y
x=float(input("x="))
y=Ff(x);
dy=df(f,x)
d2y=d2f(f,x)
print("x=",x,"y=",y,"dy=",dy,"d2y=",d2y)

runfile('E:/okd/SCO1/derivativel.py', wdir="E:/okul/SCOL1")

x=1
x= 1.0 y= 4.0 dy= 0.0 d2y= 2.000000000279556

def f(x):
y=x*x-2.0*x+5.0
returny
def df(f,x):
dx=0.001
y=(-f(x+2.0*dx)+8.0*f(x+dx)-8.0*f(x-dx)+f(x-2.0*dx))/(12.0*dx)




return y

def d2f(fx):
dx=0.001
y=(-f(x+2.0*dx)+16.0*f(x+dx)30.0*f(x)+16.0*f(x-dx)-f(x-2.0*dx))/(12.0*dx*dx)
return y

x=float(input("x="))

y=f(x);

dy=df(f,x)

d2y=d2f(f,x)

print("x=",x,"y=",y,"dy=",dy,"d2y=",d2y)

runfile('E:/okul/SCO1/derivative2.py', wdir="B¥ul/SCOL1")

x=1
x= 1.0 y= 4.0 dy=7.40148683083437714 d2y= 2.00000000064963

Using if_x abstract class for derivatives

from math import *
from if_x import *;

class f1(if_x):
def func(self,x):
Y=X*X-2;
return y;

x=[1.2,2.3,3.4,4.5,5.6,6,5.7,5.1,4.6]
n=len(x)
f=f1()
for i in range(n):
print("i =",i," x = " x[i],"y=f(x) = ",f.func(x[i]),"dy/dx=df(x)/dx = ",f.dfunc(x[i],1))

n [27]: runfile('E:/okul/SCO1/if_x_test.py', wdir="E:/okul/SCOL1")

Reloaded modules: if_x

i= 0 x= 1.2 yf(x) = -0.56 dy/dx=df(x)/dx = 2.399999999999504

i= 1 x= 23y=f(x) = 3.289999999999999 dy/dx=df(x)/dx = 4.599999999999715

x = 3.4 y=f(x) = 9.559999999999999 dy/dx=df(x)/dx = 6.7999999999986755
x = 4.5 y=f(x) = 18.25 dy/dx=dff/dx = 9.000000000005155

x = 5.6 y=f(x) = 29.359999999999996 dy/dx=df(x)/dx = 11.200000000007698
x = 6.0 y=f(x) = 34.0 dy/dx=df(x)/dx = 12.000000000013854

x = 5.7 y=f(x) = 30.490000000000002 dy/dx=df(x)/dx = 11.400000m3004

x = 5.1 y=f(x) = 24.009999999999998 dy/dx=df(x)/dx = 10.200000000005225
x = 4.6 y=f(x) = 19.159999999999997 dy/dx=df(x)/dx = 9.200000000007734

1
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The derivativdformulacoefficients carbe calculated numerically by using Taylapansion. The

general derivation formula is applied into abstract class f_x in order to achieve a general derivation

format of any given function. Algorithm used in here is given by Bength Fornberg[47] article
iGeneration of Finitedibirfafreggr Spae edo rGmu lda®d @am A a

d"f(x) .
_ aad f(x+ah) m=01..M;n=mm+1...,N
dxm X=Xo n=0 i
Enter M,%,a0,a1,a2,as,... ,an
f, =1
cl:=1
for n:=1 to N do
c2:=1
for n:=0 to n1 do
c3:=an-an
c2:=c2*c3
if n¢ M thena’n‘flﬂ =0
For m:=0 to min(n,M) do
" = (@, - %), - M)/ c3
next m




nextn
For m:=0 to min(n,M) do

i ::%[md:l,ln»l' @n.q- Xo)dnn»‘l,n»l]

next m
cl:=c2
nextn

Defining abstract class f_x by using the definition above

from abc import ABC, abstractmethod
from math import *

class f_x(ABC):

@abstractmethod
def func(self,x):
pass;

def dfunc(self,x):
h=1e4
n=1
M=10
return self.dnMfunc(x,n,M,h)

def d2func(self,x):
h=1e4
n=2
M=10
return self.dnMéinc(x,n,M,h)

def d3func(self,x):
h=1e4
n=3
M=10
return self.dnMfunc(x,n,M,h)

def dnfunc(self,x,n):
h=1e4
M=10
return self.dnMfunc(x,n,M,h)

def dnMfunc(self,x,N,Mi,hi):
# orderof the maximum derivative
# N order of derivative
# M degree of difference formula
M=Mi;
#double a[J=new double[0];
h=hi;
x0=0.0;
alphai=[0,1;1,2;2,3;3,4;4,5:5,6:6,7:7,8:8,9;9,10;10,11;11,12,12,13;13,14;14,15,
-15,16516,17;17,18;18,19;19,20;20,21;21,22;22,23;23,24;24,25;25,26;26,27:27,28;28,29;29,30:30,
31-31,32;32,33;33,34;34,35;35,36;36,37;37,38;38,39;39,40;40,41;41,42;42,43;43,44;44,45;45 46,
-46,47:47,48;48,49;49,50;50,51;51,52;52,53;53,54;54,55;55,56;56,57;57,58;58,59;59,60;60,
-61,61;62,62;63,63;64,64:65,65;66,66;67,67;68,68;70,70;71,71;72,72;73,73;74,74;75,75,
-76,76;77,77;78,78;79,7M,-80,80;81,81;82,82;83,83;84,84:85,85;86,86;87,87,
-88,88:89,89;90,90;91,91;92,92;93,93;94,94;95,95;96,96;97,97;98,98;99,99;100,100]
alpha=alphai
N1=len(alphal;
#M degree of highest derivative
#N+1 number of coefficients
delta = [[[O0 for x in range(M+1)] for y in range(N1+1)] for z in range(N1+1)];
#double delta[][][]=new double[N1+1][N1+1][M+1];
#double c1,c2,c3;
delta[0][0][0]=1.0;
cl1=1.0
for nin range(1,N1+1):
c2=1
for nu in range(0,n):
c3=alpha[njalpha[nu]
c2=c2*c3
if n<=M: delta[n-1][nu][n]=0.0
for m in range(0,(min(n,M)+1)):




if m==0:
delta[n][nu][m]=((alpha[n}x0)*delta[n-1][nu][m])/c3
else:
delta[n][nu][m]=((alpha[n}x0)*delta[n-1][nu][m]-m*delta[n-1][nu][m-1])/c3
for m in range(0,(min(n,M)+1)):
if m==0:delta[n][n][m]=c1/c2*¢(alpha[n1]-x0)*delta[n-1][n-1][m])
elif m!=0: delta[n][n][m]=c1/c2*(m*delta[rl][n-1][m-1]-(alpha[r1]-x0)*delta[n-1][n-1][m])

cl=c2
c=delta
if Mi<N: M=N
else: M=Mi
h=hi;
deriv=0
h1=1.0/h
h2=1.0;
for j in range(N):

h2=h2*h1
for i in range(0,len(c[0])):

deriv=deriv+c[M][i][N]*self.func(x+alphali]*h)
return deriv*h2

def gaus_legendre_coefficients(self,x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
xI=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
foriin range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]l=xm+xI*z
a[1][i-1]=2.0*xl/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def integral(self,x1,x2,n):
#integral func(x)dx
#integal of a function by using gaudsgendre quadrature
#between x1 and x2
a=self.gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*self.func(a[0][i])
return z

from math import *
fromf_x import *;

class f1(f_x):
def func(self,x):
Y=X*X-2;
return y;

x=[1.2,2.3,3.4,4.5,5.6,6.0,5.7,5.1,4.6]
n=len(x)
f=f1()
for i in range(n):
print("i =",i," x =" x[i],"y=f(x) = ",f.func(x(i]),"dy/dx=df(x)/dx = ",f.dfunc(x[i]))

runfile('E:/okul/SCO1/f_x.py', wdir="E:/okul/SCO1")

runfile('E:/okul/SCO1/if_x_test.py', wdir="E:/okul/SCO1")
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= 1.2 y=f(x) =-0.56 dy/dx=df(x)/dx = 2.3999999999997

2.3 y=f(x) = 3.289999999999999 dy/dx=df(x)/dx = 4.6000000000321135
3.4 y=f(x) = 9.559999999999999 dy/dx=df(x)/dx = 6.800000000043178
4.5y=f(x) = 18.25 dy/dx=df(x)/dx = 8.999999999982425

5.6 y=f(x) = 29.359999999999996 dy/dx=df(x)/dx = 11.199999999972274
6.0 y=f(x= 34.0 dy/dx=df(x)/dx = 11.999999999983274

5.7 y=f(x) = 30.490000000000002 dy/dx=df(x)/dx = 11.400000000032911
5.1 y=f(x) = 24.009999999999998 dy/dx=df(x)/dx = 10.199999999996114

= 4.6 y=f(x) = 19.15999999999908y/dx=df(x)/dx = 9.199999999963438




4. INTEGRAL

4.1 DEFINITIONS

Integral defines the area under the curve. It can also be defined as antiderivative(inverse derivative)
It can be defined as without limits, or with integration boundaries

O "N

Or with limits

fix)
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Some aslytical integration formulas are given below:
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Examples of analytical integrations
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4.2NEWTON-COTES NUMERICAL INTEGRAL

If function f(x) is given and ,it is desired to calculate integral of the function between integration limits
a and b. Definition of the integral is the area under the function between integration limits. The
simplest approximation is to connect f(a) and f(b) pointh ®linear line and calculate the area of the
trapezoidal under the line. This approach is called trapezoidal rule of N&ates formulations

(Area finding formulations)



Roger Cotes

fiz)

a b

Figure 4.2 Finding integration with trapezoidal rule (yellow area) and error created by the
method(blue area)

Integration formula :
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Figure 4.3 Finding integration with trapezoidal rule (yellow area) with multiple trapezoidal rule

If total area is divided into smallerems amount of error will be reduced due to the fact that smaller
piece of functions are closer to the line compare to a big piece of function. The same integration
Formula for multipart equation will be:

"Qw ¢B Qo Mw
&

O Qwow w



Now assume an example integration function of

T
O - p 0Qw pdrt

Since the value of the function is known exactly, it will be easy to evaluate the error of numerical
function evaluation process.

Trapezoidal intergral rule of NewtonCotes approximation n=1

from math import *

from if_x import *

from matplotlib import pyplot as plt
import numpy as np

class f1(if_x):
def func(self,x):
y=4.0/pi*sqrt(1.0-x*x)
returny

def newton_cotesgg,b,n):
#Newtoncotes integral 2 points
# trapezoidal rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@/n;
h=(b-a)/n;
hl=h;
sum=0.0
nn=2*n
x =[0 for w in range(2)]
y =[0 for w in range(2)]
xx =[0 for w in range(nn)]
yy =[0 for w in range(nn)]
j=0
for p in range(n):
for i in range(2):
x[i]=a+i*h1+p*h
XX[j1=xi]
y[i]=f.func(x[i])
yylil=yli]
=i+l
sum=sum-+h*(y[0]+y[1])/2.0
n1=100
xx1 =[0 for w in range(n1)]
yyl =[0 for w in range(n1)]
dx=(b-a)/(n%1)
for i in range(nl):
Xx1[i]=dx*i
yy1[i]=f.func(xx1[i])
plt.plot(xx,yy,xx1,yy1)
plt.xlabel("x"
plt.ylabel("y")
plt.title("Newton-Cotes 2 points n = "+str(n))
plt.show()
return sum

f=f1()
|I= newton_cotes2(f,0.0,1.0,1)
print("I=",1)

runfile('E:/okul/SCO1/newton_cotes2.py', wdir="E:/okul/SCOL1")

Reloaded modules: if_x




I=0.6366197723675814

In order to se¢he error happened in the function visiually a graphical output form of the same program is
created.

Newton-Cotes 2 points n =1

04

02

(]

(] 02 04 06 (k] 10

Now number of subsections will increase to see the change of the error

runfile('E:/okul/SCO1/newton_cotes2.py', wdir=tkil/SCO1)
Reloaded modules: if _x
1= 0.8696387816055828

Newton-Cotes 2 points n = 2

12\

10

08

™ 06

04

02

00
02 04 06 08 10

0.0

X

runfile('E:/okul/SCO1/newton_cotes2.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x
I= 0.9286860839333196

Newton-Cotes 2 points n = 3

n{ o
10 \
08
™06
04
02
00
00 02 04 06 08 10

X

| runfile('E:/okul/SCO1/newton_cotes2.py', wdir="E:/okul/SCO1")




Reloaded modules: if x
I=0.9535638125074375

Newton-Cotes 2 points n = 4

—_——

12 ) *\_\_\

10 \

04

02

0.0

00 0z 04 06 08 10
X

runfile('E:/okul/SCO1/newton_cotes2.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x

I= 0.9881988750835945

Newton-Cotes 2 points n = 10

0a 02 04 0.6 08 10
X

runfile('E:/okul/SCO1/newton_cotes2.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x

1= 0.9996257879552262

Newton-Cotes 2 points n = 100

0a 02 04 06 08 10

As it is sea from the example when trapezoidal stapsincreased, approximation is getting better

but even with 100 steps there are stil some error in the approximation. The next step in the approach
is to use higher degrees of polinomials to connect pointsegjriaion. Quadratic (second degree)
polinomial rule is calle&impson 1/3 rule If step size of formulation is taken as h

0 :
€

Quadratic polynomial Newton-Cotes formula(Simpson 1/3 rule)
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(n=2 or three pointsra given in this Formula)

Quadratic polynomial Newton-Cotes formula(Simpson 1/3 rule) with multipoint approach
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Cubic polynomial Newton-Cotesformula(Simpson 3/8 rule)
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(n=3 or four points are required for thisraula)
Fourth order polynomial Newton-Cotes formula(Bode rule)
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(n=4 or five points are used in this Formula)
Fifth order polynomial Newton-Cotes formula(Boole rule)

X' Qw
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(n=5 or six points are used in this Formula)

Eight order polynomial Newton-Cotes formula
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(n=8 or nine points are used in this Formula)

Programs for this approaches are given below:

guadratic polynomial Newton - Cotes Formula (Simpson 1/3 rule)

from math import *
from if_x import *

class f1(if_x):
def func(self,x):
y=4.0/pi*sqrt(1.0x*x)
returny

def newton_cotes3(f,a,b,n):
#Newtorcotes integral 3 points
# Simpson 1/3 rule
# ff integrating function
# a,b integral limits
# n : numbepf sub division h=(ka)/n;
h=(b-a)/n;
h1=h/2.0;
sum=0.0
nn=2*n
nl=3




x =[0 for w in range(n1)]
y =[0 for w in range(n1)]
for p in range(n):
for i in range(nl):
x[i]=a+i*h1+p*h
yli]=f.func(x[i])
sum=sum-+h*(y[0]+4.0*y[1]+y[2])/6.0
return sum

f=f1()

n=1

I= newton_cotes3(f,0.0,1.0,n)
print("n = ",n,"I=",1)

If the quadratic NewtofCotes Formula (Simpson 1/3 rule) applied as one ittegralzone (0 to 1)

runfile('E:/okul/SCO1/neton_cotes3.py', wdir="E:/okul/SCOL1")
Reloaded modules: if_x
n= 11=0.9473117846849166

If the quadratic NewtofCotes Formula (Simpson 1/3 rule) applied as two timegralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes3.py', wdir='E:/okul/SCO1")
Reloaded modules: if_x
n= 21=0.9815388228080559

If the quadratic NewtofCotes Formula (Simpson 1/3 rule) applied as 10 timtegralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes3.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x
n= 10 I=0.998821080451945

cubic polynomial Newton- Cotes Formula (Simpson 3/8 rule)

from math import *
from if_x import *

class f1(if_x):
def func(self,x):
y=4.0/pi*sqrt(1.0x*x)
returny

def newton_cotes4(f,a,b,n):
#Newtoncotes integral 4 @nts
# Simpson 3/8 rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@)/n;
h=(b-a)/n;
h1=h/3.0;
sum=0.0
nl=4
x =[0 for w in range(n1)]
y =[O0 for w in range(n1)]
for p in range(n):
for i in range(nl):
X[i]=a+i*h1+p*h
ylil=f.func(x[i])
sum=sum-+h*(y[0]+3.0*y[1]+3.0*y[2]+y[3])/8.0
return sum

f=f1()
n=1




I= newton_cotes4(f,0.0,1.0,n)
print("n =",n,"I1=",1)

If the cubic NewtoRCotes Formula (Simpson 3/8 rule) applied as one tintegralzone (0 to 1)

runfile('E:/okul/SCO1/newton ates4.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x
n= 11=0.965194372879037

If the cubic NewtoRrCotes Formula (Simpson 3/8 rule) applied as timsintegralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes4.py', wdir="E:/okul/SCOL1")
Reloaded modules: if_x
n= 21=0.9877870530380952

If the cubic NewtorCotes Formula (Simpson 3/8 rule) applied as 10 timtegralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes4.py', wdir="E:/okul/SCO1")
Reloaded modules: if x
n= 101=0.998914915292993

fourth order polynomial Newton - Cotes Formula (Boole rule)

from math import *
from if_x import *

class f1(if_x):
def func(self,x):
y=4.0/pi*sqit(1.0-x*X)
returny

def newton_cotes5(f,a,b,n):
#Newtoncotes integral 5 points
# Bole rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@)/n;
h=(b-a)/n;
h1=h/4.0;
sum=0.0
nl=5
x =[0 for w in range(n1)]
y =[0 for w in range(n1)]
for p in range(n):
for i in range(nl):
x[i]=a+i*h1+p*h
yli]=f.func(x[i])
sum=sum-+h*(7.0*y[0]+32.0*y[1]+12.0*y[2]+32.0*y[3]+7.0*y[4])/90.0
return sum

f=f1()

n=1

I= newton_cotes5(f,0.0,1.0,n)
print("n =",n,"I=",1)

If the fourth order polynomial Newte@otes Formula (Boolee rule) applied as one iimegralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes5.py', wdir='E:/okul/SCO1")
Reloaded modules: if x
n= 11=0.9838206253495985

If the fourth order polynomial Newte@otes Formula (Boole rule) applied as two tirimgegralzone (0 to 1)



runfile('E:/okul/SCO1/newton_cotes5.py', wdir="E:/okul/SCOL1")
Reloaded modules: if_x
n= 21=0.9943031391613758

If the fourth order polynomial Newte@otes Formula (Boole rule) applied as 10 tinmtsgralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes5.py', wdir="E:/okul/SCOL1")
Reloaded modules: if_x
n= 10 1=0.9994921635232705

8th ordeNewtoncotes formula:

from math import *

def newton_cotes9(f,a,b,n):
#Newtoncotes integral 5 points
# Bole rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@/n;
h=(b-a)/n;
h1=h8.0;
sum=0.0
n1=9
x =[0 for w in range(n1)]
y =[0 for w in range(n1)]
for p in range(n):
for i in range(nl):
X[i]=a+i*h1+p*h
YIiT=F(x[i])
sum=sum+h/28350.0*(989.0*y[0]+5888.0*y[BPR8.0*y[2]+1086.0*y[3]-4540.0*y[4]+10496.0*y[5]
928.0*y[6]+5888*y[7]+989.0*y[8])
return sum

f = lambda x: 4.0/pi*sqrt(18¢*x)
n=1

|I= newton_cotes9(f,0.0,1.0,n)
print("n =",n,"I="1)

If the eight order polynomial Newte@otes Formula applied as one time&egral zone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes9.py', wdir="E:/okul/SCO1")
n= 11=0.9952701383291108

If the eight order polynomial Newte@otes Formula applied as two tinmtegralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes9.py', wdir=tkul/SCOL1")
n = 2 1=0.998330566008359

If the eight order polynomial Newte@otes Formula applied as 10 tinm¢egralzone (0 to 1)

runfile('E:/okul/SCO1/newton_cotes9.py', wdir="E:/okul/SCOL1")
n = 10 1= 0.9998508846967017

The results will be summiged as one table

Table comparison of NewtorCotes results for different degree of integrating polnomials

T
O - p 0Qw pdr

N | Integral approximation | Error (lapproximationl exac)
Region is not divided up calculated as one piece

1 (Trapezoidal) 0.6366197723675814 0.3633802276324186

2 (Simpson 1/3) 0.9473117846849166 0.05268821531508338
3 (Simpson 3/8) 0.965194372879037 0.03480562712096302
4 (Bode) 0.9838206253495985 0.016179374650401535
5 0.9872489399864514 0.012751060013548643
8 0.9952701383291108 0.004729861670889179




Region is divided into 2 equal pieces {0.5 and 0.51)

1 (Trapezoidal) 0.8696387816055828 0.13036121839441717

2 (Simpson 1/3) 0.9815388228080559 0.018461177191944067
3 (Simpson 3/8) 0.9877870530380952 0.01221294696190478

4 (Bode) 0.9943031391613758 0.005696860838624196
5 0.9955081956385212 0.004491804361487795
8 0.998330566008359 0.0044918043614787795

Region is divided into 10 equal pieces{0.1,0.20 . 2, é) 0. 9

1 (Trapezoidal) 0.9881988750835945 0.011801124916405503
2 (Simpson 1/3) 0.9983621080451945 0.0016378919548054593
3 (Simpson 3/8) 0.99891495292993 0.001085084707006967
4 (Bode) 0.9994921635232705 5.07836476729473E

5 0.9995994322513025 4.005677486974557&

8 0.9998508846967017 1.4911530329830835&

The same integratiortalculated by using excel

Direct integration NewtoiCotes formulas

T
O - p 0Qw pdr

X f(x) Trapezoidal Simpson 1/3
0 1.27324 0.158531 0.314961
0.125 1.263253 0.156004

0.25 1.232809 0.150821 0.294032
0.375 1.180325 0.142686

0.5 1.102658 0.131036 0.246688
0.625 0.993922 0.114756

0.75 0.842169 0.091161 0.137824
0.875 0.616404 0.038525

1 0

Integral 0.98352 0.993505
Direct integration NewtoiCotes formulas

X f(x) Trapezoidal Simpson 1/3
0 1.27324 0.0795 0.158739
0.0625 1.27075 0.079188

0.125 1.263253 0.07856 0.156223
0.1875 1.250658 0.077608

0.25 1.232809 0.076321 0.151063
0.3125 1.209473 0.074681

0.375 1.180325 0.072664 0.142972
0.4375 1.14492 0.070237

0.5 1.102658 0.067355 0.131405
0.5625 1.052711 0.063%7

0.625 0.993922 0.059954 0.115302
0.6875 0.924607 0.055212

0.75 0.842169 0.049513 0.092241
0.8125 0.742249 0.042458

0.875 0.616404 0.033109 0.049764
0.9375 0.443069 0.013846

1 0

Integral 0.994162 0.99771
Direct integratio NewtorCotes formulas

X f(x) Trapezoidal Simpson 1/3
0 | 1.27324 0.039779 0.079526




0.03125 1.272618 0.03974
0.0625 1.27075 0.039662 0.079214
0.09375 1.267632 0.039545
0.125 1.263253 0.039388 0.078587
0.15625 1.257601 0.039192
0.1875 1.250658 0.038954 0.077636
0.21875 1.242403 0.038675
0.25 1.232809 0.038354 0.076351
0.28125 1.221845 0.037989
0.3125 1.209473 0.03758 0.074712
0.34375 1.19565 0.037125
0.375 1.180325 0.036621 0.072698
0.40625 1.163438 0.036068
0.4375 1.14492 0.035463 0.070274
0.46875 1.124692 0.034802
0.5 1.102658 0.034084 0.067398
0.53125 1.078708 0.033303
0.5625 1.052711 0.032457 0.064007
0.59375 1.024512 0.031538
0.625 0.993922 0.030541 0.060014
0.65625 0.960715 0.029458
0.6875 0.924607 0.028279 0.055289
0.71875 0.885243 0.026991
0.75 0.842169 0.025577 0.04962
0.78125 0.794779 0.024016
0.8125 0.742249 0.022276 0.042627
0.84375 0.683394 0.020309
0.875 0.616404 0.018042 0.033463
0.90625 0.538252 0.015333
0.9375 0.443069 0.011858 0.017774
0.96875 0.315813 0.004935
1 0 0
Integral 0.997934 0.999191
EXAMPLE :

O Ii"E 0w o Qw

solvewith bole rule by hand. Use n=2

Step size h=@a)/n

x0 0 0.841471] 7 5.890297
x1 0.125 0.777465 32 24.87888
X2 0.25 0.726009 12 8.712104
x3 0.375 0.692988 32 22.17561]
x4 0.5 0.681639 7 4.771471]]
66.4836 0.005556
x4 0.5 0.681639 7 4.771471
x5 0.625 0.692988 32 22.17561]
X6 0.75 0.726009 12 8.712104
X7 0.875 0.777465 32 24.87888
x8 1 0.841471] 7 5.890297

66.42836 0.005556

0.369046

0.369046
0.738093

from math import *

def rewton_cotes5(f,a,b,n):
#Newtoncotes integral 5 points




# Bole rule
# ff integrating function
# a,b integral limits
# n : number of sub division h=@/n;
h=(b-a)/n;
h1=h/4.0;
sum=0.0
n1=5
x =[O0 for w in rangén1)]
y =[0 for w in range(n1)]
for p in range(n):
foriin range(nl):
x[i]=a+i*h1+p*h
yl=f(x[i])
sum=sum+h*(7.0*y[0]+32.0*y[1]+12.0*y[2]+32.0*y[3]+7.0*y[4])/90.0
return sum

f = lambda x: sin(1.&+x*x)
n=1

I= newton_cotes5(f,0.0,1.0,n)
print("n =",n,"I="1)

runfile('E:/okul/SCO1/newton_cotes5_test.py', wdir="E:/okul/SCOL1")
Reloaded modules: if_x, newton_cotes5
n= 11=0.7380534760475129

7.2 4.3RICHARDSON AND AITKEN EXTRAPOLATION FORMULAS
7.2.1 RCHARDSON EXTRAPOLATION( ROMBERG INTEGRATION )

Richardson extrapolation formula can be applied to decrease integration error. Richardson
extrapolation Formula has the folloving form :

‘@ 0Q o ‘cQ  '0Q
o) Y
In this Formulah, should be smaller tham . If 'Q — equation becomes:

o T P
@ -0Q <~0Q
(6) (0)

As a starting interpolation any of the New4Gotes formulations can be taken. A General form of
the above equation can beittan as
T O j “
Q e - f Q

p
If trapezoidal rule is used as starting point of this iterative formulation, it is dalietberg
Integration [95]




Werner Romberg

Consider the previous integral

O

P WQw pdrt

that solved by excel, if the results are integrated into the romberg integration formula:

Romberg:  Trapezoidal Romberg:  Simpson 1/3

2*h 10 11 12 2*h 10 11 12

0.125 0.98352 0.99771 0.999685 0.125 0.993505 |0.999111 |0.999877
0.0625 0.994162 | 0.999191 0.0625 0.99771 0.999685

0.03125 0.997934 0.03125 0.999191

Program 4-1 Romberg Integration formula

from math import *

def integral_romberg(f,a,b):
#integral f(x)dx
#romberg integration
#increase n to trease accuracy

n=8

R=[[0 for z in range(n+1)] for w in range(n+1)]

m=1
h=b-a
close=1

tol=1e-40;

j=0;k=0
ret=0.0;

R[0][0]=h/2.0%(f(a)+f(b))

#for j in range(1,n):
while(close>tol and j<n):

=i+l

h=h/2.0

trap(f,a,h,j,m,R)

m=m*2

for k in range(1,j+1):
ROIKI=R{]k -1]+(R{][k -1]-R-1][k-1])/(pow(4,k)-1.0)
close=abs(RHL][j-1]-R[IID
ret=R[j][K]

return ret

def trap(f,a,hj,m,R):

sum=0

for p in range(1,m+1):
sum=sum-+f(a+h*(2*gl))
R[jI[0]=R[j -1][0]/2.0+h*sum

f = lambda x:2.0/(1.0+2.0*x*x)




I=integral_romberg(¥3.0,3.0)
print("1=",I)

Romberg integration f(x)= 2.0/(1.0+2.0*x*x)

runfile('E:/okul/SCO1integral_romberg.py', wdir="E:/okul/SCO1")
I=3.7881660832213675

If the iterative results of Romberg integration is given as a table

Table 4-1 Romberg integration of

6.3157895 | 8.2105263

4.2488038 | 3.5598086 | 3.2497608

3.8058295 | 3.6581714 | 3.664729 |3.6713158

3.7866756 | 3.7802909 | 3.7884322 | 3.7903958 | 3.7908628

3.7877768 | 3.7881439 | 3.7886674 | 3.7886711 | 3.7886644 | 3.7886622

3.7880687 | 3.788166 | 3.7881675 | 3.7881596 | 3.7881576 | 3.7881571 | 3.7881569

3.7881417 | 3.7881661 | 3.7881661 | 3.7881661 | 3.7881661 | 3.7881661 | 3.7881661

3.7881661

3.78816 3.7881661 | 3.7881661 | 3.7881661 | 3.7881661 | 3.7881661 | 3.7881661

3.7881661

3.7881661

Solving of another integral
0 OEMQw ¢

by romberg Integration Formula

f = lambda x:sin(x)
I=integral_romberg(f,0.0,pi)
print("l =",1)

runfile('E:/okul/SCO1l/integral_romberg.py', wdir="E:/okul/SCO1")
I = 1.9999999999999993

Table 4-2 Romberg integration | :pﬁsin(x)dx: 2

1.570796326794890

2.094395102393190

1.896118897937030

2.004559754984420

1.998570731823830

1.974231601945550

2.000269169948380

1.999983130945980

2.000005549979670

1.993570343772330

2.000016591047930

1.999999752454570

2.000000016288040

1.999999994587290

1.998393360970140

2.000001033369410

1.999999996190840

2.000000000059670

1.999999999996030

2.000000000001320!

1.999598388640030|

2.000000064530000

1.999999999940700

2.000000000000220

1.999999999999990

1.999999999999990

1.999999999999990

1.999899600184200

2.000000004032250

1.999999999999070

2.000000000000000

2.000000000000000

2.000000000000000

2.000000000000000

2.000000000000000

1.999974900235050

2.000000000252000

1.99999999999980(

1.999999999999990

1.999999999999990

1.999999999999990

1.999999999999990)

1.999999999999990

Built-in Romberg integration in python

import scipy.integrate as integrate
import scipy.special as special
from math import *

f = lambda x: sin(x

| = integrate.romberg(f, 0, pi)
print("Integral = ",

runfile('C:/Users/meral/.spydgay3/autosave/integral_scripy.py', wdir='C:/Users/meral/.sppgi8fautosave")
Integral = 2.000000000001321

7.2.1 AITKEN EXTRAPOLATION FORMULA




Another extrapolation Forafa is te Aitken extrapolation. This equation is basically derived from
EulerMcLaurin Formula. Aitken interpolation has the following form:

0 O

(ONNG®) O 0 O 0

Al exander Craig fAAl eco Aitken

By combining this equation with Simpson 1/3 formulation given above, more accurate results can be
obtain

from math import *
from if_x import *

class f1(if_x):
def func(self,x):
y=4.0/pi*sqrt(1.0x*x)
return 'y

def newton_cotes3(f,a,b,n):
#Newtoncotes integral 4 points
# Simpson 3/8 rule
# ff integrating function
# a,b integral limits
# n : number of subivision h=(ka)/n;
h=(b-a)/n;
h1=h/3.0;
sum=0.0
nn=2*n
nl=4
x =[0 for w in range(n1)]
y =[0 for w in range(n1)]
for p in range(n):
foriin range(nl):
x[i]=a+i*h1+p*h
ylil=f.func(x[i])
sum=sum-+h*(y[0]+3.0*y[1]+3.0*y[2]+y[3])/8.0
return sum

def Aitken_simpsonl_3(ff,a,b,n):
#Aitken interpolation formula
ldn=newton_cotes3(ff,a,b,4*n)
12n=newton_cotes3(ff,a,b,2*n)
In=newton_cotes3(ff,a,b,n)
I=14n-(14n-12n)*(14n-12n)/((14n-12n)-(12n-In))
return |

f=f1()

n=2

while n<257:
I= Aitken_simpsonl_3(f,0.0,1.0,n)
print("n =",n,"I=",1)
n=n*2

runfile('E:/okul/SCOIewton_cotes3.py, wdir="E:/okul/SCO1")
Reloaded modules: if_x

n= 21=0.999992868074867

n = 4 1= 0.9999986596595479




n= 81=0.99999975624287

n= 16 1= 0.9999999563192528
n = 32 1=0.9999999922266964
n = 64 1=0.9999999986213309
n = 128 I= 0.9999999997558837
n = 256 I= 0.9999999999568113

4.4GAUSSLEGENDRE NUMERICAL INTEGRAL

A problem known from antique times, is to create a rectangle with the same area with a polynomial. IT
is called a quadrature problem.

1)
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Figure4.4.1a rectangle with the same area with a polynomial
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Figure4.4.2A rectangle with the same area with a circle

If point x1 and x2 points intersecting the polynomial and rectangle is known, area calculation of the
polynomial can be interchange with the area calculation of the rectangle. Or in more general means
instead of integration process of summation can be sutiesti As a general definition:

O plpe 0 QWA ©Qw

Can be written. In this equation w(x) is the weight factor. In the first of a such formulation; Gauss
Legendre integral formulation, weight factor can be taken as 1.

'O plp e QoQe O "Qw

If this integration is solved for a general polynamial equation. Following relation is found:

oo P P
QO ——
wQw Q p
This equation can be written in open form as:
”n Ny N p p TN TN TN A A
QwQw Tg Ww WW W W B Ow

For a special case of n=2 equation becomes



e®w Qoo wQnd wQwd wQw
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Coefficient of same wild/l be equal in both
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Solution of this system of equation yields:
Roots: x,, =°1/~/3 and Coefficients ¢ =1

The general solutioaf this problem can be defined with the Legendre polynonts. Friedrich
Gausswas the first to derive th@aussLegendre quadrature rule. Carl Gustav Jacob Jatisbbvered
the connection between the quadrature rule and the orthogonal fatégeridre polynomials.

TN

Johann Carl Fredrich | Carl Gustav Jacob Jacobi | Adrien-Marie Legendre
Gauss

Legendre polynomials has a general definition as:
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The first 6 Legendre polynomials are giving in graphic form.
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The roots of Legendre Polynomials are the roots of the @agendre integration FormulaoF
example if A(X) value is calculated from the above general form:
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The root of this is equal @ Y = In general roots can be calculated from Legendre polynomials
as follows:
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This equation contains an error level©f . In order to decrease the error Newfaphson root
finding method can be usefuRor detais of Nevatn-Raphson method please look at the related
chapter.
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After finding the roots coeficients can be calculated as
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As a last concept, consider that Galuegendre integration limits aré and 1
Region x=f1,1] can be converted te=[a,b]by changing the variables
Curve fitting:

Variable Valuel Value2
X -1 1
z a b
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First 10 GaussLegendre integtéion formulas are given in the table

Table Gaussi Legendre integration roots and coefficients

N Xi Ci

2 -0.577350269189625 1.000000000000000
0.577350269189625 1.000000000000000

3 -0.774596669241483 0.555555555555552
0.000000000000000 0.888888888888888
0.774596669241483 0.555555555555552

4 -0.861136311594052 0.347854845137447

-0.339981043584856

0.652145154862546

0.339981043584856

0.652145154862546

0.861136311594052

0.347854845137447

5 -0.906179845938664 0.236926885056181
-0.538469310105H3 0.478628670499366
0.000000000000000 0.568888888888888
0.538469310105683 0.478628670499366

0.906179845938664

0.236926885056181

6 -0.932469514203152

0.171324492379162

-0.661209386466264

0.360761573048138

-0.238619186083196 0.46791393457269
0.238619186083196 0.467913934572691

0.661209386466264

0.360761573048138

0.932469514203152

0.171324492379162

7 -0.949107912342758

0.129484966168862

-0.741531185599394

0.279705391489276

-0.405845151377397

0.381830050505119

0.00000000000W00

0.417959183673469

0.405845151377397

0.381830050505119

0.741531185599394

0.279705391489276

0.949107912342758

0.129484966168862

8 -0.960289856497536

0.101228536290369

-0.796666477413626

0.222381034453374

-0.525532409916329

0.31370664587 8

-0.183434642495649

0.362683783378362

0.183434642495649

0.362683783378362

0.525532409916329

0.313706645877887

0.796666477413626

0.222381034453374

0.960289856497536

0.101228536290369

9 -0.968160239507626

0.081274388361569

-0.83603110732635

0.180648160694857

-0.613371432700590

0.260610696402935

-0.324253423403808

0.312347077040002

Qw



0.000000000000000

0.330239355001259

0.324253423403808

0.312347077040002

0.613371432700590

0.260610696402935

0.836031107326635

0.1806481606948/

0.968160239507626

0.081274388361569

10

-0.973906528517171

0.066671344308684

-0.865063366688984

0.149451349150580

-0.679409568299024

0.219086362515982

-0.433395394129247

0.269266719309996

-0.148874338981631

0.295524224714752

0.14887438981631

0.295524224714752

0.433395394129247

0.269266719309996

0.679409568299024

0.219086362515982

0.865063366688984

0.149451349150580

0.973906528517171

0.066671344308684

EXAMPLE : Calculate integral oQw

Forn=3 a=(1-0)/2=0.5

b=(1+0)/2=0.5

-Wp @ function betveen limits 0 and 1 with three
points Gausd.egendre integration formula by hand and by computer program

1=0.5*(0.555555555555553f(0.5*-0.774596669241483+0.5)3-88888888888888§0.5*0+0.5)+
0.555555555555553((0.5*0.774596669241483+0.5))

1=1.004609
excel versions of the same integral
For n=4
Gauss Integral Formula
a 0.0000000000
b 1.0000000000
a (b-a)/2 0.5000000000
b (b+a)/2 0.5000000000
rk Ck xk=a+b*rk yk=f(xk) z=a*Ck*yk
-0.861136312 0.347854845 0.0694318442 1.2701668325 0.2209168434
-0.339981044 0.652145155 0.3300094782 1.2019096333 0.3919097720
0.339981044 0.652145155 0.6699905218 0.9452143982 0.3082084950
0.861136312 0.347854845 0.9305681558 0.4661568155 0.0810774534
Integral 1.002112564
For n=6
Gauss Integral Formula
a 0.0000000000
b 1.0000000000
a (b-a)/2 0.5000000000
b (b+a)/2 0.5000000000
rk Ck xk=at+b*rk yk=f(xk) z=a*Ck*yk
-0.932469514 0.171324492 0.0337652429 1.2725135329 0.100063675
-0.661209386 0.360761573 0.1693953068 1.2548389257 0.2263488324
-0.238619186 0.467913935 0.3806904070 1.1773678593 0.2754534138
0.238619186 0.467913935 0.6193095930 0.9996800599 0.2338821151
0.661209386 0.360761573 0.8306046932 0.7090193556 0.1278934690
0.932469514 0.171324492 0.9662347571 0.3280671473 0.0281029687
Integral 1.000687166
For n=10
Gauss Integral Formula
a 0.0000000000
b 1.0000000000
a (b-a)/2 0.5000000000
b (b+a)/2 0.5000000000
rk | ck xk=a+b*rk | yk=f(xK) z=a*Ck*yk




-0.973906529 0.066671344 0.0130467357 1.2731311764 0.0424406835
-0.865063367 0.149451349 0.0674683167 1.2703383629 0.0949268911
-0.679409568 0.219086363 0.1602952159 1.2567754345 0.1376711792
-0.433395394 0.269266719 0.2833023029 1.2210757598 0.1643975319
-0.148874339 0.295524225 0.4255628305 1.1521912348 0.1702502107
0.148874339 0.295524225 0.5744371695 1.0422085462 0.1539989363
0.433395394 0.269266719 0.7166976971 0.8879368571 0.1195459222
0.679409568 0.219086363 0.8397047841 0.6914240280 0.0757407876
0.865063367 0.149451349 0.9325316833 0.4597517249 0.0343552578
0.973906529 0.066671344 0.9869532643 0.2050004799 0.0068338288
Z Integral 1.000161229

For n=60 I ¢ -

Gauss Integral Formula

a 0.0000000000

b 1.0000000000

a (b-a)/2 0.5000000000

b (b+a)/2 0.5000000000

rk Ck xk=a+b*rk yk=f(xk) z=a*Ck*yk

-0.999210123227436 0.002026811968873 0.0003949384 1.273239454 0.0012903085

-0.995840525118838 0.004712729926953 0.0020797374 1.2732367912 0.0030002106

-0.989787895222221 0.007389931163346 0.0051060524 1.2732229468 0.0047045150

-0.981067201752598 0.010047557182288 0.0094663991 1.2731824942 0.0063961870

-0.96901788765052 0.012678166476816 0.0151491056 1.2730934350 0.0080702453

-0.955722255839996 0.015274618596784 0.0221388721 1.2729274803 0.0097217409

-0.939166276116423 0.017829901014207 0.0304168619 1.2726504171 0.0113456155

-0.920078476177627 0.02033712072457 0.0399607619 1.2722225443 0.0129366717

-0.898510310810046 0.022789516943998 0.0507448446 1.2715991671 0.0144895654

-0.874519922646898 0.025180477621521 0.0627400387 1.2707311395 0.0159988085

-0.848171984785929 0.027503556749925 0.0759140076 1.26956:4443 0.0174587826

-0.819537526162145 0.029752491500789 0.0902312369 1.2680457997 0.0188637609

-0.788693739932264

0.031921219019296

0.1056531300

1.2661132804

0.0202079397

-0.755723775306585

0.034003892724946

0.1221381123

1.2637069454

0.0214854777

-0.720716513355730

0.035994898051084

0.1396417433

1.2607644611

0.0226905441

-0.683766327381355

0.037888867569243

0.1581168363

1.2572227133

0.0238173724

-0.644972828489477

0.039680695452381

0.1775135858

1.2530184000

0.0248603208

-0.604440597048510

0.04136555235585

0.1977797015

1.2480886002

0.0258139365

-0.562278900753944

0.042938892835936

0.2188605496

1.2423713133

0.0266730243

-0.518601400058569

0.044396478795787

0.2406993000

1.2358059656

0.0274327167

-0.473525841761707

0.045734379716114

0.2632370791

1.228338822

0.0280885441

-0.427173741583078

0.046948988848912

0.2864131292

1.2198987211

0.0286365057

-0.379670056576798

0.048037031819971

0.3101649717

1.2104468712

0.0290731374

-0.331142848268448

0.048995575455757

0.3344285759

1.1999278109

0.0293955768

-0.281722937423261

0.049822035690550

0.3591385313

1.1882944300

0.0296016238

-0.231543551376029

0.050514184532509

0.3842282243

1.1755033149

0.0296897957

-0.180739964873425

0.051070156069856

0.4096300176

1.1615149982

0.0296593761

-0.129449135396945

0.05148881500981

0.4352754323

1.1462941736

0.0295104560

-0.077809333949537

0.051767943174910

0.4610953330

1.1298098787

0.0292439668

-0.025959772301248

0.051907877631221

0.4870201138

1.1120356457

0.0288617051

0.025959772301248

0.051907877631221

0.5129798862

1.0929496235

0.0283663477

0.077809333949537

0.051767943174910

0.5389046670

1.0725346712

0.0277614570

0.129449135396945

0.051488451500981

0.5647245677

1.0507784251

0.0270514770

0.180739964873425

0.051070156069856

0.5903699824

1.0276733412

0.0262417190

0.231543551376029

0.050514184532509

0.6157717757

1.0032167145

0.0253383371

0.281722937423261

0.049822035690550

0.6408614687

0.9774106755

0.0243482948

0.331142848268448

0.048995575455757

0.6655714241

0.9502621669

0.0232793209

0.379670056576798

0.048037031819R1L

0.6898350283

0.9217829005

0.0221398573

0.427173741583078

0.046948988848912

0.7135868708

0.8919892958

0.0209389978

0.473525841761707

0.045734379716114

0.7367629209

0.8609024020

0.0196864187




0.518601400058569 0.044396478795787 0.7593007000 0.8285478029 0.0183923025
0.562278900753944 0.042938892835936 0.7811394504 0.7949555081 0.0170672547
0.604440597048510 0.041365551235585 0.8022202985 0.7601598294 0.0157222152
0.644972828489477 0.039680695452381 0.8224864142 0.7241992435 0.0143683648
0.6837663273B355 0.037888867569243 0.8418831637 0.6871162440 0.0130170282
0.720716513355730 0.035994898051084 0.8603582567 0.6489571814 0.0116795738
0.755723775306585 0.034003892724946 0.8778618877 0.6097720929 0.0103673124
0.788693739932264 0.031921219019296 0.8948468700 0.5696145247 0.0090913950
0.819537526162145 0.029752491500789 0.9097687631 0.5285413466 0.0078627110
0.848171984785929 0.027503556749925 0.9240859924 0.4866125631 0.0066917881
0.874519922646898 0.025180477621521 0.9372599613 0.4438911240 0.005586953
0.898510310810046 0.022789516943998 0.9492551554 0.4004427432 0.0045629483
0.920078476177627 0.020337120729457 0.9600392381 0.3563357382 0.0036234215
0.939166276116423 0.017829901014207 0.9695831381 0.3116409221 0.0027782634
0.955722255839996 0.015274618596784 0.9778611279 0.2664316177 0.0020348207
0.969701788765052 0.012678166476816 0.9848508944 0.2207839805 0.0013995680

0.981067201752598

0.010047557182288

0.9905336009

0.1747782074

0.0008780470

0.989787895222221

0.007389931163346

0.9948939476

0.1285028199

0.0004748135

Python code:

0.995840525118838 0.004712729926953 0.9979202626 0.0820735936 0.0001933953
0.999210123227436 0.002026811968873 0.9996050616 0.0357805413 0.0000362602
Integral 1.000000837

from math import *

def I(x):

y=x*x*exp(x)-2.0*x*exp(x)+2.0*exp(x)

returny
def integral(f,0a,b):

€=[0.236926885056181,0.478628670499366,0.568888888888888,0.478628670499366,0.236926885056181]

x=[-0.906179845938664.538469310105683,0.000000000000000,0.538469310105683,008A#5D38664]

do=(a+b)/2.0
d1=(ba)/2.0
n=len(c)

I=0

for k in range(n):

l=d1*c[k]*f(d0-+d1*x[K])

return |

f = lambda x:x*x*exp(x)

a=float(input("a : "))
b=float(input("b : "))
11=integral(f,a,b)
12=I(b)-I(a)

print("11

:"11,"\nl2 ;)

2);

runfile('E:/okul/SCO1/integlaGL1.py', wdir="E:/okul/SCOL1")

a:o0
b:1

11 : 0.718281828393345
12 : 0.7182818284590451

Excel version:

GausslLegendre integral

a 0 do 0.5

b 1 d1 0.5

c X do+dL*x f(d0-+d1*x) d1*c*(d0+d1*x)
0.23692689 -0.90617985 | 0.04691008| 0.002306243 0.000273205
0.47862867 -0.53846931 | 0.23076534] 0.067075095 0.016052032
0.56888889 0 0.5 0.412180318 0.117242401
0.47862867 0.53846931 | 0.76923466] 1.277003387 0.305605217




0.23692689 | 0.906179846] 0.95308992] 2.356076838 0.279108973

Integral 0.718281828
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from math import *
def I(x):
y=x/2.0+sin(2*x)/4.0
returny

def integral(f,a,b):
¢=[0.236926885056181,0.478628670499366,0.568888888888888,0.478628670499366,0.236926885056181]
x=[-0.906179845938664.538469310105683,0.000000000000000,0.538469310105683,0.906179845938664]
d0=(a+b)/2.0
d1=(b-a)/2.0
n=len(c)
I=0
for k in range(n):
[+=d1*c[K]*f(dO+d1*x[K])
return |

f = lambda x:cos(x)*cdx)
a=0

b=pi

11=integral(f,a,b)
12=1(b)-I(a)

print("I1 :",11,"\nI2 : "12);

runfile('E:/okul/SCO1/integral_GL2.py', wdir="E:/okul/SCO1")
11 : 1.5707479410585858
12: 1.5707963267948966

Excel:
GaussLegendre integral
a 0 do 1.57079@27
b 3.141592654 dl 1.570796327
c X do+d1*x f(d0+d1*x) d1*c*f(d0+d1*x)
0.23692689 -0.90617985 | 0.14737235| 0.978438168 0.364139346
0.47862867 -0.53846931 | 0.72497071| 0.560280459 0.421234625
0.56888889 0 1.57079633| 3.75247E33 3.35324E33
0.47862867 0.53846931 | 2.41662194| 0.560280459 0.421234625
0.23692689 0.906179846 | 2.9942203 | 0.978438168 0.364139346
Integral 1.570747941

In the next code function is defined as a lambda variable and-Gegesdre coefficients are
calculated fran Legendregolynomialformulations.

[ from math import *




from if_x import *
def gauss_legendre_coefficients(x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
for i in range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(z1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z7;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]l=xm+xI*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[1][n-i|=a[1][i-1]
return a

defintegral(f,x1,x2,n):
#integral func(x)dx
#integral of a function by using gadegiendre quadrature
#between x1 and x2
a=gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*.func(a[0][i])
return z

class f1(if_x):func=lambda self,x: cos(x)*cos(x)
f=f1()

#f = lambda x:cos(x)*cos(x)

a=0

b=pi

11=integral(f,a,b,10)

print("I1 :",11);

runfile('E:/okul/SCOL/integral_GL.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x
11 : 1.57079632679489

Built-in GaussLegendre integration in python

import scipy.integrate as integrate
import scipy.special as special
from math import *

f = lambda x: 4.0/pi*sqrt(18*x)

| = integrate.quad(f, 0, 1.0)
print("Integral =",1)

runfile('C:Jsers/meral/.spydegyy3/autosave/integral_scripy.py', wdir="C:/Users/meral/.sppg8rautosave’)

Integral = (1.0000000000000004, 1.12474696223330P8e

GaussLegendre integration using builtin roots_legendre function

#-*- coding: utf8 -*-

Creatd on Sun Jan 9 08:00:19 2022

@author: Mustafa Turhan Coban
Roots of Legendre Polynomial




Using scripy special function roots_legendre
from scipy.special import *
from math import *

def I(x):
y=x/2.0+sin(2*x)/4.0
return y

def integral(f,a,m):
[x,c]=roots_legendre(n)
print("x =\n",x)
print("y =\n",x)
d0=(a+h)/2.0
d1=(b-a)/2.0
I=0
for k in range(n):

I+=d1*c[Kk]*f(dO+d1*x[K])

return |

n=5

f = lambda x:cos(x)*cos(x)

a=0

b=pi

I11=integral(f,a,bn)

12=I(b)-I(a)

print("I1 :",11,"\nI2 : ",12);
runfile('D:/okul/SCO1/integral_GL_scirpy_special.py', wdir="D:/okul/SCO1")
X =

[-0.906179850.53846931 0. 0.53846931 0.90617985]
y:
[-0.906179850.53846931 0. 0.53846931 0.90845]

11 : 1.5707479410586112

12: 1.5707963267948966

n=10

f = lambda x:cos(x)*cos(x)

a=0

b=pi

11=integral(f,a,b,n)

12=I(b)-I(a)

print("I1 : ",11,"\nl2 : ",12);
runfile('D:/okul/SCO1/integral_GL_scirpy_special.py', wdir="D:/okul/SCO1")
X -

[-0.97D0653-0.865063370.679409570.433395390.14887434 0.14887434
0.43339539 0.67940957 0.86506337 0.97390653]

y:

[-0.973906530.865063370.679409570.433395390.14887434 0.14887434
0.43339539 0.67940957 0.86506337 0.97390653]

11 : 1.507963267949017

12: 1.5707963267948966

In the Gausd.egendre integral formulation weight function was taken as 1.
"0 plp QOO ©Qe  ©Qw®

If the weight function is taken asd ® — GaussChebychevintegration formula is created.
This equation has the form of

‘O plp QL WQw QWL WQw ——wQw



Xk in the equation is the roots of chebcychev polynomials. General definition of the Chbychev
polynomials are given as:
Po(X)=1
P1(x)=x
Pa(x)=2x2-1
Pa(X)=2XPy1(X) T Pr2(X), n=3,4,5..
It should be note th&hebychev polinomials are orthogonal polnomials. The roots of the polynomials
are defined as:

" Q pig “ . SESSU

6 bt 0 mpRiBR
Coeeficients of the Formula can be calculated as:
@ T Q miplthB R p

x=[-1,1] integrationrange inGaussChebychewormula can be change to more genersa,b]range
by using similar formulations used in Gatlssgendre formulations.

® Qzd Q
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As an example program if following integral is to be solved:
from math import *
from if_x import *

class f1(if_x):
def func(self,x):
yl=self.w(x)*exgx)
return y1,;
def w(self,x):
wl=sqrt(1.0x*x)
return wl

def gauss_chebychev_coefficients(n):
#GaussChebychev quadratiirii katsayilarini hesaplar
sgngam=1
a=[[0.0 for i in range(n)] for j in range(2)]
for j in range(n+1):
k=j-1
a[0][k]=cos((2.0*}1.0)*pi/(2.0*n))
a[1][K]=pi/float(n)
return a

def gauss_chebychev_integral(f_xnt,x1,x2,n):
# n : number of integral coefficients
# this routine first generates gauss chebyduoafficients
# for [xa,xb] band
# then calculates gauss chebychev integral
k1=(x2-x1)/2.0
k2=(x2+x1)/2.0
a=[[0.0 for i in range(n)] for j in range(2)]
a=gauss_chebychev_coefficients(n)
toplam=0




z1=0
for k in range(ix
x=k1*a[0][k]+k2
toplam=toplam+k1*a[1][K]*f_xnt.func(x)
return toplam

f=f1()
|I=gauss_chebychev_integral(f,0.0,1.0,50)
print(1)

runfile('E:/okul/SCO1/gauss_chebychev_integral.py', wdir="E:/okul/SCO1")
Reloaded modules: if _x
1.737908256915644

GaussHermit formula : this formulaton uses the weight function and calculates integrals from

minus infinity to plus infinity.
0w Q
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In this equationx is the roots of the Hermite polynomialsermit Polinomials defined as:

P.1(x)=0

Po(X)=1

P1(X)=2x

Py(X)=4x3-2

P3(x)=8x3-12x

Pa(X)=2XPr1(X) T 2(n-1)Pr2(X), n=1,2,3,4,5..

Coefficients are given as:
- G EAN
W 5 T
EL
Coefficients for the first 7 sets are given in the following table

Table 7.3-6 Gaussi Hermit integration roots and coefficients

N Xk Ck
2 +/-0.707167811 0.886226926
3 0 1.181635901
+/- 1.224744871391589 0.295408975
4 +/- 0.524647623275290 0.80491409
+/- 1.650680123885784 0.081312835
5 0 0.945308721
+/-0.9585724646 0.393619323
+/-2.0201828705 0.019953242
6 +/- 2.350604973674492 0.00453001
+/- 1.335849074013697 0.15706732
+/- 0.436077411927616 0.724629595
7 +/- 2.651961356835233 0.000971781
+/- 1.673551628767471 0.054515583
+/- 0.816287882858965 0.425607253
0 0.810264618

Gauss_Hermite integralquation example code :
Integration function

O —

[ from math import *




from if_x import *

class f1(if_x):
def func(self,x):
yl=self.w(x)*1.0/(1+x*x)
return y1;
def w(self,x):
wl=exp(x*x)
return wl
def gauss_hermite_coefficients(n):
a=[[0.0 for i in range(n)] for j in range(2)]
r=0
eps=1el0;
pipm4 = pow(pi,-0.25)
nn=int((n+2)/2)
for i in range(nn):
if i==0:
r =sqrt(float(2.0*n+1.0))11.85575*pow(float(2.0*n+1.0),1.0/6.0)
elif i==1:
r = r-1.14*pow(float(n), 0.426)/r
elif i==2:
r = 1.86*r0.86*a[0][0]
elif i==3:
r=1.91*-0.91*a[0][1]
else:
r = 2*r-a[0][i-2]
p2=0.0
p3 = pipm4
j1=0
for j in rarge(n):
pl=p2
p2 =p3
p3 = p2*r*sqrt(2.0/float(j+1Ppl*sqrt(float(j)/float(j+1));
1=
jFi1+1
dp3 = sqrt(float(2.0%)))*p2
ri=r
r=r-p3/dp3
while abs(fr1)>=eps*(1+ab(r))*100.0:
p2=0.0
p3 = pipm4
for j in range(n):

p3 = p2*r*sqrt(2.0/float(j+1Ppl*sqrt(float(j)/float(j+1));
j15
=il
dp3 = sqrt(float(2.0%))*p2
rl=r
r=r-p3/dp3
alo][i]=r
a[1][i] = 2.0/(dp3*dp3);
a[0][n-1-i] = -a[O][i];
a[1][n-1-i] = a[1]fi];
return a

def gauss_hermite_integral(f_xnt,n)
# n : number of integral coefficients
# this routine first generates gauss hermite coefficients
# for [x1,x2] band
# then calculates gauss hermite integral
a=[[0.0 for i in range(n)] for j in range(2)]
a=gauss_hermite_coefficits(n)
print("a=\n",a)
z=0
x1=0
for i in range(n):
x1=f_xnt.func(a[O][i])
z=z+a[1][i]*x1
return z

f=f1()
print("integral :",gauss_hermite_integral(f,7));




runfile('E:/okul/SCO1/gauss_hermite_integral.py', wdir="B¢&CO1")

Reloaded modules: if _x

a=

[[2.6519613568352334, 1.6735516287674717, 0.816287882858962,60.81628788285896461.6735516287674717,
2.6519613568352334], [0.0009717812123401424, 0.05451557982996558, 0.42560725261012705, 0.8102646175568071,
0.42560725261012705, 0.05451557982996558, 0.0009717812123401424]]

integral : 2.5512038801916415

In [81]:

f=f1()

print("integral : ",gauss_hermite_integral(f,20));

runfile('E:/okul/SCO1/gauss_hermite_integral.py', wdir="E:/okul/SCOL1")

Reloaded module$f_x

a=

[[5.387480890011233, 4.603682449550744, 3.944764040115625, 3.3478545673832163, 2.788806058428131, 2.254974002
1.7385377121165861, 1.234076215395323, 0.7374737285453943, 0.245340708300904234070830090127,
0.7374737285453943].2340762153953231.73853771211658612.25497400208927572.788806058428131,
3.34785456738321633.9447640401156254.6036824495507445.387480890011233], [2.2293936242484143¢
4.3993406240405176K), 1.086069369760984107, 7.80255626126046-7065,0.00022833859906453842, 0.003243773339369977
0.02481052088734086, 0.10901720602002156, 0.28667550368103384, 0.46224366960058466, 0.46224366960058466,
0.28667550368103384, 0.10901720602002156, 0.02481052088734086, 0.0032437733393699776, 0.0002283882990645
7.802556261260467@6, 1.086069369760984DF, 4.39934062404051786), 2.22939362424841418)]]

integral : 2.80468330172924

f=f1()

print(“integral : ",gauss_hermite_integral(f,20));

runfile('E:/okul/SCO1/gauss_hermite_integral.py', wdir="E:I(&G01")

Reloaded modules: if_x

a=

[[13.40648733814491, 12.823799749487808, 12.342964222859674, 11.915061943114166, 11.521415400787031,
11.152404385585125, 10.802260753684715, 10.467185421342883, 10.144509941292847, 9.832269807777969, 9.5289658
9.233420890219161, 8.944689217325475, 8.661996168134518, 8.384696940416266, 8.112247311162792, 7.84418238446(
7.580100807857489, 7.319652822304577, 7.062531060248881, 6.808463352858802, 6.557207031921542, 6.308544361117
6.062278832614303, 5.81823BPB3517, 5.5762416493299245, 5.33615836013836, 5.097845105089136, 4.86117509179121
4.6260306357871555, 4.392302078682684, 4.15988685513103, 3.928688683427671, 3.698616859318492, 3.469585636414
3.241513679631013, 3.0143235803311557, 2.7879414239812882296402372608, 2.3373204639068783, 2.11294799637118
1.8891155374270083, 1.6657615087415094, 1.4428259702159327, 1.220250391218953, 0.9979774360981053, 0.7759507¢
0.554114823591617, 0.3324146923422318, 0.1107958724220308)795872422430-0.3324146923422318).554114823591617
-0.7759507615401458).99797743609810531.220250391218953].44282597021593271.6657615087415094,
1.88911553742700832.1129479963711882.33732046390687822.5622964023726082.7879414239819895,
3.01432358033115573.2415136796310133.46958563641858933.6986168593184923.9286886834276714.15988685513103,
4.3923020786826844.62603063578715554.861175091791215.0978451050891365.336158360138365.5762416493299245,
5.8182321352035176.0622788326143036.3085443611121366.5572070319215426.8084633528588027.062531060248881,
7.3196528223045777.5801008078574897.8441823844608218.1122473111627928.3846969404162668.661996168134518,
8.9446892173254759.23342089021%l1, -9.5289658233901159.83226980777796910.14450994129284710.467185421342883,
-10.80226075368471511.15240438558512511.52141540078703111.91506194311416612.342964222859674,
12.82379974948780813.40648733814491], [5.908067863103223¢1.972860427411903122, 3.083028963828965,
9.01922043227676583, 8.51888307655109Z9, 3.459477733807215E5, 7.1915294615373182, 8.59753443930394419,
6.4207220800995546, 3.1852176044779323, 1.10047066309552-48, 2.74878487279895138, 5116232598774343486,
7.274572594631579@4, 8.067434277953642, 7.1018122261729688), 5.03779116616302&S8, 2.91735007261924&86,
1.394838437337841124, 5.5610195234333323, 1.86499615394561024,, 5.3023135266657 7%, 1.2868325230681238,
2.682491650786072&7, 4.82983474768998265, 7.548896321650472, 1.02887489044627686, 1.22787847991747742,
1.2879038035689307kL, 1.191300622469033, 9.74792119251736K), 7.0758572574155999, 4.56812749847482108,
2.629097480438831@7, 1.39.797158150116966, 6.2215248153493006, 2.567615937920183B5, 9.51716277753000-05,
0.00031729197102648603, 0.0009526921885249078, 0.0025792732600307335, 0.006303000285579659, 0.0139156652202,
0.027779127385918166, 0.05017581267742089, 0.082039822158, 0.12153798684410347, 0.16313003050278288,
0.19846284859264707, 0.21889262957968678, 0.21889262957968678, 0.19846284859264707, 0.16313003050278288,
0.12153798684410347, 0.08205182739122158, 0.05017581267742089, 0.027779127385918166, 0.0262086562
0.006303000285579659, 0.0025792732600307335, 0.0009526921885249078, 0.00031729197102648603, 9.5171620375300]
2.567615937920183A5, 6.221524815349308, 1.351797158150116@6, 2.6290974804388317, 4.5681274984748218,
7.07585725741599e09, 9.74792119251736K), 1.191300622469033), 1.2879038035689302d., 1.22787847991747742,
1.0288748904462765k3, 7.5488963216504 725, 4.8298347476899826, 2.682491650786072&, 1.28683252306812368,
5.30231352666577920, 1.86499615394807e21, 5.5610195234333323, 1.394838437337841:P4, 2.91735007261924686,
5.03779116616302828, 7.1018122261729679, 8.06743427795364K2, 7.27457259463157%, 5.116232598774343488,
2.74878487279895188, 1.100470663095527), 3.18521760447798 43, 6.42072208009955%6, 8.59753443930394419,
7.19152946153731582, 3.45947773380721565, 8.51888307655109%9, 9.01922043227676%3, 3.08302896382896%7,
1.9728604274119031&2, 5.9080678631032239]]

integral : 2.9965945892152823

GaussL aguerre formulation has the weight factor in the form of



The integral limits of this formulation is in between o and infinity. The equation is in the form of

In this equatiorxx is the root ofLaguerrepolinomials. Leguerre polynomial has the form of

P. 1(X) =0
Po(X) =1

O mitb
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(N+1)P nia(X)=(-x+2*n+a+1)P(x) 7 (n+a)P?na(X), N=1,2,3,4,5...

Coefficients

For the first 5 values, roots and coefficient of the equation is givéable 8.43 (a=0), Table 8.44

(a=1)andTable 8.45 (a=2) .

Table 7.3-9 Gaussi Laquerre integral roots and coefficients €=0)

P

(o)

N Xk Ck

2 0.5857864376@905 0.853553390592534
3.414213562373090 0.146446609406723

3 0.415774556783479 0.711093009915089
2.294280360279040 0.278517733568676
6.289945082937470 0.010389256497354

4 0.322547689619392 0.603154104288259
1.745761101158340 0.3574186924378D
4.536620296921120 0.038887908507759
9.395070912301130 0.000539294705556

5 0.263560319718141 0.521755610467045
1.413403059106510 0.398666821407258
3.596425771040720 0.075942449681708
7.085810005858830 0.003611758663878
12.640800844275T0 0.000023369972386

Table 7.310 Gaussi Laquerre integral roots and coefficients 4=1)

N Xk Ck
2 1.267949192431120 0.788675133123411
4.732050807568870 0.211324865405185
3 0.935822227524088 0.588681472855445
3.305407289332270 0.39121605922280
7.758770483143630 0.020102459732679
4 0.743291927981432 0.446870579513482
2.571635007646270 0.477635774492073
5.731178751689090 0.074177784726293
10.953894312683100 0.001315849683447
5 0.617030853278271 0.348014523429866
2.112%5958578520 0.502280674138866
4.610833151017530 0.140915919102187
8.399066971204840 0.008719893025972
Table 7.3-11 Gaussi Laquerre integral roots and coefficients 4=2)
N Xk Ck
2 2.000000000000000 1.500000000000000
6.000000000000000 0.500000000000000
3 1.517387080677410 1.037494961490390
4.311583133719520 0.905750004703039
9.171029785603060 0.056755033772202
4 1.226763263500300 0.725524997698604
3.412507358696940 1.063424292391060
6.902692605851610 0.206696130999709
12.458036771951100 0.004354579188558
5 1.031109144093380 0.520917396835042
2.837212823953820 1.066705933159050
5.620294272598700 0.383549720007093
9.6829098376642D 0.028564233510280




[ | 15.828473921690000 | 0.000262712802303 |

If we investigate Gausseguerre Formula with an example. We will calculate the integral

~ X
| = O| l X +1dX Exact integral value |1= 0.822467

from math import *
from if_x import *
class f1(if_x):
def __init__(self, alpha,xa):
self.alpha=alpha
self.xa=xa

def func(self,x):
y=x+self.xa
yl=self.w(x)*x/(exp(x)+1)
return y1,;

def w(self,x):

if self.alpha==0:
wl=exp(x)

elif self.alpha==1:
wl=exp(x)/x

elif self.alpha==2:
wl=exp(x)/(x*x)

else:
wl=exp(x)/pow(x,self.alpha)

return wl

def gauss_laguerre_coefficients(n,alpha):
#Gausd aguerre quadratirl katsayilarini hegar
sgngam=1;
a=[[0.0 for i in range(n)] for j in range(2)]
r=0;
eps=1.0€l0
for i in range(n):
if i==0:
r = (1.0+alpha)*(3.0+0.92*alpha)/(1+2.4*n+1.8*alpha)
elif i==1:
r = r+(15.0+6.25%alph)/(1.0+0.9*alpha+2.5*n)
else:
r = r+((1.0+2.55%(1))/(1.9%(i-1))+1.26*(i-1)*alpha/(1+3.5*(#1)))/(1.0+0.3*alpha)*(ra[0][i-2])
# do blok
p2=0;
p3=1,
for j in range(n):
pl=p2
p2 =p3
p3 = (Er+2*+alpha+1)*p2(j+alpha)*pl)/(j+1)
dp3 = (n*p3(n+alpha)*p2)/r
rl=r,
r =r-p3/dp3
while abs(fr1)>=eps*(1+abs(r))*100:
p2=0;
p3=1,
for j in range(n)
pl=p2
p2 =p3
p3 = (tr+2*+alpha+1)*p2(j+alpha)*pl)/(j+1)
dp3 = (n*p3(n+alpha)*p2)/r
rL=r;
r=r-p3/dp3
a[o][i] =r
Ing=lgamma(float(n))




Ingl=lgamma(float(alpha+n))
a[1][i] = -exp(Ingting)/(dp3*n*p2)
return a

def gauss_laquerre_integral(f_xnt,alpha,n):
#a=[[0.0 for i in range(n)] for j in range(2)]
a=gauss_laguerre_coefficients(n,alpha)
print(a)
z=0.0
for i in range(n):

z=z+a[1][i]*f_xnt.func(a[0][i])

return z

alpha=0.0

xa=0.0;

exact=0.822467

f=f1(alpha,xa)

print(“integral : ",gauss_laquerre_integral(f,alpha,30),"exact integral = ",exact)

runfile('E:/okul/SCO1/gauss_leguerre_integrgl.pidir="E:/okul/SCO1")
Reloaded modules: if_x

[[0.047407180540804436, 0.2499239167531601, 0.6148334543927677, 1.1431958256661, 1.8364545546225732, 2.696521§
3.7258145077795097, 4.927293765849882, 6.3045155909650745, 7.8616932933702595, B64BIZ59, 11.536546597956141,
13.666744693064238, 16.002221188981068, 18.55213484014315, 21.327204321783128, 24.340035764532693, 27.605554
31.141586701111237, 34.96965200824907, 39.11608494906789, 43.61365290848486, 48.5039861638042, 53.8458854065
59.6991218592355, 66.18061779443849, 73.44123859555988, 81.73681050672769, 91.55646652253684, 104.15752443104
[0.11604408459540358, 0.22085107571058027, 0.24139979501275974, 0.19463676844642563, 0.1237284159740859,
0.06367878042225962, 0.026866837671705, 0.009338070904071624, 0.00268069689343822, 0.0006351291219520559,
0.00012390745991046017, 1.982878849004108%.58935096592208086, 2.740942840536074, 2.33283116502496488,
1.5807455747673273%9, 8.4274791224058H., 3.4851612328B41e12, 1.09901805573159448, 2.5883126172002886,
4.4378377037318635E7, 5.36591664966016686, 4.39394689228989744, 2.31140979437950428, 7.274588498063 1426,
1.23914970119793428, 9.83237507391101482, 2.84232354698862%5, 1.87860803087062e39, 8.74598021283815415]]
integral : 0.822467013985489 exact integral= 0.822467

alpha=0.0

xa=0.0;

exact=0.822467

f=f1(alpha,xa)

print(“integral : ",gauss_laquerre_integral(f,alpha,5),"exact integral = ",exact)

runfile('E:/okul/SCO1/gauss_laegrre_integral.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x

[[0.2635603197181409, 1.413403059106517, 3.596425771040722, 7.085810005858837, 12.640800844275782], [0.5217556]
0.398666821407258, 0.07594244968170755, 0.0036117586638776344, 223BEIIB 723€5])
integral : 0.8226695527673321 exact integral= 0.822467

alpha=1.0

xa=0.0;

exact=0.822467

f=f1(alpha,xa)

print(“integral : ",gauss_laquerre_integral(f,alpha,5),"exact integral = ",exact)

runfile('E:/okul/SCO1/gauss_leguerre_integrdl.pydir="E:/okul/SCO1")

Reloaded modules: if_x

[[0.6170308532782706, 2.112965958578524, 4.610833151017532, 8.399066971204842, 14.26010306592083], [0.34801452
0.5022806741388668, 0.14091591910218698, 0.008719893025972364, 6.897332356@59197e

integral : 0.8224790352572539 exact integral= 0.822467

alpha=2.0

xa=0.0;

exact=0.822467

f=f1(alpha,xa)

print(“integral : ",gauss_laquerre_integral(f,alpha,5),"exact integral = ",exact)

runfile('E:/okul/SCO1/gauss_leguerre_integral.py’, wdir="E:/okuB3E




Reloaded modules: if_x

[[1.0311091440933815, 2.837212823953822, 5.620294272598708, 9.682909837664027, 15.828473921690062], [0.5209173
1.0667059331590585, 0.3835497200070941, 0.02856423351028029, 0.0002627128023032893]]

integral : 0.798524M41742577 exact integral= 0.822467

Now let us look at integration:
0 o hb OV ®RO  ®Q QwQe ©Qw

The following coordinate system shift can be applied:
W O worw w  Integration will be converted to

‘0 o b VO ®0 O 0 ©Q Qw ® Qe «©'Qw

Consider function:

alpha=0.0

xa=1.0;

f=f1(alpha,xa)

print(“integral : ",gauss_laquerrategral(f,alpha,100))

runfile('E:/okul/SCO1/gauss_leguerre_integral.py', wdir="E:/okul/SCO1")

Reloaded modules: if_x

[[0.014386146995420105, 0.07580361202335732, 0.18631410205718538, 0.34596918099143037, 0.5548109375809116,
0.8128912841156704, 1.1202738835412, 1.4770343299238287, 1.8832608263423956, 2.339053849646035, 2.84452654274
3.399804827445709, 4.005027581758654, 4.66034683556891, 5.365927985585114, 6.121950030804022, 6.928605829376]
7.78610237786252, 8.694661113922166, 9.6545182435550:855925094121675, 11.729148494472224, 12.84447118364102¢
14.012192249694277, 15.232627600466701, 16.506110468081992, 17.832991949326388, 19.213641584136063, 20.64844
22.137819447656707, 23.682184763002375, 25.28199387183404, 26.93771882738462985415389129, 30.418918773790974
32.245456004520676, 34.13003512342152, 36.07325241037997, 38.075732373107094, 40.138129062115546, 42.26112744
44.44544511431187, 46.69183354065154, 49.001080210772436, 51.37401033270399, 53.81148895638566E2299196172,
58.88376397828218, 61.520510288396146, 64.22571012310156, 67.00046451641931, 69.84593064455838, 72.763325428¢
75.75392946593993, 78.81909131941147, 81.96023221906012, 85.1788512112189, 88.47653081739462, 91.854943263044
95.3158534883173, 98.86114604761353, 102.49279492391656, 106.21291148804681, 110.02373561603092, 113.9276511
117.92719913257324, 122.02509207044163, 126.22423084475042, 130.52772320679952, 134.93890504022767, 139.4613¢
144.09896997721273, 148.888.39775826, 153.73668754797302, 158.7462485117131, 163.88994558258725, 169.17363981
174.60376118237662, 180.1873909402457, 185.93236023966696, 191.84736937224832, 197.94213310214326, 204.227554
210.71597286157694, 217.42139327200147, 238357888746, 231.5500680251725, 239.01362975131497, 246.77624096724
254.86862925704816, 263.328168469161, 272.20117002409256, 281.54632828389737, 291.4401336163771, 301.9858552]
313.3295340040755, 325.6912634370265, 339.4351019234496, 355.2835348 374.9841128343427], [0.03639260386675416
0.07967660316000183, 0.11211473945390009, 0.13035661296159656, 0.13404333969551574, 0.12540709075415185,
0.10831411251219196, 0.08709664472146864, 0.06555103174372773, 0.046340178472734334, 0.030BEEIB6276
0.019367828113984967, 0.011485442360184952, 0.006438951001616868, 0.003414979989699636, 0.00171431974018799
0.0008148715915919501, 0.0003668548366019691, 0.00015645207417942547, 6.3210870889295P857522654 38465,
8.77430976384646586, 30142674860306974@6, 9.8083358994324147, 3.022638743555172%, 8.8200583953501@8,
2.436425856212157288, 6.369711373923579), 1.575600320463336D9, 3.6863292013515584), 8.1547989242318194,,
1.7050625568269007EL, 3.36821417086755982, 6283524955367358&3, 1.106498389771230463, 1.8383505027476552d,
2.8801152959819496k5, 4.25261303521218746, 5.914432524715152, 7.74308911668308963, 9.53624945023732419,
1.1040946284115464K9, 1.20084697045578326€, 1.22600700771945044, 1.17402171390343222, 1.05359405587448623,
8.85323143114267725, 6.9591979338769848, 5.112369815465154Y, 3.506272148815192&8, 2.242646272689511-&9,
1.3362094234375714%0, 7.407428957448482&2, 3.815860136967003483, 1.82420019748770664, 8.08163233409915%6,
3.31306380012094587, 1.254832996322413488, 4.383790970655894%), 1.4101392233228778K., 4.1688639670527 748,
1.130481888352569444, 2.806037425516308k5, 6.361270289295286k3, 1.31398109645523428), 2.4668103780672651,
4.197746138285721883, 6.45626688521619%5, 8.947332294739814¢, 1.113565993502358S8, 1.240233321853283%8,
1.23137657260617682, 1.085367448900589€4, 8.45495649087342767, 5.79263075648202&9, 3.47185477617827434.,
1.8098595333625@873, 8.153752606431713%5, 3.1524725471255963@, 1.03790058872851488), 2.88487551622973&S,
6.70480119089742586, 1.28896373213956783, 2.0248482977502184d., 2.56339209378689484, 2.57396124193965%7,
2.0126543532779845H00, 1.199483879408a7e103, 5.312127750405820867, 1.695965953356891140, 3.76208209354457-7¢




114,5.5396417543319261 8, 5.11064047663948222, 2.73996546842244936, 7.713611482180124631, 9.88249455581916¢
136, 4.6468629521768924d 1, 5.626037204505862¢7, 8.9603138348086454, 3.246565127586385062]]
integral : 0.6204492430715238

4.5 CLENSHAW -CURTIS INTEGRATION

ClenshawCurtis formulation is based an A T -© transformation. When this transformation applies, in the
range of-1 to 1 integration equation becomes:
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from math inport *
from if_x import *

class f1(if_x):
def func(self,x):
Y=X*X
return y

def clenshaw_curtis_coefficients(f,x1,x2,N):
a=[0.0 for z in range(2*N+1)]
cc=1
k1=(x2-x1)/2.0
k2=(x2+x1)/2.0
for k in range(2*N):
alk]=0.0
for n in range(1,N):
x=k2+k1*cos(pi*n/N)
a[k]=a[k]+f.func(x)*cos(n*k*pi/N)
cc=cc




a[k]=a[k]+f.func(x2)/2.0+f.func(x1)/2.0*cc
alk]=a[k]*2.0/n
return a

def clenshaw_curtis_integrgk1,x2,N):
a=clenshaw_curtis_coefficients(f,x1,x2,N)
z=a[0]
k1=(x2-x1)/2.0
k2=(x2+x1)/2.0
for k in range(1,2,N):

z=z+2.0*a[2*k]/(1.04.0*float(k*k))

return k1*z

def Aitken_clenshaw_curtis(ff,a,b,N):
#Aitken intermlation formula
ldn=clenshaw_curtis_integral(ff,a,b,4*N)
I12n=clenshaw_curtis_integral(ff,a,b,2*N)
In=clenshaw_curtis_integral(ff,a,b,N)
I=14n-(14n-12n)*(14n-12n)/((14n-12n)-(12n-1n))
return |

f=f1()

I=clenshaw_curtis_integral(f,0.0,12D0)
12=Aitken_clenshaw_curtis(f,0.0,1.0,200);

print("I=",1)

print("12=",12)

runfile('E:/okul/SCO1/clenshaw_curtis_integral.py', wdir="E:/okul/SCO1")
Reloaded modules: if _x

I=0.3350083752093801

12= 0.3333354166796865

4.6 INTEGRATION FORMULATION WITH ADJUS TABLE ERROR

If integrationin region[a,b] to be definedor a continious integrable function f(x), Integration can be

written as:
0O ., Qwow

If a subregion is defined for the integratiofor exampled  —— definition is given integral can be
redefined as

O "QwQw Mwow

For numerical integration it is generally assumed that the errbeafdcond definition will bless

than the first definitionilt is possible to continue this process by dividing each integral to subregions
again. The important concept in here is to stop dividing integral into smaller parts when the desired
accuracy is ehieved. In this section several integration methods with error control will be
investigated.

4.5.1 Adjustable Simpson 1/3 integral

If simpson 1/3 integration equation is writter{anb] region
. . Q
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Where B



andd; is a number between a anddndQ equation gives amount of error in the integral

equation’Q term in the error equation is the fourth derivative of the function. If the integration
region is divided into two subregion, equation becomes
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If we substitute this into integration equation
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In this case for ear e>0, it can be written the equation

Lsopfiy  owky  abo s -
If this condition is met, then approximately
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can be written. If the given condition caat be met, division process will be continue till the
condition metDescribed algorithm is used in the next program.

Program Simson 1/3 integrationwith adjustable error
from math import *
from if_x import *
def simpsoni_3(f,x,y,sum,eps,k,MI,Q):
#Newtoncotes integral 3 points
#adaptive Simpson 1/3 rule
h=(x{4]-x[0]);
h1=h/2.0;
h2=h/4.0;
x1=[0 for z in range(5)]
y1=[0 for z in range(5)]
x2=[0 for z in range(5)]
y2=[0 for z in range(5)]
k=k+1
for i in range(5):
X[i]=x[0]+i*h2
y[i]=f.func(x[i])




suml1=h1*(y[0]+4.0*y[1]+y[2])/6.0;

sum2=h1*(y[2]+4.0*y[3]+y[4])/6.0;

x1[0]=x[0];y1[0]=y[O];

x1[2]=x[1];y1[2]=y[1];

x1[4]=x[2];y1[4]=y[2];

x2[0]=x[2];y2[0]=y[2];

x2[2]=x[3];y2[2]=y[3];

x2[4]=x[4];y2[4]=y[4];

if 1.0/15.0*abs(suml+sumgum)<eps or k>MI:
Q=Q+suml+sum?2

else:
Q=Q+simpsonl_3(f,x1,y1l,suml,eps,k,MI,Q)+simpsonl_3(f,x2,y2,sum2,eps,k,MI,Q);

return Q

def adaptive_simpsomtegral(f,a,b,eps,Ml):

h=(b-a)
h2=h/4.0
x=[0 for z in range(5)]
y=[0 for z in range(5)]
for i in range(5):

x[i]=a+i*h2

y[i]=f.func(x[i])
sum=h*(y[0]+4.0*y[2]+y[4])/6.0
Q=0.0
Q=simpsonl_3(f,x,y,sum,efsMl,Q)
return Q

class f1(if_x):func=lambda self,x: x*sqrt(x);
f=f1()

eps=1.0€10

MI=100
|I=adaptive_simpson_integral(f,0.0,1.0,eps,MI)
print("l = ",1)

Simson 1/3 integration with the adaptive simpson integration

runfile('E:/okul/SCO1/ASimpsdntegral.py’, wdir="E:/okul/SCOL1")
Reloaded modules: if x
| = 0.4000000007335708

4.5.2 Adjestable Gausd.egendre integration
The same concept can be repeated by using Gagendre integration

from math import *
from if_x import *
def gauss_legendre_efficients(x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)for j in range(2)]
for i in range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*}1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]=xm+xl*z
a[1][i-1]=2.0*xl/((1.0-z*z)*pp*pp)




a[l[n-=a[l]fi-1]
return a

def integral(f,x1,x2,n):
#integral func(x)dx
#integral of a function by using gadegiendre quadrature
#between x1 and x2
a=gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*f.func(a[0][i])
return z

def adaptive_integral(f,x1,x2):
eps=1.0€l2
MAXITER=100
return adaptive_integrall(f,x1,x2,eps,MAXITER)

def adaptive_integrall(f,x1,x2,eps,MAXITER):
n=1;
ansl=integral(f,x1,x2,n)
ans2=2.0*ansl
while(abs(ansansl)>eps and n<MAXITER):
ans2=ansl
n=n+1
ansl=inegral(f,x1,x2,n)
if n==MAXITER: print("requird error level can not be achievd n="+n);
return ans2

class f1(if_x):func=lambda self,x: x*sqrt(x)

f=f1()

a=0.0

b=1.0
I1=adaptive_integral(f,a,b)
print("I1 :",I11);

runfile('E:/okul/SCO1/integralGL3.py', wdir="E:/okul/SCOL1")
Reloaded modules: if _x
11 : 0.3999999999829868

4.5.3Adjustable GaussKronrod integration
GaussKronrod integration formula

O plp e "QwQoe O "Qw O QO

Gauss Kronrod integration formula uses two terms. First term is standardl@gessire integration
term. The second term coefficients are taken as same as theL@geasdre term, but roots are

different. It is called Kronrod integration. In our exampdgle constant integration of 15 terms will be

used for each equation (total of 30 terms). Program utilises Gagssdre terms as first, and then

uses Gauskronrod terms. To improve error reduction equation can be continued with half dividing

techniqueGaussKronrod Formula is prefferred method for many package programs such as
Mathlab.

from math import *
from if_x import *
def gauss_kronrod_integral(ff,a, b, eps,n):
# eps hata miktareée
Aused=0
integral=0
toplamhata =0
nn=0
ng=0
i=0
j=0
h=0
v=0
k1=0




k2=0

intg=0

intk =0

ta=0

tb=0

Aw =4

A =[[0.0 for i in range(Awl+1)] for j in range(Al+1)] #[n1+1][Aw-1+1];
nn = 61;

ng = 15;

x =[0.0 for i inrange(nn)]

ck =[0.0 for i in range(nn)]

cg =[0.0 for i in range(nn)]

#Gauss coefficients

cg[0] = 0.007968192496166605615465883474674
cg[1] = 0.018466468311090959142302131912047
cg[2] = 0.028784707883323369349719179611292
cg[3] = 0.038799192569627049596801936446348
cg[4] = 0.048402672830594052902938140422808
cg[5] = 0.057493156217619066481721689402056
cg[6] = 0.065974229882180495128128515115962
cg[7] = 0.073755974737705206268243850022191
cg[8] = 0.80755895229420215354694938460530
cg[9] = 0.086899787201082979802387530715126
cg[10] = 0.092122522237786128717632707087619
cg[11] = 0.096368737174644259639468626351810
cg[12] = 0.099593420586795267062780282103569
cg[13] =0.1017623897485504596428952168554
cg[14] = 0.102852652893558840341285636705415
x[0] = 0.999484410050490637571325895705811
X[1] = 0.996893484074649540271630050918695
x[2] = 0.991630996870404594858628366109486
x[3] = 0.9836681232797472099700325816(566
x[4] = 0.973116322501126268374693868423707
x[5] = 0.960021864968307512216871025581798
x[6] = 0.944374444748559979415831324037439
X[7] = 0.926200047429274325879324277080474
x[8] = 0.905573307699907798546522558925958
x[9] = 0.88256635792052681543116462530226
x[10] = 0.857205233546061098958658510658944
x[11] = 0.829565762382768397442898119732502
x[12] = 0.799727835821839083013668942322683
X[13] = 0.767777432104826194917977340974503
x[14] = 0.7337900624532268047 2611131369528
x[15] = 0.697850494793315796932292388026640
x[16] = 0.660061064126626961370053668149271
X[17] = 0.620526182989242861140477556431189
x[18] = 0.579345235826361691756024932172540
x[19] = 0.536624148142019899264169793311073
x[20] = 0.492480467861778574993693061207709
x[21] = 0.447033769538089176780609900322854
x[22] = 0.400401254830394392535476211542661
x[23] = 0.352704725530878113471037207089374
x[24] = 0.304073202273625077372677107199257
x[25] = 0.25463626167889846439805129817805
x[26] = 0.204525116682309891438957671002025
x[27] = 0.153869913608583546963794672743256
x[28] = 0.102806937966737030147096751318001
x[29] = 0.051471842555317695833025213166723
x[30] = 0.0000000000000000000GEDO0000000
#Kronrod coefficients

ck[0] =0.001389013698677007624551591226760
ck[1] = 0.003890461127099884051267201844516
ck[2] = 0.006630703915931292173319826369750

ck[3] = 0.009273279659517763428441146892024
ck[4] = 0.0118230152586341742232898853251

ck[5] = 0.014369729507045804812451432443580
ck[6] = 0.016920889189053272627572289420322
ck[7] = 0.019414141193942381173408951050128
ck[8] = 0.021828035821609192297167485738339

ck[9] = 0.024191162078080601365686325232

ck[10] = 0.026509954882333101610601709335075
ck[11] = 0.028754048765041292843978785354334
ck[12] = 0.030907257562387762472884252943092
ck[13] = 0.032981447057483726031814191016854
ck[14] = 0.034979338028060024137499670731468
ck[15] = 0.036882364651821229223911065617136




ck[16] = 0.038678945624727592950348651532281
ck[17] = 0.040374538951535959111995279752468
ck[18] = 0.041969810215164246147147541285970
ck[19] = 0.043452539701356069316831728117073
ck[20] = 0.044814800133162663192355551616723
ck[21] = 0.046059238271006988116271735559374
ck[22] = 0.047185546569299153945261478181099
ck[23] = 0.048185861757087129140779492298305
ck[24] = 0.049055434555029778887528165367238
ck[25] = 0.04979568342774206357811569379942
ck[26] = 0.050405921402782346840893085653585
ck[27] = 0.050881795898749606492297473049805
ck[28] = 0.051221547849258772170656282604944
ck[29] = 0.051426128537459025933862879215781
ck[30] = 0.05149472942945156 7558883647099
for i in range(nAl,int(nn/21),-1):
X[i] = -x[nn-1-i]
for i in range(nAl,int(nn/21),-1):
ck[i] = ck[nn-1-i]
foriin range(ngl,-1,-1):
cg[nn-2-2*] = cgli]
cg[1+2+] = cgli]
for i in range(Ost(nn/2+1)):
cg[2*i]=0
k1l = 0.5*(ba);
k2 = 0.5*(b+a);
intg = 0;
intk = 0;
for i in range(0,nn):
v = ff.func(k1*x[i]+k2)
intk = intk+v*cK([i];
if 1%2==1:
intg = intg+v*cgl[i]
intk = intk*(b-a)*0.5
intg = intg*(b-a)*0.5
A[0][0] = abs(intgintk);
A[0][1] = intk;
Al0][2] = &;
A[0][3] = b;
toplamhata = A[0][0]
if toplamhata<eps:
sonuc = True
integral = intk
Aused =1
return integal
Aused =1
for h in range(1,n):
Aused = h+1
gir(A, h, Aw)
toplamhata = toplamhat&[h-1][0]
ta = A[h-1][2]
tb = A[h-1][3]
A[h-1][2] = ta
A[h-1][3] = 0.5*(ta+tb)
A[h][2] = 0.5*(ta+th)
A[h][3] =tb
for j in range(kl,h+1):
k1 = 0.5*(A[][3] -A[][2)
k2 = 0.5*(A[][3]+A[][2])
intg = 0.0
intk =0.0
for i in range(0,nn):
v = ff.func(k1*x[i]+k2);
intk = intk+v*ck{i];
if 1%2==1:
intg = intg+v*cgli]
intk = intk*(A[j][3] -Al[j][2])*0.5
intg = intg*(A[j][3] -Afi][2])*0.5
A[j][0] = abs(intg-intk)
A[jl[1] = intk
toplamhata = toplamhata+A[j][0]

cik(A, h-1, Aw);

cik(A, h, Aw);

if toplamhata<eps:
break




sonuc = toplamhata<eps

integral = 0

for j in range(0,Aused):
integal = integral+A[j][1]

return integral

def gir(A,n,Awidth):
| =
p=0
t=0
maxcp =0
if n==1:
return
for i in range(0,Awidth):
t = Aln-1][i]
Aln-1][i] = A[O]i]
A[O][i] =t
p=0
while 2*p+1<n1:
maxcp = 2*p+1,;
if 2*p+2<n-1:
if A[2*p+2][0]>A[2*p+1][0]:
maxcp = 2*p+2
if A[p][0]<A[maxcp][O]:
for i in range(0,Awidth):
t=Alp][i]
Alp]lil = Almaxcp][i]
Almaxcp][i] =t
p = maxcp
else:
break

def cik(A,n,Awidth):
i=0
p=0
t=0
kk=0
if n==0:
return
p=n
while p!=0:
kk =int( (p-1)/2)
if A[p][0]>A[kK][O]:
for i in range(0,Awidth):
t=Aplll;
Alp](i] = ATKK][i]
A[KK][i] =t
p = kk
else:
break

class f1(if_x):func=lambda self,x: x*sqrt(x);
f=f1()
print("integral of class f1 : ",gauss_kronrod_integral(f,0.0,1.0200%0))

runfile('E:/okul/SCO1/adaptive_Gauss_Kronrod_integral.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x
integral of class fl: 04

4.6 MONTE-CARLO | NTEGRAL
Monte Carlo integral is based on a very simple principle



In the interval [a,b] a random x number is seleeted function is evalueated in this point. When this
sequaence is repeated for a very large number of times avarage value of the function can be calculated
and directly used in the calculatetions of the integral. Integral is the calculateion of the avarage

function value with the interval width. Due to fact that this method requires a huge amount of

function evaluation, therefore it is not very practical for one variable integration, but in multivariable
form it becomes a practical, sometimes only avaslapproach.

Program One variable Monte Carlo integration
from math import *
import random
def monte_carlo_integrall(f,a,b,n):
h=b-a
sum=0.0
x=0.0
y=0.0
for i in range(n):
r=random.random()
x=a+(ba)*r
sum=sun+f(x)
y=sum/n*(ba)
return y

f = lambda x:x*sqrt(x)

a=0.0

b=1.0

n=100000
I1=monte_carlo_integrall(f,a,b,n)
print("I1 :",11);

One variable Monte-carlo integration
runfile('E:/okul/SCO1/monte_carlo_integrall.py', wdir="E:/okul/SCO1")
1 : 0.40079847874898333

If Monte Carlo equation is written for two independent variables
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As it is seen from the equation process fro one variable integration and two vatedplaton is
almost the same. This is the main factor why it is frequently use as a high dimensional integration

tool.

from math import *

from f_xj import *

from random import *

# ff is function in f_xj class

def monte_carlo(ff,a,b,n):
x=[0.0 for iin range(2)]
h=1.0
sum=0




for j in range(2):
h=h*(bfj]-a[il)
for i in range(n):
for j in range(2):
x[il=alj]+(b(j] -a[il)*random()
sum=sum-+ff.func(x)
return h*sum/float(n)

class f1(f_xj):func=lambdaelf,x: -(2.0*x[0]*x[1]+2.0*x[0] -x[0]*X[0] -2.0*X[1]*X[1])
f=f1()

a=[-1.0;1.0]

b=[1.0,1.0]

n=1000000

I=monte_carlo(f,a,b,n)

print("integral of class fi:"0
runfile('E:/okul/SCO1/monte_carlo_integral2.py', wdir="E:/okul/SCO1’)
integral of class  f1: 3.997230300289306
runfile('E:/okul/SCO1/monte_carlo_integral2.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj

integral of class f1: 3.999268303856159

Due to statistical nature of the method, result wil change in each runs

4.7 MULTIDIMENSIONAL INTEGRATION

A two dimensional integration
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Where D is a region in xy plani this region is defined ag&) & oand®® ®@ Q,one

way two calculate two dimensional integration is to repeat onendiimal integration twice. In the

first step intehration function g(x) is calculated as an integration in y dimension and then function g(x)
is solved to get integration result.
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Any integration formulation can be used for this purpose. All it has to be done is to evaluate

integration Formula twice onece for each independent variable. As our first exampleLE€gersdre
formulation will be used to evaluate double integration. Two code is defined. In the first one Gauss
Legendre coefficients are defined as constants, in the second one they are calculated through Legendre
polynomials. In the two dimensional integration x dimedionits are still given as constant values,

but y dimension limits c(x) and d(x) should be given as functions for proper evaluation of the integral.
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In this equationr,jroot values and,;are equation coefficientsr integration of y, and,root values
andcm,jareequation coefficients for integration oflkn=m r and ¢ coefficients will be samEhese
values can be caltated from Legendre polynomials or they can be directly given as an array in
computer code.

Example function:

1o coWQw

#-*- coding: utf8 -*-

Created on Mon Dec 20 14:24:53 2021

@author:Mustafa Turhan Coban
#integral_3D_GL2.py
from math import *

#2 dimensional function

def I(f,a,b,fc,fd):
#integral f(x)dx
#integral of a function bysing gaus$egendre quadrature
#coefficients are prealculated for 60 terms for[,1]
#band then utilises variable transform
n=60;
r=[0 for z in range(n)]
c=[0 for z in range(n)]
r[ 0] = .15532579626752470004R;

[ 1] = .8165938360126412000062;
[ 2] = .19989067515846230000K.;
[ 3] = .36899976285362850004K.;
[ 4] = .58719732103973630000E.;
[ 5] = .85217118808615820000K.;
1] 6] = .11611128394758690000E+00;
1] 7] = .15107475260334210000E+00
[ 8] = .18973690850537860000E+00;

1 9] = .23168792592899010000E+00;
r[10] = .27648311523095540000E+00;
r[11] = .32364763723456090000E+00;
r12] = .37268153691605510000E+00;
r[13] = .42306504319570830000E+00;
r[14] = .4742640872234120000E+00;
r[15] = .52573592127765890000E+00;
1[16] = .57693495680429170000E+00;
r[17] = .62731846308394490000E+00;
118] = .67635236276543910000E+00;
r[19] = .72351688476904450000E+00;
1[20] = .76831207407100990000E+00;
r[21] = .81026309149462140000E+00;
r[22] = .84892524739665800000E+00;
r[23] = .88388871605241310000E+00;
r[24] = .91478288119138420000E+00;
1[25] = .94128026789602640000E+00;
1[26] = .96310002371463720000E+00;
r[27] = .98001093248465370000E+00;
1[28] = .99183406163987350000E+00;
1[29] = .99844674203732480000E+00;
c[ 0] =.39840962480827790004R;

c[ 1] = .92332341555455000004R;

c[ 2] =.14392353941661670004H,;

c[ 3] =.19399596284813530004H,;

c[ 4] = .2420133641529259000dH,;

c[ 5] = .28746578108808720004H,;

c[ 6] =.32987114941090080004H,;

c[ 7] = .36877987368852570004H,;

c[ 8] = .40377947614710090004H,;

c[ 9] = .43449893600541500004H ;
c[10] = .460612611188930600E01,




c[11] = .48184368587322120004H,;
c[12] = .49796710293397640004H,;
c[13] = .5088119487420275000QH,,
c[14] = .514263264467794200040H,;
c[15] = .514263264467794200040H,;
c[16] = .5088119487420275000QH,,
c[17] = 49796710293397640006HL;
c[18] = .48184368587322120004H,;
c[19] = .4606126111889305000QH,;
c[20] = .43449893600541500004H ;
c[21] = .40377947614710090004H,;
c[22] = .3687798736885257000QH,;
c[23] =.32987114941090080004H,;
c[24] = .28746578108808720004H,;
c[25] = .2420133641529259000QH,,
c[26] = .1939959628481353000QH,;
c[27] = .143923539416616700040H,;
c[28] = .9233234155545500000Q;

c[29] = .3984096248082779000aR;
for i in rang€30):
r[i+30]=-r[i]
c[i+30]=cf[i]
m=n
x=[0 for z in range(2)]
#1
al=a
bl=b;
hl=(b%*al)/2.0;
h2=(b1+al)/2.0;
J=0;
#2
for i in range(m):
JX=0
x[0]=h1*r[i]+h2
d1=fd(x[0])
c1=fc(x[0])
k1=(d1-c1)/2.0;
k2=(d1+c1)/2.0;
#3

for j in range(n):
X[1]=k1*r[j]+k2
Q=f(x)
IX+=c[jI*Q
J=J+c[i]*k1*IX
J=h1*J;
return J

a=1.4;

b=2.0;

ff=lambda x:log(x[0]+2.0*x[1])
fc=lambda x:1

fd=lambda x:1.5
1=I(ff,a,b,fc,fd)

print(“integral = : ",I)

runfile('D:/okul/SCO1/integral_3D_GL2.py', wdir='D:/okul/SCO1")
integral = : 0.429554527548266

In the next example Guaksgendre polynomial coefficients will be generated by Legendre
polynomial formulationsC and r values are directly calculated from Legendre polynomials.

#integral_3D_GL3.py
from math import *
#2 dimensional function

def gauss_legendre_coefficients(x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
xI=0.5*(x2-x1)
nmax=100




a=[[0.0 for i in range(n)] for j in range(2)]
foriin range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(z1) > eps:
p1=1.0;
p2=0.0;
forjin range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]l=xm+xI*z
a[1][i-1]=2.0*xl/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def I(f,a,b,fc,fd,n,m):

#integral f(x)dx

#integral of a functiofby using gaustegendre quadrature

#coefficients are prealculated for 60 terms for[,1]

#band then utilises variable transform

rm=[0 for z in range(n)]

cn=[0 for z in range(n)]

rm=[0 for z in range(n)]

cm=[0 for z in range(n)]

an=gauss_legendre_coefficientsQ,1.0,n)

r=an[0]

cn=an[1]

am=gauss_legendre_coefficientsQ,1.0,m)

rm=am[0]

cm=am[1]

x=[0 for z in range(2)]

#1

al=a

bl=b

hl=(b%al)/2.0;

h2=(b1+a)/2.0;

J=0;

#2

for i in range(m):
JIX=0;
x[0]=h1*rm[i]+h2;
d1=fd(x[0]);
c1=fc(x[0]);
k1=(d1-c1)/2.0;
k2=(d1+c1)/2.0;
#3

for j in range(n):
x[1]=k1*rn[j]+k2
Q=f(x)
IX+=cn[j]*Q
J=J+cm[i]*k1*IX
J=h1*J;
return J

a=1.4;

b=2.0;

ff=lambda x:log(x[0]+2.0*x[1])
fc=lambda x:1

fd=lambda x:1.5

n=60

m=60

1=I(ff,a,b,fc,fd,n,m)
print(“integral = : ",1)

runfile('E:/okul/SCO1/integral_3D_GL1.py', wdir="E:/okul/SCO1")
integral =: 0.4295545275482747




For the two variable integratiddewton-Cotes formulascan also be used. As a example a Simpson
1/3 two dimensional integration code is jpaead. For the quadratic polynomial Newtabotes
equation (simpson 1/3 method) equations can be written as follows;
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This Formula can be open to the second dimension similar to Gaagendre integration
By definingQ ——— integration equation becomes
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The same integration egtion is then applied to the outer integration. Complete code is given in the
programbelow. In the example the same function as in previous Glaegendre integration is taken

to compare the results

# integral_3D_NC1
from math import *

def I(f,a,b,fcfd,m,n):
# integral f(x)dx
# integral of a function by using simpson metod
h=(b-a)/n
J1=0.0
J2=0.0
J3=0.0
x=[0.0 for i in range(2)]
HX=0.0
# double K1,K2,K3
# double d,c
# double Q,L,J
for i in range(n+1):
x[0]=a+h*i
d=fd(x[0])
c=fc(x[0])
HX=(d-c)/float(m)
x[1]=c
K1=f(x)
x[1]=d
xk=f(x)
K1=K1+xk
K2=0.0
K3=0.0
for j in range(1,m):
x[1]=fc(x[0])+flo at(j)*HX
Q=f(x)

K2=K2+Q
else:




K3=K3+Q
L=(K1+2.0*K2+4.0*K3)*HX/3.0
if (I==0) or (i==n):

J1=J1+L
elif int(i/2)*2==i:
J2=J2+L
else:
J3=J3+L
J=h*(J1+2.0*J2+4.0*J3)/3.0
return J

a=1.4;

b=2.0;

ff=lambda x:log(x[0]+2.0*x[1])
fc=lambda x:1

fd=lambda x:1.5

n=60

m=60

I=I(ff,a,b,fc,fd,n,m)
print(“integral = : ",I)

rurfile('D:/okul/SCO1/integral_3D_NC1.py', wdir="D:/okul/SCO1")
integral = : 0.4295545275452859

Some more examples
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This integral analytically solvable let us do it first
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a=0.0;
b=2.0;

ff=lambda x:x[0]*Xx[1]*x[ 1]
fc=lambda x:0.0
fd=lambda x:1.0
1=I(ff,a,b,fc,fd)
print(“integral = : ",I)

runfile('D:/okul/SCO1/integral_3D_GL2.py', wdir='D:/okul/SCO1")
integral = : 0.6666666666666499
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a=0.0;

b=1.0;

ff=lambda x:x[1]*x[0]*x[0]

fc=lambda y:2.0*y

fd=lambda y:2.0

I=I(ff,a,b,fc,fd)

print(“integral = : ",I)

runfile('D:/okul/SCO1/integral_3D_GL2.py', wdir="D:/okul/SCO1")
integral = : 0.2666666666666609
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a=0.0;
b=2.0;

ff=lambda x:x[0]*x[1]*x[1]

fc=lambda x:0.0

fd=lambda x:x/2.0

I=I(ff,a,b,fc,fd)

print(“integral = : ",I)

runfile('D:/okul/SCO1/integral_3D_GL2.py', wdir='D:/okul/SCOL1")
integral = : 0.26666666666665917

Now the same prinple can be used for three dimensional integration process. A three dimensional
integral can be defined as:
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GausslLegendre integration will be used here as a solution method.

Example integral:
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#integral_4D_GL2.py

# x=x[0] y=x[1] z=x[2] integral(f(x,y,z)dxdydz)
from math import *

# M. Turhan Coban

def gauss_legendre_coefficients(x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
for i in range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < efs: break
a[0][i-1]=xm-xI*z
a[0][n-i]=xm+xI*z
a[1][i-1]=2.0*xl/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def I(f,al,b1,fc,fd,falfa,fbeta,n,m,p):

# integral f(x)dx where x= x[0],X[1],X[2]
#integral of &unction by using gaudegendre quadrature
rp=[0.0 for i in range(p)]
cp=[0.0 for i in range(p)]
nn=max(n,max(m,p))
x=[0.0 for i in range(3)]
a=a=[[0.0 for i in range(nn)] for j in range(2)]
mm=max(max(n,m),p);
a=gausslegendre_coefficients].0,1.0,mm)
rm=rm=rp=a[0]
cn=cm=cp=a[1]
# double h1,h2,J,a1,b1,c1,d1,k1,k2,JX,JY,Q,I1,12,alfal,betal
hl=(b%*al)/2.0
h2=(b1+al)/2.0
J=0
for i in range(m):

JX=0.0

x[0]=h1*rm[i]+h2

d1=fd(x[0])

c1=fc(x[0])

k1=(d1-c1)/2.0

k2=(d1+c1)/2.0

#4
for j in range(n):
JY=0;

X[1]=k1*rn[j]+k2
betal=fbeta(x)
alfal=falfa(x)
|11=(betatalfal)/2.0
I12=(betal+alfal)/2.0
for k in range(p):
x[2]=11*rp[K]+I2
Q=f(x)
JY+=cp[k]*Q
JX+=cn[j]*11*JY;




#l:
J=J+cm[i]*k1*JIX
J=h1*J
return J

a=0.0

b=1.0

ff=lambda x:x[1]*x[1]*x[2]
fc=lambda x:x
fd=lambda x:1.0
falfa=lambda x:0.0
fbeta=lambda x:x[1]

n=60

m=60

p=60
I=I(ff,a,b,fc,fd,falfa,fbeta,n,m,p)
print(“integral = : ",I)

runfile('D:/okul/SCO1l/integral_4D_GL2.py', wdir="D:/aSCOL1")
integral = : 0.08333333333333286

By using the same priciples, a fourth dimensional integral can also be solved.
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As an example problem, let us look at radiation shape factor problem in radiative heat transfer. In this
problem shape factor of two gadlel round plate will be calculated.

Radiation shape factor is the percentage of radiative energy reached to surface A2, emitted from
surface Al. If the Radius of plates are R1 and R2, and the distance in between is h, the radiation shape
factor eqaubn is given as:
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This equation has an analytical solution as:
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In the following program numerical solution by Galiegiendre integration is obtained and compared
to the analytical solution.

#-*- coding: utf8 -*-

Created on Sat Dec 25 05:48:0220

@author: M. Turhan Coban

#integral_5D_GL2.py

# Original program is written by Hamzaia Java Language
# as a part of PhD. level numerical heat radiation class




from math import *
#2 dimensional function

def f(x):
z=(h*h+x[0]*x[0]+x[1]*x[1] -2.0*x[0]*x[1]*cos(x[2] -X[3]))
ff=1.0/(pi*pi*R1*R1)*h*h*x[0]*x[1])/(z*Z)
return ff

# analytical solution of the integral function
def F12(h,R1,R2):
X=(h*h+R1*R1+R2*R2)/(2.0*R1*R2)
F=R2/R1*(X-sqrt(X*X-1.0))
return F

def gauss_legeme_coefficients(x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
foriin range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for ii in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]=xm+xI*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def I(f,al,b1,fc,fd,falfa,fbeta,fgama,fteta,n,m,p,s):

rm=[0.0 for i in range(n)]
rm=[0.0 for i in range(m)]
rp=[0.0 for i in range(p)]
rs=[0.0 for i in range(s)]
cn=[0.0 br i in range(n)]
cm=[0.0 for i in range(m)]
cp=[0.0 for i in range(p)]
¢s=[0.0 for i in range(s)]
#a=[[0.0 for i in range(n)] for j in range(2)]
a=gauss_legendre_coefficients(,1.0,n)
rn=a[0]
cn=a[1]
a=gauss_legendreoefficients¢1.0,1.0,m)
rm=a[0]
cm=a[1]
a=gauss_legendre_coefficients(,1.0,p)
rp=a[0]
cp=a[l]
a=gauss_legendre_coefficients(,1.0,s)
rs=a[0]
cs=a[l]
x=[0.0 for i in range(4)]
hl=(b%*al)/2.0
h2=(b1+al)/2.0
J=0.0
for i in range(m):

JX=0.0

x[0]=h1*rm[i]+h2

d1=fd(x[0])

c1=fc(x[0])

k1=(d1-c1)/2.0

k2=(d1+c1)/2.0




for j in range(n):
JY=0.0
X[1]=k1*rn[j]+k2;
betal=fleta(x);
alfal=falfa(x);
I11=(betalalfal)/2.0;
I12=(betal+alfal)/2.0;
for k in range(p):
JZ=0.0
X[2]=11*rp[K]+12
tetal=fteta(x)
gamal=fgama(x)
ml=(tetalgamal)/2.0
m2=(tetal+gamal)/2.0
for h in range(s):
X[3]=m1*rs[h]+m2
Q=f(x)
JZ=JZ+cs[h]*Q
JY=JY+cp[K[*m1*JZ
JIX=J3xten[j]*11*JY
J=J+cm[iP*k1*IX
J=h1*J
return J

h=1.0
R1=1.0
R2=1.0

a=0.0

b=R1

fc=lambda x:0.0
fd=lambda x:R2
falfa=lambda x:0.0
fbeta=lambda x:2.0*pi
fgama=lambda x:0.0
fteta=lambda x:2.0*pi
n=60

m=60

p=60

s=60

I =I(f,a,b,fc,fd,falfa,fbea, fgama,fteta,n,m,p,s)

11=F12(h,R1,R2)

print("F_A1_A2 =",I,"Numerical four directional Gautegendre integration result")
print("F_Al1_A2 =",11,"Analytical solution")

runfile('D:/okul/SCO1/#integral_5D_GL2.py', wdir="D:/okul/SCO1")

F_Al_A2 = 0.381966012501026 Numerical four directional Gatieggendre integration result
F_Al_A2 = 0.3819660112501051 Analytical solution

DIRECT INTEGRATION OF DATA

If integration of a numerical data set is given two approches and be adapted for this process. The first
one is to curve fit a function first and then integrate the fitted function. The second one is to apply an
integration equation like Newte@otes equation directly to the data to achive integrated result without
an intermediate process.

As an example tourve fitting integration a cubic spline integration will be described here. If a cubic
polynomial of the following form is giveas an interpolation formula
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Wherew andw are data pointderivatives of equation becomes
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Where A and B are the second derivative end conditions. A and B should be defined by user. Another
important property of the above matrix is that it isad matrix, therefore less amount of calculation

is required to solve it (by using band matrix algorithms such as Thomas algorithm) compare to gauss
elimination type of solution methods.

Integration of the equation could be described with the equation
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An example program using this approach is given as:
Note that data is creatémm the fundion "Qw @ and integral is equivalent to
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from math import *

import numpy as np;

import matplotlib.pyplot as plt;
import os;

def thomas(f,e,g,r):
n=len(f);
x=[0.0 for i in range(n)];
for k in range(0,n): e[k]=e[K]/f[KL];f[k]=f[K] -e[k]*a[k-1];
for k in range(1,n): rk]=r[kje[k]*r[k -1];
x[n-1]=r[n-1]/f[n-1];
for k in range(R2,-1,-1): X[K]=(r[K]-g[K]*x[k+1])/f[K];
return x;

def cubic_sphie(xi,yi,c0,cn):

n=len(xi);

h=[0.0 for i in range(n)];

w=[0.0 for i in range(n)];

f=[0.0 for i in range(n)];

e=[0.0 for i in range(n)];

g=[0.0 for i in range(n)];

d=[0.0 for i in range(n)];

x=[0.0 for i in range(n)];

S=[[0 for x in range(n)] for y in range(4)];

for k in range(0,AL):
h[K]=xi[k+1] -xi[K];
WIK]=(yi[k+1] -yi[K])/h[K];

d[0]=cO;

d[n-1]=cn;

for k in range(0,AL):
d[k]=6.0*(w[k] -w[k-1]);

f[0]=1.0;

fln-1]=1.0,

9[0]=0.0;




g[n-1]=0.0;
€[0]=0.0;
e[n-1]=0.0;
for k in range(0,rL):
fk]=2.0*(h[K]+h[k -1]);e[K]=h[k-1];g[K]=h[K];
S[2]=thomas(f,e,g,d);
S[3]=xi;
for k in range(0,rL):
S[0][k]=(6.*yi[k+1] -h[K]*h[K]*S[2][k+1 ])/(6.0*h[K]);
t5[1][ls<]=(6-*yi[k] -hIKI*hIKI*S[2][k])/(6.0*h[K]);
return S;

def funcSpline(S,x):
n=len(S[0]);
xx1=0;
xx2=0;
y=0;
hk=0;
for k in range(0,rL):
if S[3][K]<=x and x<=S[3][k+1]:
hk=(S[3][k+1]-S[3][K]);
xx1=(x-S[3][K]);
xx2=(S[3][k+1}-x);
y=S[0][K]*xx1+S[1][K]*xx2+(xx1*xx1*xx1*S[2][K+1]+xx2*xx2*xx2*S[2][K])/(6.0*hk);
break;
if y==0 and S[3][r2]<=x:
k=n-2;
hk=(S[3][k+1]-S[3][K]);
Xx1=(x-S[3][K]);
xx2=(S[3][k+1}-x);
y=S[O][K]*xx1+S[1][K]**xx2+(xx1*xx1*xx1*S[2][k+1]+xx2*xx2*xx2*S[2][K])/(6.0*hk);
returny;

def listSpline(xi,yi,numberofmidpoints,c0,cn):
# numberofmidpoints : in %0--0--x--0--0--x chain if X's are esxperimental points
# numberofmidpoints is 2
n=len(xi);
nn=(n1)*(numberofmidpoints+1)+1;
z=[[0 for x in range(nn)] for y in range(2)];
S=[[O for x in range(nn)] for y in range{{4
S=cubic_spline(xi,yi,cO,cn);
dx=0;
k=0;
for i in range(0,AL):
z[0][K]=xi[i];z[1][K]=funcSpline(S,z[0][K]);k=k+1;
for j in range(numberofmidpoints):
dx=(xi[i+1]-xi[i])/(numberofmidpoints+1.0);
z[0][K]=z[0][k -1]+dx;Z[1][k]=funcSpline(S,z[0][K]);k=k+1;
z[0][k]=xi[i+1];z[1][K]=funcSpline(S,z[O][K]);
return z;
# Integration formulas
#
def intSpline(S,a,b):
# Spline coefficients a,b integral limits
# cubic splinentegration
n=len(S[0])
xx1=0.0
xx2=0.0
y1=0.0
y2=0.0
toplam=0.0
for k in range(nl):
hk=(S[3][k+1}-S[3][K]);
if a>S[3][k+1]:
toplam=0.0
elif S[3][k]<=a and a<=S[3][k+1] and b>S[3][k+1]:
xx1=(aS[3][K])
xx2=(S[3][k+1}a)
y1=S[0][K]*xx1*xx1/2.0-S[1][K]*xx2*xx2/2.0+(xx1*xx1*xx 1*xx 1 *S[2][k+1] -xx2*xx2*xx2*xx2*S[2][K])/(24.0*hk)
xx1=hk
xx2=0
y2=S[0][K]*xx1*xx1/2.0-S[1][K]*xx2* xx2/2.0+(Xx1*xx1*xx1*xx1*S[2][k+1]-xx2*xx2*xx2*xx2*S[2][K])/(24.0*hk)
toplam=toplam+(y2y1);
elif S[3][k]<=a and a<=S[3][k+1] and S[3][k]<=b and b<=S[3][k+1]:
xx1=(aS[3][k])




xx2=(S[3][k+1}-a)

y1=S[A[K]*xx1*xx1/2.0 -S[1][K]*xx2*xx2/2.0+(xx 1 *xXx1*xx 1 *xX1*S[2][k+1] -xx2*xx2*xx2*xx2*S[2][K])/(24.0*hk)

xx1=(b-S[3][K])
xx2=(S[3][k+1}b)

y2=S[0][K]*xx1*xx1/2.0-S[1][K]*xx2*xx2/2.0+(xx 1*xx1*xx 1*xx1*S[2][k+1] -xx2*xx2*xx2*xx2*S [2][Kk])/(24.0*hk)

toplam=toplam+(y2y1)

elif a<S[3][k] and b>=S[3][k+1]:
xx1=0.0
xx2=hk

y1=S[0][K]*xx1*xx1/2.0-S[1][k]*xx2*xx2/2.0+(xx 1 *xx1*xx1*xx1*S[2][k+1] -xx2*xx2*xx2*xx2*S[2][K])/(24.0*hk)

xx1=hk
xx2=0.0

y2=S[0][K]*xx1*xx1/2.0-S[1][K]*xx2*xx2/2.0+(xx1*xx1*xx 1 *xx1*S[2][k+1] -xx2*xx2*xx2*xx2*S[2][K])/(24.0*hk)

toplam=toplam+(y2y1)

elif S[3][k]<=b and b<=S[3][k+1]:
xx1=0
xx2=hk

y1=S[0][K]*xx1*xx1/2.0-S[1][K]*xx2*xx2/2.0+(xX1*xX1*xX 1 *xx 1 *S[2][K+1] -xx2*xx2*xx2*xx2*S[2][K])/(24.0*hk)

xx1=(b-S[3][K])
xx2=(S[3][k+1}b)

y2=S[0][K]*xx1*xx1/2.0-S[1][K]*xx2*xx2/2.0+(xX1*xX1*xx1* XX 1*S[2][K+1]-xx2*xx2*xx2*xx2*S[2][K])/(24.0*hk)

toplam+=(y2y1)
else:
break
return toplam

def read_array2D(d):
path =d
filel = open(path,'r)
filel.seek(0,2) #jumps to the end
endLocation=file1.td{)
filel.seek(0) #jumps to the start
nn=0
m=0
while True:
line=filel.readline()
ee=line.split()
nn+=1
if filel.tell()==endLocation:
break
m=len(ee)
a=[[0.0 for i in range(nn)] for j imange(m)]
filel.seek(0) #jumps to the start
for i in range(nn):
line=filel.readline()
ee=line.split()
for j in range(m):
a[j][i]=float(ee[j])
filel.close()
return a

a=read_array2D('a.txt")

x=a[d;

print("x=",x)

y=a[1];

print("y="y)
#x=[0.0,1.0,2.0,3.0,4.0,5.0,6.0,7.0,8.0,9.0,10.0]
#y=[0.0,1.0,4.0,9.0,16.0,25.0,36.0,49.0,64.0,81.0,100.0]
c0=2.0

cn=2.0

S=cubic_spline(x,y,c0,cn)

a=0

b=10

I=intSpline(S,a,b)

print("Integral=",1)

Z=listSpline(x,y,5,c0cl)

plt.title('Cubic Spline’)

plt.xlabel('x )

plt.ylabel('y *);

plt.plot(x,y,'bo',Z[0],Z[1],'k");

runfile('E:/okul/SCO1/cubic_spline_integral.py', wdir="E:/okul/SCO1")
x=[0.0, 1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0]
y=[0.0, 1.0, 4.0, 9.0,6L0, 25.0, 36.0, 49.0, 64.0, 81.0, 100.0]




Integral= 333.33333333333337
Cubic Spline
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MULTIDIMENSIONAL INTEGRATION BY USING CONTOUR INTEGRATION

St o k e 0 sgivesmmavayrtogaduce multiple integration to single integration. Consider the area A

in the figure withcountour boundary C. It is assumed that boundary is continuous or picewise

continuous. Let us also consider an arbitrary point on the surface as P(x,y,z). Normal to this point can

be written as

Vector pointing from original to an arbitrary poigt Z7LA) 6@ ® @

Surface normal forarea: ® ap £® AT|Op AliOp Al[0O@

Where I,m,n are direction cosines of the surface normal vedjorand’ are angles of normal with

X,y and z axeses respectively. And also let P,Q, and W be any twice differentiable functions of (x,y,z).

Stokesd theorem in three dimensions states that
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Now this theory can be apply to solve configuration factor problems. Let us corwidigiuration

factors between a differential area and a finite area
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This particular integral is called shape factor. It is an important part of radiation heat transfer
calculationsFor further details of radiatin s hape factor, please refer t
Integral formula converted to contour integration as:
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PROBLEM:

The shape in the left side is given. By using contour
integration method find thshape factor analytically
and numerically
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Forthe configurationO given as
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Analytical solution gives
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Calculate first equation by using numerical integration and comparthitivai analytical result
a=1lmb=1mandc=1m

from math import *
from if_x import *;

class fx(if_x):

def __init__(self, ai,bi,ci):
self.a =ai
self.b=bi
self.c=ci

def func(self,x):
y=1.0/(2.0*pi)*a/(x*x+a*a+c*c)
return 'y

class fy(if_x):

def __init__(self, ai,bi,ci):
self.a=ai
self.b=bi
self.c=ci

def func(self,y):
y=1.0/(2.0*pi)*b/(b*b+y*y+c*c);
return y

def gauss_legendre_coefficients(x1,32,n
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)




xI=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(R)
foriin range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(z1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z7;
z=71-p1/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]=xm+xl*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def F(a,b,c):
A=b/sqrt(b*b+c*c)
B=a/sqrt(b*b+c*c)
C=a/sqrt(a*a+c*c)
D=b/sqrt(a*a+c*c)
f=1.0/(2.0*pi)*(A*atan(B)+C*atan(D))
return f

def integral(f,x1,x2,n):
#integral func(x)dx
#integral of a function by using gadegendre quadrature
#between x1 and x2
a=gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*f.func(a[O][i])
return z

a=1.0

b=1.0

c=1.0

x1=fx(a,b,c)

yl1=fy(a,b,c)
11=integral(y1,0.0,a,20)+integral(x1,0.0,b,20)
print("I1 (contour integral) : ",11)

print("F (analytical integral solutionl) : ",F(a,b,c));

runfile('D:/okul/SCOlihtegral_contour_GL.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

I1 (contour integral) : 0.13853160599489273

F (analytical integral solutign 0.13853160599489298

Contour integration for configuration factor between finite areas
In order to calcudte contour integration for finite aredlse previously find contour integration
between differential and finite area eqution integrated for area
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where thentegrals have been rearranged, drgddy;, anddz have been factored out since thane
independent of the area integration ok&rSt okes 6 t heorem i s applied
integrals.Consider area integral
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PROBLEM: Find configuration faatr by using contour integration for two parallel rectangular
shown in the figure
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Gauss random distribution function

When n is a big number

B
Average:X ——

Standard deviation;

When n is relatively small number

Average:Gf R

Standard deviatiori: S
LaplaceGauss distribution:
Normal distribution ( p * Tt

Cumulative distribution function
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The Laplace distribution is easyitdegrate (if one distinguishes two symmetric cases) due to the use of
theabsolute valudunction. Itscumulative distribution functions as follows:
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# Gauss Legendre integral 10 coefficients
# python version

from math import *

def fi(x):
y= 1.0/(2.0*sqrt(pi))*exp{0.5*x*x)
return y

def erf1(x):

plusminus=1

power=x

factorial=1

total=0

for n in range(100):
k=2*n+1
total+=plusminus*power/(factorial*k)
plusminus*=1
power*=x*x
factorial*=(n+1)

return total*2.0/sqrt(pi)

def g(x):
return 2.0/sqrt(pi) *expk*x)

def erf2(x):
return integral(g,0,x)

#gauss inetgral
def integral(f,a,b):

#integral f1(x)dx

#integral of a function by using gadsgendre quadrature

#coefficients are prealculated for 10 terms for1,1]

#band then utilises variable transform

r=[-0.97390652851717D.865063366688984).67940956899024-0.433395394129247,
0.148874338981631,0.148874338981631,0.433395394129247,0.679409568299024,0.865063366688984,0.97390652851717|



https://en.wikipedia.org/wiki/Integral
https://en.wikipedia.org/wiki/Absolute_value
https://en.wikipedia.org/wiki/Cumulative_distribution_function

¢=[0.066671344308684,0.149451349150580,0.219086362515982,0.269266719309996,0.295524224714752,0.295524224714
66719309996,0.219086362515982,0.149451349150580,0.066671344308684]
n=10
z=0
k1=(b-a)/2.0;
k2=(b+a)/2.0;
for i in range(n):
x=k2+k1*[i]
y=f(x)
z=z+k1*c[i]*y
return z
# cumulative distribution functions
def fil(x):
y=0.5*(1.0+erfIx/sqrt(2.0)))
return y
def fi2(x):
y=0.5*(1.0+erf2(x/sqrt(2.0)))
return y
def fi3(x):
y=0.5*(1.0+erf(x/sqrt(2.0)))
return y

x=float(input("x="))

el=erfl(x)

e2=erf2(x)

e3=erf(x)
print("erfl",el,"erf2",e2,"erf3",e3)
fil=fi1(x)

fi2=fi2(x)

fi3=fi3(x)

print("fi1",fi1,"fi2" fi2,"fi3",fi3)

runfile('E:/okul/SCO1/Laplace_gauss_didstribution.py', wdir="E:/okul/SCO1")

x=0.1
erfl 0.11246291601828491 erf2 0.11246291601828423 erf3 0.1124629160182849
fil 0.539827837277029 fi2 0.53982FR 770288 fi3 0.539827837277029

PROBLEMS (INTEGRATION & DERIVATION)
PROBLEM 1

of y=f(x)=1/(1 + ¥) fonction between limitsi 1 ile 1 with 3 points Gausd_egendre integration
Formula

Note: Required roots and coefficients :

coefficients Roots
Co 0.555555555555553 Xo 0.774596669241483
c; 0.888888888888889 X1 0.000000000000000
¢, 0.555555555555553 X2 0.774596669241483

PROBLEM 2
C .
—Qw
P Cw

solve with bole rule. Use n=2
Note: Bole rule for n=1

O O OXQw o pOO o X
Step size h=(ba)/n



PROBLEM 3

N @ Q
Q _ ~

» 0 Qo p
Function is known as black body radiation shape function. The values of coefficients in the
equaton are:
€1 =3.743 x16 W.nm*/n?, ¢; =1.4387x10 mm.K, s=5.67x10° W/(m2.K*).
Use Gaussegendre integration and for a givingl calculate black body radiation shape factor.
Create a table for the values of blackbody radiation shape factor from 500@itg(?)

PROBLEM 4
. QwQw
(0] —
P W
Solve the above integration by using analytical methods and Gagssdre integration

PROBLEM 5
Solve the integration

a) by analytcal methods
b) by Trapezoidal rule with n=2(divide region into 2 parts) and calculate % error
c¢) Trapezoidal rule with n=2(divide region into 2 parts) and calculate % error

PROBLEM 6
Solve the integration

o —P oo

Mp

By using Gaus&.egendre formulabn
PROBLEM 7
For x=1

Q0 ot

p

a) Calculate analytical derivative

b) Calculate derivative with 3 points central difference formula with h=0.1

c) Calculate derivative with 3 points central difference formula with h=0.05

d) Calculate derivative wh Richardson extrapolation formula with h1=0.5 and
h2=0.25

PROBLEM 8
"Qw ® Q anQ w

Calculate the integration by
a) Trapezoidal rule integrali
b) Simpson 3/8 integration



¢) GausslLegendre integration
d) Romberg integration

PROBLEM 9
"Qw i"E o o Qw

Calculate the integration by

e) Trapezoidal rule integrali

f) Simpson 3/8 integration

g) GausslLegendre integration
h) Romberg integration

PROBLEM 10

agp w
e P 9 g4

Mp w

Calculate the integratioby

i) Trapezoidal rule integrali

j) Simpson 3/8 integration

k) GaussLegendre integration

I) Romberg integration

PROBLEM 11

X 099 |210 [322 |440 |570 |7.12 |8.01 |837 |9.32 |9.98
f(x) 490 |570 |[420 |7.04 |831 |782 |597 |7.01 |6.68 |4.79
Data given in the above tableFind the integration by using trapezoidal rule.

PROBLEM 12
Find the derivative of data given in problem 11 at point x=5

PROBLEM 13
Depth(H) and velocity(U) profile of a channel is given in below table

X, m 0 2 4 6 8 10 12 14 16 18 20
H, m 0 1.8 2 4 4 6 4 3.6 3.4 2.8 0
U m/s 0 0.03 | 0.045|0.055|0.065|0.12 | 0.07 |0.06 |[0.05 |[0.04 |O

Cross sectinal area of the channel can be calculated as :
0 OwQw
Flow rate of the channel will be
0 YO OwQw

In this equations U ide velocity of the water measured at point x. Calculate cross sectional area and
flow rate of the channel.



PROBLEM 14
Temperature profle of a solid body can be given as

derinlik m

10

15

sol kéyedan wuzakl &k m

oY

Q0o

'?'Q"Y "Y
In this equation T is the temperaturgjd constansurface temperature.

A solid body with temperatures initially at T=90 C and,=Z0 C put into a water container at
temperature of J= 20 C. The temperature profile as a function of time is given at the table.

Zaman,t, s

0

5

10

15

20

25

30

35

Siceklik T C

90

55

40

28

24

22

215

20.6

Calculate k thermal conductivity coefficient.

PROBLEM 15

Coordinate of a hard shape is given in the table. Find the area of the hard.

Xi Yi Xi yi Xi yi Xi Yi
241 127 331 157 215 246 149 120
258 107 323 178 199 232 160 106
283 96 312 197 184 217 175 97
307 97 298 217 170 197 199 96
322 106 283 232 159 178 224 107
333 120 267 246 151 157 241 127
334 138 241 258 148 138

PROBLEM 16



E QT Q0Qw®
8
Solve the integral by GasLegendre method.
PROBLEM 17

L ® O QWA
8
Solve the equation with

a) 2 dimensional Gaudsegendre integration

b) 2 dimensional simpson 1/3 integration

c) Develop an equation for 2 dimensional simpson. 3/8 integration and soinéeiipel
PROBLEM 18
QwQw
P W

Solve the integral with Monte carlo method and check the results with-Gegeadre method.

PROBLEM 19
Show that equation below is correct

T ® Qw

PROBLEM 20
O QQw
Solve the integral for m=25,50,100,500,1000,10000,100000 with rearite method and

compare the result with the analytical solution.

PROBLEM 21
An angine of a vehicle with mass of 53400 kg and a velocity of v=30 m/is suddenly stopped at
t=0. In this instant equation of the movement can be given as

QU ‘
U T TOH-, TUTUTT
& Yoo ¢
In the equation v(m/sn), is the velocity of the vehicle at time t. When velocity is 15 m/s calculate
the total distance vehicle moved by using 4 point Gausgriation Formula .

PROBLEM 22

A vehicle is at complete stop. When it is started velocity of the vehicle is recorded for the first 5
minutes. Calculate the total distance vehicle moved by using trapezoidal rule as a direct data

integration method.



t(minutes)| O 0510 15| 20| 25| 30| 35| 40| 45 | 50
v (km/h) 0 4 7 11 15 21 25 30 32 35 40

Note: o . B @ D OQO
< .
PROBLEM 23
Upward velocity of a rocket can be calculated by using the formula
Qa . a
W = Yo&——— Q0
Qo a no

In this equation V is velocity, U is the exit velocity of burning gdsas the rocket nozzle, #is
the mass of the rocket at time t = 0 sn, q is fuel spending rate , g is garavitational acceleration (
assume constant as, 9,8sh. If U =2000 m/s, Br 150 000 kg, g = 2600 kg/s, Calculate the height
rocket will climb in ® seconds by using Romberg inntegration with k=4 §{p@rder of error.

il

Note : -74"0 . wo0Qo

PROBLEM 24

Calculate velocity and acceleration by using below data with
a) cental difference method [with Cfrerror level],
b) forward difference method [with Otherror level],
c) backward difference method filv O(¥) error level],

Time, t (s) 0 1 2 3 4 5 6 7 8
distance, x (m) | O 07 |18 |34 5.1 6.5 7.3 8.0 8.4

u L) . [
Note : Velocity o g-Acceleration © —

PROBLEM 25

Integrate data by using trapezoidal rule

X -3 -1 1 3 5 7 9 11

f(x) | 1 -4 -9 2 4 2 6 -3

PROBLEM 26

In a river water height is measured in every 12.5 m distance. Water flow rate can be calculated by
0 _  ®Qantegration. In this equation Q: water flow rate’/a), V: water flow speed (m/s), A:

crosssectional area (). If avarage water velocity is 0.4 m/s. Calculate water flow rate by using
Simpson 1/3 rule

X(m) 0 125 |25 |375(|50 |62,5 |75 |87,5 |100
fX)m [11 |75 [55 |0 1,5 |4 55 |8 11

PROBLEM 27
a)

calculate the integral value frothe data given below
b) calculate the derivative of the function at x=3,4,5,6,7,8

X 099 |210 |322 |440 |5.70 7.12 |8.01 |837 9.32 9.98

f(x) 4.90 570 |4.20 7.04 8.31 7.82 5.97 7.01 6.68 | 4.79




PROBLEM 28
By using Gaussegendre integral formulation caleaté

Qw

p W

integral for n=2,3,4,5 . Compare the result with analytical solution.

PROBLEM 29
By using Adaptive simpson 1/3 solve

integral with an error level of 1.6

PROBLEM 30

By using Gaus€hebychev intgration equation solve the integral
AT dQw
1 CB MoWwTt
Mp w

and compare the result with the exact value.

PROBLEM 31
By using trapezoidal rule calculate the integral
O Q1 UT XTITIU T
¢ GEdro PPUTX

for n=2,4,8 ve 16
And then improve the result by using Richardson extrapolation Formula (Romberg integration).

PROBLEM 32

If velocity profile in a pipe is known, flow rate can be calculated asi@dA

In this equation v i the velocity of the fluid A is the cresgstional eea of the pipe. In a circular
pipe A=(2pr) and dA = (2o r dr). If it is substituted into flow rate equation

Q =Av(2pr) dr is obtained. Where r is the radius. If the velocity distribution is given as a
function of r as v = 3[X(r/r 0)]¥'” and if the radius of the pipe = 0.1 m calculate mass flow
rate. Select your own method.

PROBLEM 33

In the integrés below exact solutions are given. By using an adaptive integration mettremt. Ch
out the results.

a)

TQW
P QU T® XU

T P WAPEAT WG P TTTIP P
b)

0 Tk <
X



0 ®'TQe -

d)
0 11§ p
e)
O 11H WsQem 1@ 1 11 ps
)
.. ... uTm
0 A OEUDQw — p
GuTp
)
0 Qw C o
a1 .r[
a0
PROBLEM 34
h(m)
112620
80
52
35
15
0

Wind pressure in a flat wall is measures as in the graphic. It is desired to find pressure effect
center of the wall. It is calculated by using

n QaQ

Q

Calculate the value.
PROBLEM 35

For the analiically solved integration that result is given below:
Solve with with

a) Adaptive Simpson 1/3 method
b) Adaptive Gaus¥ronrod integral formula.

TPpIAY UG
¢ X

pow ® Q 7TQw PR TYXYYoxcugxwtyPypooo



=1 302 erpl- 3N 2)

W
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g

-n.07se \
-0.380

-0.685

-0.950

-1.29

0.0 0.40 0.0 12 1.8 20 24 218 3z 38 4.0

PROBLEM 36
v(m/s) | O 1 1.8 2.5 3.5 4.4 5.1 6
P(kw) | O 4.7 12.2 {19.0 | 31.8 | 40.1 |43.8 | 43.2

Power transmitted to the wheels of a vehicle is given in the table as a function of velocty. If the
mass of the ar is m=2000 kg, Calculate the required time toapatecthe car from

0 m/gto 6 m/g

Note :

QU

cq c

PROBLEM 37

0 Q  QaQmQo
Calculate the integral by using 3 dimensional Gdusgendre integration
PROBLEM 38

. P @
(@] —i Q& Qe QwQw
() w

Calculate the ingral by using 3 dimensional Gatlssgendre integration

PROBLEM 39
Blackbody radiation function F{0 T), | (mm) T(degree Kelvin) can be calculated as
0O prTody av
y Y
on Y p — —Qw

It can aso be calculated from the series solution



puv Q .oow w0
= m — W - T 3
= € € & ¢

By creating a program that calculates the result with using series solution and integration.
Compare the results. Resndi tables are given as a reference

| T FOIT) I T FOIT) I T FOIT) I T FOIT) I T FOIT) I T FOA T
mmK mmK mmK mmK mmK mmK

1000  |0.00032 [2900  |0.25056 4800  |0.60754 16900 |0.8022 ]10700 |0.92709 {18000 |0.98081
1050 |0.00056 [2950 |0.26191 |4850  |0.61428 |7000  |0.80808 |]10800 |0.92872 {18200 |0.98137
1100  |0.00091 [3000  |0.27323 |4900  |0.62089 |7100  |0.81374 110900 |0.93031 (18400 [0.98191
1150 |0.00142 [3050 _ |0.28453 |4950  |0.62737 |7200  |0.81918 |]11000 |0.93185 18600 |0.98243
1200 |0.0021B [3100 |0.29578 |[5000  |0.63373 |7300  |0.82443 ]11200 |0.9348 (18800 |0.98293
1250 |0.00308 [3150  |0.30697 5050  |0.63996 |7400  |0.82949 |11400 |0.93758 {19000 [0.98341
1300  |0.00432 [3200  |0.3181 |5100  |0.64608 |7500  |0.83437 |11600 |0.94021 {19200 |0.98387
1350  |0.00587 [3250  |0.32915 |5150  |0.65207 |7600  |0.83907 |11800 |0.9427 (19400 |0.98431
1400 |0.00779 [3300  |0.34011 [5200  |0.65795 |7700 0.8436 ]12000 |0.94505 [19600 |0.98474
1450 |0.01011 [3350  |0.35097 [5250  |0.66371 |7800 0.84797 |]12200 |0.94728 {19800 |0.98516
1500 |0.01285 [3400 0.36173 5300  |0.66937 |7900  |0.85219 |12400 |0.94939 [20000 |0.98555
1550 |0.01605 [3450  |0.37238 |5350  |0.67491 |18000  |0.85625 |12600 |0.95139 [20500 |0.98649
1600 |0.01972 |3500  |0.38291 |5400 |0.68034 [8100  |0.86018 |]12800 |0.95329 [21000 |0.98735
1650 |0.02388 |3550  |0.39332 |5450  |0.68566 [8200  |0.86397 |]13000 |0.95509 [21500 |0.98814
1700  |0.02854 [3600  0.4036 [S5500  |0.69089 |8300  |0.86763 |]13200 |0.95681 {22000 |0.98886
1750 10.03369 [3650  0.41375|5550 |0.696 18400 |0.87116 |13400 |0.95843 [22500 |0.98952
1800 |0.03934 3700  |0.42377 |5600 |0.70102 [8500  |0.87457 |]13600 |0.95998 [2300 |0.99014
1850 |0.04549 |3750  |0.43364 |5650 |0.70594 [8600  |0.87787 |]13800 |0.96145 [23500 |0.9907

1900 |0.05211 (3800  0.44338 |5700  |0.71077 18700  |0.88105 |14000 |0.96285 [24000 |0.99123
1950 |0.0592 (3850 |0.45297 |5750 |0.7155 |8800 |0.88413 |14200 |0.96419 [24500 [0.99172
2000 0.06673 [3900  |0.46241 |5800 |0.72013 |[8900  |0.88711 |14400 |0.96546 |]25000 |0.99217
2050 0.07469 [3950 [0.47172|5850 |0.72468 [9000  |0.88999 |14600 |0.96667 |26000 |0.99297
2100  |0.08306 }4000  |0.48087 [5900  |0.72914 [9100  |0.89278 |14800 |0.96783 |27000 |0.99368
2150 |0.0918 4050 |0.48987 [5950 |0.73351 [9200  |0.89547 |15000 |0.96893 |28000 |0.99429
2200  ]0.10089 [4100  |0.49873 |6000  |0.73779 |9300  |0.89808 |15200 [0.96999 |29000 |0.99482
2250 ]0.11031 [4150  |0.50744 |6050  |0.74199 [9400 |0.9006 15400 [0.971 30000 |0.99529
2300 |0.12003 4200 |0.516  [6100 |0.7461 [9500 |0.90305 |15600 [0.97196 |32000 |0.99607
2350 |0.13002 }4250  |0.52442 [6150  |0.75015 [9600  |0.90541 |15800 |0.97289 |34000 |0.99669
2400  ]0.14026 [4300  |0.53269 |6200  |0.75411 [9700  |0.9077 16000 [0.97377 |36000 |0.99719
2450 ]0.15071 [4350  |0.54081 |6250 |0.758 9800 |0.90992 |16200 |0.97461 |[38000 |0.99759
2500 0.16136 }4400  |0.54878 [6300  |0.76181 [9900  |0.91207 |16400 |0.97542 40000 |0.99792
2550 10.17217 }4450  |0.55662 [6350  |0.76554 10000 |0.91416 |16600 |0.9762 45000 |0.99851
2600 ]0.18312 [4500  |0.56431 |6400 ]0.76921 |]10100 |0.91618 |16800 |0.97694 |50000 |0.9989

2650 ]0.19419 [4550 |0.57186 |6450 |0.7728 |10200 |0.91814 |17000 |0.97765 |55000 |0.99917
2700  |0.20536 4600  |0.57927 [6500 |0.77632 [10300 [0.92004 |17200 |0.97834 |60000 |0.99935
2750 0.2166 4650 |0.58654 [6600 |0.78317 [10400 [0.92188 |17400 0.97899
2800 |0.22789 |4700  |0.59367 |6700  |0.78976 |]10500 |0.92367 (17600 |0.97962
2850  10.23922 |4750  |0.60067 |6800  10.7961 ]10600 |0.9254 (17800 |0.98023

PROBLEM 40
Integral of blackbody spectral radiation equation for all wavelengths will give
(0] 0 ® QwY Y
- b= w »
0 » p

In this equation &=3.74177489x1OWmm*/m? and G=1.438769x10mm K . 1 is called Stefan_Boltzman
constant. Calculate this integral by using GaLesguerre integral formulalrhe vale of the Stephan Bohlzan
constant is gives =5.670x16 W/m?K*

PROBLEM 41 Bessel function(x) can be defined as:

b6 2 Geaiee & -0—

Write a program to define such a function.

from scipy.special import *
from mah import *
from if_x import *




def gauss_legendre_coefficients(x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
Xm=0.5*(x2+x1)
x|=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
for i in range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for ii in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*}1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]=xm+xI*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[l][n-i]=a[1][i-1]
return a

def integral(f,x1,x2,n):
#integral funcg)dx
#integral of a function by using gadegendre quadrature
#between x1 and x2
a=gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*f.func(a[O][i])
return z
n=0
x=0.1
class f1(if_x):func=lambda self,tetha: cos(x*sin(tetha)}etha
f=f1()
a=0
b=pi
bessell=integral(f,a,b,50)/pi
print("bessell : " ,bessell)
bessel2=j0(x)
print("bessell : " bessel2)

runfile('D:/okul/SCO1/integral_GL_P41.py', wdir="D:/okul/SCO1")
Reloaded moudles: if x

bessell : 0.997501562066038

bessell : 0.99750156206604

PROBLEM 42 In an AGDC converter the signal defined with the following function is obtained. Signal
frequency is 50 hertz (period T=1.0/50=0.02 second). A true root mean squaré calrerfor an alternative
current signal is defined as:



= Qo0Q
(0] ~ 0Qo
Calculate True RMS current for the given signal.

50 Hz current ane cycle current values
1.183

0.9465 —

07098 o

04733 o

0.2366

i, ampere

8.438e-0

-0.2366 —

-0.4733 o

-0.7098 —

-0.9465 —

-1.183

0.000 DD‘DEDDD DDIMDDD DDIDEDDD DD‘DSDDD DDI‘\DDD DDI1QDD DDIMDD DD‘1EDD DDIWBDD 0.0z2000

ttime second
Note: In order to carry outintegral you should obt&X as a function y using data drom the plot above
(digitizing and curve fitting)

PROBLEM 43 Work is defned as

Work =Force*Distance

In a real engineering problem force usually changes, Therefore Work for a variable force should be calculated
as:

() O Qw

In a system Force is measured as in the following table:
x(meter) 0 5 10 15 20 25 30 35 40
F(Newton) | O 9 12 15 18 23 16 13 11
Calculate the work done by the system.

PROBLEM44Eul er 6s constant is defined by the following e
Qw £
r P g 2P B gt P
p W 3 £
where k>0

[ MXXCPLOOT WNMPLOBYEMETMOPULPPC
Calculatee u | eangiast by integration and compare it with the series solution. You chose different
integration methods to see the accuracy of the integration formula.

PROBLEM45Cat al ands const antingequaionstef i ned by the foll ow
, R
V) — QW
p W
Catalanbés constant (K=0.915965594177) is defined by
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CalculateC a t a |canstantsby integration and compare it with the series solution. You chose
different integration methods to see the accuracy of the integration formula.

0




5. COMPLEX NUMBERS

a4 & QwhereQ N p
A complex number can now be shown as a point:

4
5i
4i
3i
2i

i

»

~| Imaginary

3+4/
[ ]

Real
>
234

-4-3-2 —1:
-2i
-3i
-4i

The complex number 3 + 4
Arithmetic of the complex numbers
a O 0 a O wQ

Conjugate@t & ©'Q
G O 00 O 00O 00 OzZH 0z 0WzZH Oz Q

Complex numbers can also be expressed in polar coordinates

b
H
111 5 NN
a O 00 Al ®EL
i MO o — AOA
O 1ATS & rOe+
Q Al©S OEL
lQ v, Z

a & oQi ATS ®EF iQ

This equation is called De Moivre formulation

Utilisation of polar coordinates makes power calculation of complex variables easier.
a O o i ATO— DHEI— 1 Q

m o o wm Al cé_ DEF

Let us look at the roots of degree n

N
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But in this formula— — ¢'Q" If we substitude this into the equation

@ © o0 iTAl 66— "WEF— 1 Q7 k=0,1,2.(n1)
So equation hasnoots

Absulute value of complex numbers:

XS i O

Multiplication of complex numbers:
aza iQ 1Q i1Q
Division of complex numbers

- —— -0

Example:

a ¢ dQ

a 1 UvQ

¢ ¢ 0dQ ¢ dQt vQ Y pIRapQpl Y pMp&Qpuv X &

a T UQ 1T UvVQTr VQ pop MM pop @ ciQqu TP

X C¢ o
T_p T_pQ T XTIXoPHOoOOULIQPU O

In python complex numbers can directly be assigned and used.

z1=complex(2,3)
z2=complex(4,5)
z3=z1/z2
print("z3=",z3)

runfile('E:/okul/SCO1/complexl.py', wdir="E:/okul/SCO1")
z3= (0.17073170731707318+0.68853658536587))

Example:

a ¢ 0Q

a a ¢ 0Q ¢ 0Q 1T ¢Q PQ w v p&Q
Calculating by using polar coordinates:

i U o WVpo a®muvuvup AOAT moyc

i pocos@2— YT QEPEJ— TG oY

¢ o poTYT Qp@ICOTEX U p &

from cmath import *

z1=complex(2,3)
z2=71*71
z3=pow(z1,2.0)
print("z2=",22,"z3=",23)

runfile('E:/okul/SCO1/complexl.py', wdir="E:/okul/SCO1")
z2= (5+12j) z3=-p+12))

Example:
a ¢ 0Q
a & a°

Calculating by using polar coordinates:

i g o Wpo admuvuvup AOAT moycg

M po pBOYYEHs(05— T Ppox TOEP— T Xp YL X WGV
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from cmath import *

z1=complex(2,3)
z2=sqrt(z1)
z3=pow(z1,0.5)
print("z2=",z2,"z3=",z3)

runfile('E:/okul/SCO1/complex1.py', wdir="E:/okul/SCOL1")
z2= (1.6741492280355401+0.8959774761298381)) z3= (1.6741492280355401+0.895977476129838))

Example:

a ¢ dQ

a 1 UvQ
[l ol T,
¢ Qwil ig,

from cmath import *

z1=complex(2,3)
z2=complex(45)
z3=pow(z1,z2)
z4=exp(z2*log(z1))
print("z3=",z3,"z4=",z4)

73= (18175.4876988527514117.567839250678]) z4=18175.4876986252754117.56783925068))

Example: Prove thafollowing equation is correct

cQ 1 Q
ap P
dQ Q o Q o QccQp c ¢ Q@Q uv UvQ Q
CQp ¢Qp cQp cQp ¢ P v
Example:
L2 P .
O E+ ?QQ Q
Ao Pa o
<
QO E+ "Q‘Q Q P Q Q Al 6
a— Q c
eAT o "Q'Q Q 2 Q Q P Q Q OE+
Q— ¢ cQ ¢Q

Numerical finite difference formula:

e for' Qe O Ed and x=0, dx=0.0001
Qi @ i WD Qo OEd i o WBIwwwwwwPowoooA
Qw & Qw Qw TBU T TT P
Sin(0.0001)=9.9999999833338e
Qi Qe

o TBOWWWWWWWwY Ao o



So

If we use numerical integral (Gaulssegendre) to calculate this:

import cmath as cm
from math import *

def f(x):
#sin(x) function in complex form
x1=complex(0,x)
z=2.0*camplex(0,1)
y=(cm.exp(x1}cm.exp(xl1))/z
returny

def gauss_legendre_coefficients(x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
Xxm=05*(x2+x1)
xI=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
for i in range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]=xm+xI*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[1][n-il=a[1][i-1]
return a

def integral(fx1,x2,n):
#integral func(x)dx
#integral of a function by using gadegendre quadrature
#between x1 and x2
a=gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i*f(a[0][i])
return z

a=0

b=pi/2.0
11=integral(f,a,b,20)
print("11 : " I1);

runfile('E:/okul/SCO1/integral_GL.py', wdir="E:/okul/SCOL1")
11 : (0.9999999999999982+0j)

Same result is obtained

We will look at further tilisation of complex numbers in coming chapters.




6. LINEAR SYSTEM OF EQUN3IO

Lineear system of equations (or linear systésw@ collection of one or more linear equations
involving thesame set of variables. For example
2x+3.5y=1.2
1.1x+1.5y=2
In this particular setx and y is variables. System has two equations. It ieeafiequations, becouse variables x
and y linearly placed in the equation. The following set of equations Himear

COEDd 08dQ p&

PPAT A pdw ¢
In mathematics, linear system of equation is expressed as a-weattdr format. For example above linear set
can be written as .

¢ o W pg

PP pd W q
In some boooks the following formats of expragsihe same system of linear equations can also be
seen:

¢ o®d P

_ Pp P& ¢
Or simply

¢ 0® pg

®
In high school mathif it is only two equati%fﬁs aemvb ucnknown varibles variables, the following
method of placement is shown to ossblve this system:
2x+3.5y=1.2
1.1x+1.5y=2

W PR 0dW/2
pp——— pd U ¢
T® @ pBCD PBO ¢
™MW ¢ ™o

w -3.15294
Substituting to x gives

w 6.117647

6.1 GAUSS ELIMINATION METHOD

2x+3.5y=1.2

1.1x+1.5y=2

Can be written as )
¢ o0& W pR
PP pd W q

In general } . .
O W W w
O O ®

2x+3.5y+3z=1.2
1.1x+1.5y1.5z2=2
X+5y-27=3

C
P pd pd ©

o o W P&
G
P U ¢ & o

In general
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Upper triangle system } 3
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Gauss elimination metho@auss elimnation method is based on two charecteridtiositrices (or
system of linear equations as well):
1. If one equation (on eline of system is multiplied with a numbergbleition set remain the

same

Sa1Ea

2. If one row is substracted or added to another row, solution set will still be the same.

By using this twacharacteristics, system of equation will be reduced to upper triabgle system. And
then by starting from the last equation, sytem will be solved by backsubstitution process.

cl= T® 2= T
) &) ) ) &)
w Ao O IO O IO ® QO PR
© Aed & Aed © Aezd O Aed
Becomes
(e (e (@ cee
T G e W Gee
T e e W Gee
c3=aee foee
T Cee Cee w Cee
M e (oo de ik ©®  de @2 e
Becomes
mT 6 o6 GE
s T & O GE
Back substitution:
® G fGE
@ GE GE z® fox
W CE GE 20 GE Z®)/GE

In the program following set of system of equation is taken :

P GCUL® p

¢ P Qg W p

G pp @ C
The solution set of this set of equation is 0,3MeAs it is seen from the results, a small error is remained in the
solution set. If the same elinination process is carried out by hand:

column O(céumn indices starts from 0), row 1(raw indices starts from 0) multiplieadag = 2/1=2
&= ao-Ci* a0 = awo- (ao/@)* @aw=2-2*1=0
a1= a1-Ci*ao= as- (aud/an)* an=1-2*2=-3
a2= ap2-Ci* a2 = a2- (awo/d)* a2 =2-2*5=-8



b= b -Ci*bi=lp -(adaw)*br =17 2*1=-1

columnO raw 1 elimination is completed

colun0 raw 2 elimination:

Ci=apd/ano = 3/1=3

A= a0l Co*ag = a&o- (aedan)* an=3-3*1=0

1= a1l Co*ao1= a1 - (&o/ao)* ann=1-3*2=-5

2= @21 Co* ap2= &2 - (&o/ao)* apz=2-3*5 =-14

b= b -Co*bi=hp -(awan)*br =171 3*1=-1

column 1, row 2 multiplier C

Cs=api/an1 = -5/-3=(5/3)

1= anl C3*an=a1- (@/ar)*ann=-57 (5/3)*(-3) =0

2= a2-Cs*ann= a- (aan)* apr =-1471 (5/3)*(-8) =-0.6666666666666
bo= b -C3*bi1=Ip - (afa)*bs =-17 (5/3)*(-1) = 0.6666666666666
system of equation becomes:

C v @ p

o p  w P

T TR TP

4370

Back-substitution process :

X2 = bplazz= 0.6666666666/0.6666666666) =1

X1= (bn- &zXo)lan= (-1-(-8)*(-1))/(-3) =(-9)/(-3)=3
Xo=(bo- @1*X1-a2*X 2 )ao= (17 2*3-5*(-1))/1“:0

w T
® o
w P

Another example for Gauss elimination with detailed steps :
X P ¢ ® T

p T p W P w
o pucm® Y

A B
7 1 2 47
-1 4 -1 19
3 15 20 87
c 7 1 2 47
-0.14286 0 4.142857 -0.7149 25.71429
0.428571] 0 14.57143 19.14286| 66.85714
c 7 1 2 47
3.517241 0 4.142857 -0.71429 25.71429
0 0 21.65517 -23.5862
Xo 6.165605
Xy 6.019108
X2 -1.08917|

As it is seen from the previous example some error existed in theoadet. It is called round off error. When
gauss elimination process is used as it is defined admwmeerror might be created by the process. In order to
minimize the round off error, absolute value of the multiplier terms should be as big as ptstige.
calculation process of the multiplier if divisor is zero term will go to infinity, if divisior is relatively small it will
be a very big number, and this will cause an extra error in digital computers. In order to prevent this in a degree,
eliminaton raw is interchanged with the raw with maximum absolute valutaéomultiplier term (in the
diagonal). This process is called partial pivoting. Parfiadtng is shown in the example
P Cu® p
¢ P GC W p
cppw q
Before starting the gauss elimination the column 0 elements are compared and raw with the largest absolute
value of this column is replace with elimination raw (raw 0)
ocpp B g
¢ P GC W p
P UL ® p



# Gauss Elimination with pivoting
# python version
from math import *

def gauss(a,b):
#Gauss elimination with pivoting
n=len(a)
x=[0 for i in range(n)]
for k in range(n):
p=k
buyuk=abs(a[k][K])
for i in range(k+1,n):
dummy=als(alii][K])
if dummy>buyuk:
buyuk=dummy
p=ii
if pl=k:
for jj in range(k,n):
dummy=alp][j]
a[p][ijl=alk]fj]
alk][jjl=dummy
dummy=Db[p]
b[p]=b[k]
b[k]=dummy
foriin range(k+1,n):
carpan=a[i][k]/a[K][k]
a[i][k]=0;
for j in range(k+1,n):
a[il[j]=alili] -carpan*a[K][j]
b[i] =bli]-carpan*b[k]
x[n-1]=b[n-1}/a[n-1][n-1]
foriin range(nl,-1,-1):
toplam=0;
for j in rarge(i+1,n):
toplam=toplam-+al[i][j]*x[j]
x[i]=(b[i] -toplam)/ali][il;
return x;

def I(n):
#unit matrix of dimension n
B =[[O for x in range(n)] for y in range(n)];
for i in range(0,n):
for j in range(0,n):
if i==j: B[i][j]=1.0;
return B;

def invA(A):
#inverse matrix (n=m)
n=len(A);
Im= I(n);
B =[[O for x in range(n)] for y in range(n)];
for i in range(n):
B[i]=gauss(A,Im([i]);
return B;

#gauss_test
from math import *
from gaussmport *

a=[[1,2,5].[2,1,2],[3,1,1]]

b=[1,1,2]

x=gauss(a,b);

print("Gauss elimination solution vectanx =" x)

runfile('E:/okul/SCO1/gauss_test.py', wdir="E:/okul/SCO1")

Reloaded modules: gauss

Gauss elimination solution vector :

X = [7.4014868308RF7e17, 2.9999999999999994).9999999999999998]

#gauss_test
from math import *
from gauss import *

a=[[2,3.5],[1.1,1.5]]




b=[1.2,2]

x=gauss(a,b);

print("Gauss elimination solution vectanx = ",x)
runfile('E:/okul/SCO1/gauss_test.py', wdir='E:/al8CO1")
Reloaded modules: fi_xi, gauss

Gauss elimination solution vector :

X = [6.1176470588235253.152941176470586]

6.2 GAUSSJORDAN METHOD

Gauss Jordan elimination method is similar to Gauss elimination with exception of a normalisation process
before éimination and application of the elimination for all raws (insteadrdy lower lowsof diagonal

reference rovin gauss elimination) except the diagonal reference fEve result is conversion of the right hand
side into the solution without any baakbstitution proces€xample program is givemelow
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Another example for Gauslordan elimination with detailed steps :

X P ¢ @ TX
p T p @ pw
G pLCTW WX
GaussJordan
A B
7 1 2 Xa 47
-1 4 -1 X1 19
3 15 20 X 87
Normalisation
1 0.142857| 0.285714 Xo 6.714286
-1 4 -1 X1 19
3 15 20 X2 87
Elimination
1 0.142857| 0.285714 Xao 6.714286
0 4.142857| -0.71429 X1 25.71429
0 145718 19.14286 Xz 66.85714
Normalisation
1 0.142857 0.285714 Xo 6.714286
0 1 -0.17241 X1 6.206897
0 14.57143] 19.14286 Xo 66.85714
Elimination
1 0 0.310345 Xo 5.827586
0 1 -0.17241 X1 6.206897|
0 0 21.65517 X5 -23.5862
Normalisation
1 0 0.31®B45 Xo 5.827586
0 1 -0.17241 X1 6.206897
0 0 1 X2 -1.08917|
Elimination
1 0 0 Xo 6.165605
0 1 0 X4 6.019108
0 0 1 X5 -1.08917|

# python version
from math import *

def gauss_jordan(a,b):
n=len(a)
x=[0 for i in range(n)]

for k in range(n):
p=k
buyuk=abs(a[K][K])
for ii in range(0,n):
dummy=abs(alii][K])
if dummy>buyuk:
buyuk=dummy
p=ii
if pl=k:
for jj in range(O,:
dummy=a[p][ij]
afp]fijl=alk][ii]
afK]fjjl=dummy
dummy=b[p]
b[p]=b[k]
b[k]=dummy
# normalisation process
for jj in range(O,n):
afK]fij=alkIfijl/a[k][k]

for i in range(k+1,n):
carpan=a[i][K]
a[i][k]=0;
for j in range(0,n):

b[i] =b[i]-carpan*b[k]

return b;
a=[[1,2,5],[2,1,2],[3,1,1]]

b=[1,1,2]
x=gauss_jordan(a,b);

# Gauss Elimination with pivoting

print("origial matrix \na =",a,%nb =",b)

print("pivoted matrix \na =",3"\nb =",b)

a[il[j]=alili] -carpan*a[K][j]

print("eliminated matrix\na =",a,\nb =",b)

print("GaussJordan elimination solution vectdanx = ",x)

runfile('E:/okul/SCO1/gauss_jordan.py', wdir="E:/okul/SCO1")




origial matrix :

a=[[1,25][21,2],[3,1,1]

b=1[1,1,2

pivoted matrix :

a=[[1.0,1.0,1.0],[2,1, 2], [1, 2, 5]
b=1[2,1,1]

pivoted matrix :

a=[[1.0,1.0, 1.0],.0,-1.0, 0.0], }1.0, 1.0, 4.0]]
b =1[2,-3,-1]

pivoted matrix :

a=[[1.0, 1.0, 1.0],.0,-1.0, 0.0], [1.0, 1.0, 4.0]]
b =[2,-3, 2.0]

eliminated matrix :

a=[[1.0, 1.0, 1.0],.0,-1.0, 0.0], [1.0, 1.0, 4.0]]

b =12,-3, 2.0]
GaussJordan elimination solution vector :
x = [2,-3,2.0]

6.3 LU-DECOMPOSITION METHOD S

6.3.1 gauss(Dolittle) method

In Gauss or Gausdordan eliminatio processes left hand matrix A and right hand vebtis eliminated

together. Therefore if a new left hand side vector b1 will be considered to be usegdord set with the same

A matrix, Matrix A is reprocessed. This will spend valuable gkition time for a repeated press. In order to

avoid this repetation, Matrix A is decomposed into an upper triangle(U) and a lower triangle (L) matrices so that
multiplication of this two matricess will give the original A matrix

For example for N=5
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To solve system of equation witlBavector following process applies
[A]=[L][V]
[AKX}={B}
[LIIVKX}={B}
[LKD}={B}
[UKX}={D}

In Gauss(Doolittle) decomposition process malttils the same as Gauss elimination upper triangualar matrix.
L matrix is consist of the multipliers calculated in Gauss elimination process. Due to diagonal efemenixo
L is 1, LU matrix can be represented in one matrspiice saving is desired. &Rrgde code is giverbelow

# Gauss Elimination with pivoting
# python version
from math import *

def gaussLU(ai):
#Gauss elimination with pivoting
n=len(ai)
x=[0 for i in range(n)]
a=[[0 for i in range(n)] for j in range(n)]
carpan=0
toplam=0
for i in range(n):
for j in range(n):
a[i][j]=aifi][]
for k in range(nl):
for i in range(k+1,n):
carpan=a[i][K]/a[K][k];
a[i][k]=carpan




for j in range(k+1,n):
a[i][j] -=carpan*a[K][j
return a

def I(n):
#unit matrix of dimension n
B =[[O for x in range(n)] for y in range(n)];
for i in range(0,n):
for j in range(0,n):
if i==j: B[i][j]=1.0;
return B;

def back_substitution(ai,bi):
#gauss LU lear system of equation solution
n=len(ai)
x=[0 for i in range(n)]
a=[[0 for i in range(n)] for j in range(n)]
b=[0 for i in range(n)]
for i in range(n):
for j in range(n):
afi][j1=aifil[j]
b[i]=bii]
for i in range(n):
toplam=Dbl[i]
for j in range(i):
toplam=al[i][j]*b[j]
b[i]=toplam
x[n-1]=b[n-1)/a[n-1][n-1];
for i in range((R2),-1,-1):
toplam=0
for j in range(i+1,n):
toplam-+=al[i][j]*[j]
X[i]=(b[i] -toplam)/a[i]i]
return x

def back_substitution_n(ai,bi):
#gauss LU linear system of equation solution
n=len(ai)
m=len(bi)
x=[[O for i in range(n)] for j in range(m)]
a=[[0 for i in range(n)] for j in range(n)]
b=[[0 for i in range(n)] for j in range(m)]
for i in range(n):
for j in range(n):
afijfjj=ailil]
b[i|[j]=bili][}]

for k in range(m):

for i in range(n):
toplam=Db[i][K]
for j in range(i):
toplam =toplam a[i][j]*b[j][K]
b[il[k]=toplam
x[n-1][k]=b[n-1][k]/a[n-1][n-1];
for i in range((R2),-1,-1):
toplam=0
for j in rangei+1,n):
toplam-+=ali][i*x[j] (k]
X[i]IK]=(bi][K] -toplam)/afi[i]
return x

def AXB(a,b):
n=len(a)
c=gaussLU(a)
s=back_substitution(c,b)
return s;
def inverse(a):
# Inverse matrix
n=len(a)
11=I(n)
print("n = ",n,"I1=",11[0])
c=gaussLU(a)
s=back_substitution_n(c,I1)
return s
a=[[1,2,5],[2,1,2],[3,1,1]]




b=[1,1,2]

x=AXB(a,b);

print("GaussLU elimination solution vectdnx = ",x)
runfile('D:/okul/SCO1/gaudd).py’, wdir='D:/okul/SCOL1")

GaussLU elimination solution vector :

x = [-8.88178419700125286, 3.0000000000000041,.000000000000001]

Gauss LU decompositionDolittle method) example in excel:

A B
1 2 5 1
1 2 1
3 1 1 2
c 1 2 5
2 -3 -8
3 0 5 -14
[« 1 2 5
1.667 | 0 -3 -8
0 0 -0.6667
1 2 5
u -3 -8
0 0 -0.6667
1 do = 1 1
L 1 di= 1 -1
3 1.6667 | 1 d2 = 2 0.6667
1 2 5 X0 = 1 0
u 0 -3 -8 x1 = -1 3
0 0 -0.6667 | x2= 0.6667 -1

6.3.2 Craut LU decompost e on met hod
In the Gauss (Dolittle) LU decomposition diagonal of matrix L was setted as 1, In the Craut LU decompositon

diagonal of matrix U is given as 1. For example for a 5 by 5 system
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Solution process is similar

[A]=[L][Y]

[A{X}={B}

[LIIVKX}={B}

[L{D}={B}

[UKX}={D}

Algorithm of Craut idifferent compare to Dolittle

lin=a1 |l oop i=1,2,¢é.,n



=9l

ul’j:I loop =23, €. , n
11
l oop | =id, 3,¢é.,n
0 ®p B &07 | oop k=j,j+2,¢é.,n
0 LY |l oop k=j+1,j+2,¢é.,n

Endof loop &5 ®p B &0 f

Algorithm is converted to programming code in the following example

6. 3.3 chol es k yLW$decompmgitonénethodCholasky method is similar to
Dolittle(Gauss) LU method. This method is applied to symmetric matrix. Thereforegdnst LU, it
decomposes to [L][form.

André-Louis Cholesky

[AJ=[L][L] T

For the decomposition process following steps are used
G 2 R -1 216, k
And

an Wp apay

Backsubstitution is similar to Dolittle method.

#-*- coding: utf8 -*-

uuuuuu

Created on Thu Aug 23 09:46:37 2018

@author: Mustafa Turhan Coban
from math import *
def choleskyLU(c):
#cholesky symmetric matrix LU
#symmetric matricesnly
factor=0;
n=len(c);
d=[[0.0 for i in range(n)] for j in range(n)];
for i in range(n):
for j in range(n):
diilfil=cill;
for k in range(1,n+1):
for i in range(1,k):
sum=0;
for j in range(1,i):
sum+=d[i1][j-1]*d[k-1][j-1];
d[k-1][i-1]=(d[k-1][i -1]-sum)/d[1][i-1];
sum=0.0;
for j in range(1,Kk):
sum+=d[k1][j-1]*d[k-1][j-1];
d[k-1][k-1]=sqrt((d[k1][k-1]-sum));
for j in range(k+1,n+1):
d[k-1][j-1]=0.0;
return d;




def T(A):

#transpose matrix
n=len(A);
m=len(A[0]);
B = [[O for x in range(m)] for y in range(n)];
for i in range(n):

for j in range(m):

BLI0] =ALI;

return B;

def substitutecholesky(c,b):
#solving of system of equation by using cholesky decomposed matrix
U=T(c);
L=c;
n=len(b);
sum=0;
x=[0.0 for j in range(n)];
d=[0.0 for j in range(n)];
#forward substituting
toplam=0;
for i in range(n):
toplam=0;
for j in range(i):
toplam+=L[i]{i]*d[]];
d[i]=(b[i] -toplam)/LIi][i];
#backward substitution
X[n-1]=d[n-1]/U[n-1][n-1];
foriin range(R2,-1,-1):
toplam=0;
for j in range(i+1,n):
toplam-+=U[i][j]*X[il;
x[i]=(d[i] -toplam)/U[i][i];
return x;

a=[[4.0;1.0,1.0],F1.0,4.25,2.75],[1.0,2.75,3.5]];
b=[1.0,1.0,1.0];

L=choleskyLU(a);

print("L=\n",L);

x=substitutecholesky(L,b);

print("x=\n",x);

runfile('E:/okul/SCO1/cholesi U.py', wdir="E:/okul/SCO1")
L=

[[2.0, 0.0, 0.0], {0.5, 2.0, 0.0], [0.5, 1.5, 1.0]]

X=

[0.41015625, 0.4531250.1875]

Let us solvehe sameroblem step by step by hand:
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do=(1-(-0.5)*0.5)/2=0.625
ds=(1-0.5*0.51.5*0.625)/1=0.1875

Yo O
¢ ™ ™ W ™
no¢ p®» O @ G v
n n p ® T Yx v
X3=-0.1875

x2=(0.6251.5*(-0.1875))/2=0.453125
x1=(0.5-(-0.5)*0.4531250.5*(-0.1875))/2=0.41015625

Cholesky backsubstitution example with excel:

Cholesky decomposition

4 -1 1
-1 4.25| 2.75
1 275| 35
LT 2 -05 | 05
2 15
1
2 di 1 dl 0.5
L -0.5 2 d2 1 d2 0.625
0.5 15 |1 d3 1 d3 -0.1875
LT 2 -05 |05 x1 0.5 x1 0.41016
0 2 15 X2 0.625 X2 0.45313
0 0 1 x3 -0.1875 x3 -0.1875

6.4JACOBI GAUSS -SEIDEL AND SUCCESSIVE RELAXATION METHODS

In this section, iterative solution methods will be described. Iterative methods could be important in solution of
big matrices. Gauss elimination requiré8nGausslordan methodequires #2 process. When n is big, the

total number of process will climb up. In this case the total number of processes in iterative methods will be
much smaller. The simplest of the iterative methods are Jacobi method. In this method, a setiofiweotar

is selected and substituted into the system of equation in the following form :

@ —w B b w p Q¢ (3.9.1)

When a new set of x values is found, it will be substituted in the the equation as the next iteration step. To
ensure the convergence matrix should be diagonattyirtbnt

B & s B B 05 (3.9.2)

Diagonal dominancy is the important condition for all iterative formulations. Unfortunately, very big matrices
solved in engineering problems aregeneral fits to this definition.

In order to reduce number of iteration steps, every new calculated x value in the x vector set can be substited into
the equation as soon as it is calculated and is not waited the complete set to be calculated asnettiadob
This form of iterative process is called Ga$eidel iteration.
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GaussSeidel and Jacobi methods can be merged to define an intermediate method between two by defining a
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relaxation cefficient,a, in the equation.

()

When a is equal to one equation coverged to the G&edel method.
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#-*- cading: utf8 -*-

Created on Thu Aug 30 09:51:34 2018

@author: Mustafa Turhan Coban

def gauss_seidel(a,b,x,lembda):

lamd=1.2;
n=len(a);
imax=500;#maximum number of iterations
es=1.0e20;
dummy=0;
ea=lel,
sum=0;
old=0;
iter=0;
sentinel=0;
for i in range(n):
dummy=a[i][i];
for j in range(n):
a[iljJ/=dummy;
b[i}/=dummy;
for i in range(n):
sum=bl[i];
for j in range(n):
if i'=j:sum-=a[i][j] *x[j];
x[i]=sum;
iter=iter+1;
while iter<imax:
sentinel=1;
for i in range(n):
old=xi];
sum=bl[i];
for j in range(n):
if il=j:
sum=al[i][i*[il;
x[i]=lamd*sum+(1.6lamd)*old;
if sentinel==1 and x[i]!=0.0: ea=abs(({dld)/x[i])*100.0;
if ea<es: return x;
iter+=1;

if iter>=imax: print("Maximum number of iteration is exceed, result might not be valid iter =

returnx;

"iter);




a=[[3,-0.1-0.2],[0.1,7;0.3],[0.3;0.2,10]];

b=[7.85;19.3,71.4];

x=[0,0,0];

lamd=0.0;

print(“iterative relaxation method",gauss_seidel(a,b,x,lamd));
runfile('E:/okul/SCO1/gauss_seidel.py', wdir='E:/okul/SCOL1")

iterative relaxation method [32000000000000042.5, 7.000000000000001]

Jacobi and GausSeidel methods in excel:
iterative method

3 -0.1 -0.2 | x1 7.85

0.1 7 -0.3 | x2 -19.3

0.3 -0.2 10 X3 71.4
Jacobi GaussSeidel

Initial guess Initial guess

x1 0 x1 0

X2 0 X2 0

X3 0 X3 0

iter 1 iter 1

x1 2.616667 x1 2.616667
X2 -2.75714 X2 -2.79452
X3 7.14 X3 7.00561
iter 2 iter 2

x1 3.000762 x1 2.990557
x2 -2.48852 x2 -2.49962
x3 7.006357 x3 7.000291
iter 3 iter 3

x1 3.000806 x1 3.000032
x2 -2.49974 x2 -2.4999
x3 7.000207 x3 6.999999
iter 4 iter 4

x1 3.000022 x1 3

X2 -2.5 X2 -2.5

X3 6.999981 x3 7
a=[[10,2;1,3,1],[2,10,2:1,3],[-1,2,10,2:1],[3,-1,2,10,2],[1,3;1,2,10]];
b=[5,-2,4;2,5];

x=[0,0,0,0,0];

lamd=0.0;

print("Gauss seidah",gauss_seid@,b,x,lamd));
runfile('D:/okul/SCO1/gauss_seidel.py', wdir="D:/okul/SCO1")

Gauss seidel

[1.0,-1.0, 0.9999999999999994,.0, 1.0]

6.5METHODS FOR BAND MATRICES

A threeband matrix can be shown as:
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1 Q Q Q 0 w |
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This kind of matrix can be solved by using decomposition back and front substitution processes. Following form
of basic solition process is called Thomas algorithm

Decomposition step :
for(int k=1;k<n;k++)



{e[K]=e[K)/f[k -1];
flk]=f[k] -e[K]*g[k -1];
}

Forward substitution :
for(int k=1;k<n;k++)
{r[Kl=r[k] -e[k]*r[k -1];
}

Backward substitution:
x[n-1]=r[n-1)/f[n-1];
for(int k=(n -2);k>=0;k--)
{X[KI=(r[Kk] -g[k]*x[k+1])/f[K]:}

An example with detailed calculation steps:
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Decomposition:
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Matrix took the form of
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LU decomposed form of the matrix :
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Forward substitution
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d,=25-(-0.5)*41=45.5
ds=105(-0.66666)*45.5=135.3333333
Backward substitution
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X3=135.33333/0.53333=253.75
X=(45.5(-0.4)* 253.75)/0.6=245
X1=(41-(-0.4)*245)/08=173.75

Python version of the Thomas algorithm is given below:



Program 6.5.1Thomas algorithm for band matrices (python version)
#-*- coding: utf8 -*-

Created on Sun Jun 3 21:38:38 2018

@author: Mustafa Turhan Coban
def thomas(a,r):
n=len(a);
f=[0.0 for i in range(n)];
e=[0.0 for i in range(n)];
g=[0.0 for i in range(n)];
x=[0.0 for i in range(n)];
for i in range(0,n): flil=a[i][i];
for i in range(0,AL): g[i]=a[i][i+1];
for i in range(0,AL): e[i+1]=a[i+1][i];
for k in range(0,n): e[K]=e[K]/f[KL];f[k]=f[K] -e[k]*g[k-1];
for k in range(1,n): r[k]=r[kde[k]*r[k -1];
x[n-1]=r[n-1]/f[n-1];
for k in range(R2,-1,-1): X[K]=(r[k] -g[K]*x[k+1])/f[K];
return x;

def thomas_n(f,e,q,n):
n=len(f);
x=[0.0 for i in range(n)];
for k in range(0,n): e[k]=e[K]/f[KL];f[k]=f[K] -e[k]*a[k-1];
for k in range(1,n): r[K]=rkje[k]*r[k -1];
x[n-1]=r[n-1]/f[n-1];
for k in range(R2,-1,-1): x[K]=(r[k] -g[K]*x[k+1])/[K];
return x;

a=[[0.8;0.4,0],}-0.4,0.8;0.4],[0,-0.4,0.8]];
b=[41,25,105];

x=thomas(a,b);

print("x=",x);

runfile('D:/okul/SCO1/thomas.py', wdir="D:/okul/SCO1")
x=[173.75, 244.99999999999997, 253.74999999999997]

6.6 CONJUGATE GRADIENT METHOD

If vector X is a solution of positive and well defined system of equatiere b, this solution is valid when the
vector X is defined as minimum of functiog(X) = X" AXx- 2b"X. The x vector is definedsadifferent vedor

then tle solution vector x* . In adtion a v vector with values different than 0 and a real nurabedefined.
Qo | VU Qw ¢ L 0w o6 | U 00
In this equation, if v and x vector is known, for some valua fainction will be minimum (One dimensional
minimisation problem). If it is assumed that only independent variable of the funcéon is
Q "Qw | 0O can be written. The minimum of the function, can be defined as the root of the derivative of
the function withrespect ta
0 CcU 0w 6 ¢ L OUL ™
From this equation
U 0w 0
U0
To simplify the egation a little bit further definition @ 6 ®
r=bi A x can be applied. If this definition is substituted irtie previous equation:

O i
L T B0
If a is substitutednto the iterative procesterative process
O | 0
andfori @ ©w value would be
O i
T

New x vedor should be give solution to thexA= b equation . When a solution is obtainetis knovn that
equation will converged to



ow O w | 0 @
But we stil do not know the search direction vectar, s a starting search direati steepest descent
optimizationdirection can be selected. This direction is defined as

OO OO ® ci
In this case m1 can be selected as

V) n"Qw i
This direction gives the maximum negative change iR)g(&n alternatie selection to the direction vector can
be carried out such vector that for this vectoronditiond 60 1 “Q “will be valid for a norzero v vector.
This type of vectors aredted orthogonal vectors. If some orthogonal v vectors efobnd, it will simplify our
solution. In orthogonal sets terms out of diagonal will be zero so only diagonal terms will remain in the equation.
Therefore process of solving matrix system will be converted to simple multiplication and division processes.
The orthogonal set suggested by Hesteness and Stiefel has the following form :
[

LI
U i nfo
As it is seen from the equation, values are derived from thequesgets. In summary this methoah be
applied as:
In the first iteration steepest descent value is taken.
i @ 0w andyd 1 (steepest descent value)
then for the next iteration sets calculates the values as
fork=1ton
i
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As it is seen process isitpia complex process compared to Gauss elimination type of solution. It is not
preffered to Gauss elimination in solution of the dragstems, but when the systdecomes larger, it will be
prefferable.
Numerical example
To illustrate the conjugate gradient method, we will complete a simple example. Considering the lineafsystem
=b given by .

6 T P2 P

p oW q

we will perform two stepsfdhe conjugate gradient method beginning with the initial guess

C
P

W

in order to find an approximate solution to the system.

Solution
#-*- coding: utf8 -*-

Created on Sun Jan 2 06:44:53 2022
CONUGATE GRADIENT METHOD
@author: Mustafa Tudn COBAN

from math import *
def VT_V(left):
#multiplies a vector transpose with a vector
n=len(left);
tot=0;
for i in range(n): tot+=left[i]*left[i];
return tot;




def V_VT(left):
#multiplys a vector with a vector transpose
n=len(left);
aa = [[0 for x in range(n)] for y in range(n)];
for i in range(n):
for j in range(n): aali][j]=left[i]*left[j];
return aa,;

def VT_X(left,right):
#multiplys a vector transpose with a vector
n=len(left)
tot=0.0
for i in range(n):
11=left[i]
12=right]i]
tot=tot+left[i]*right[i]
return tot

def multiply_c_m(left,right):
#multiplying a matrix with a constant
n=len(rigth);
m=len(right[0]);
b = [[O for x in range(m)] for y in range(n)];
for i in range(n):
for j in range(m):
b(i][j]=right[i][il*left;
return b;

def multiply_v_m(left,right):
#multiplication of one vector with one matrix
m2=len(right[0]);
n2=len(right);
ml=len(left);
b =[0.0 for i in range(m1)];
if n2 1= m1:
print("inner matrix dimensions must agree");
for ii in range(n2):blii]=0;
return b;
for i in range(m2):
b[i]=0;
for k in range(m1):
b[i]+=right[i][K]*left[k];
return b;

def multiply_m_v(left,right):
#multiplication of one matrix with one vector
ml=len(left[0]);
nl=len(left);
m2=len(right);
b =[0.0 for i in range(m2)];
if n1 1= m2:
print("inner matrix dimensions must agree");
for ii in range(n1):b[ii]=0;
return b;
for i in range(m1):
b[i]=0;
for k in range(nl):
b[i]+=left[i][k]*right[K];
return b;

def multiply_c_v(left,right):
#multiplying a vector with a constant
n=len(right);
b =[0.0 for i in range(n)];
for i in range(n):
b[i]=left*right[i];
return b;

def substract(left,right):
#addition of two vectors
nl=len(left);
n2=len(right);
if n1>=n2: nMaxn1;
else :nMax=n2;
b =1[0.0 for i in range(nMax)];
foriin range(nl):




b[i]=b[i]+left[i];
for i in range(n2):

b[i]=b[i] -right{i];
return b;

def add(left,right):

#addition of two vectors

nl=len(left);

n2=len(right);

if n1>=n2: nMax=n1;

else :nMax=n2;

b =[0.0 for i in range(nMax)];

for i in range(nl):
b[i]=b[i]+left[i];

for i in range(n2):
b[i]=b[i]+right]i];

return b;

def equals(left):
#addition of two ectors
nl=len(left);
b =[0.0 for i in range(n1)];
for i in range(nl):
b[i]=left[i];
return b;

def norm(v):
return sgrt(normkare(v));

def normkare(v):
#vector norm
total=0;
n=len(v);
for i in range(n):
total+=v[i]*v[i];
return total;

def VT_G_V(V,G):
x1=multiply_v_m(V,G);
return VT_X(V,x1);

def I(n):
#unit matrix
b =[0.0 for i in range(n)];
for i in range(n):
b[i][i]=1.0;
return b;

def D(A):
#Diagonal elemes of matrix
n=len(A);
b = [[O for x in range(n)] for y in range(n)];
for i in range(n):
b[I=ALIT;

return b;

def conjugate_gradient(x,A,b):
n=len(A);
return conjugate_gradient1(x,A,b);

def conjugate_gradient(A,b):
n=len(A);
x =[0.0 for i in range(n)];
return conjugate_gradient1(x,A,b);

def conjugate_gradient1(x,A,b):
#iterative system of equation solution
#x is the initial guess
#C is the conditioning matrix
eps=1.0€l5;
maxiter=5@;
n=len(x);
# x =[0.0 for i in range(n)];
r =[0.0 for i in range(n)]
v =[0.0 for i in range(n)]




k=0
r=substract(b,multiply_m_v(A,x))
print("A=\n",A,"b=\n",b,"x=\n",x,"r=",r)
v=equals(r)
beta=0
nr=norm(r)
while (nr>eps and k<maxiter):
k=k+1;
if norm(v)<eps: return x
re=equals(r)
alpha=VT_V(re)/VT_G_V(v,A)
print("alpha=",alpha)
x=add(x,multiply_c_v(alpha,v));
r=substract(r,multiply_v_m(multiply_c_v(alpha,%))
print("k=",k,"r=",r)
nr=norm(r);
if beta<eps:
nr=norm(r);
if nr<eps: return x;
p=VT_V(/VT_V(re)
print("p=",p,"v=",v)
v=add(r,multiply_c_v(p,v));
return x;

A=[[4.0,1.0],[10,3.0]]

b=[1.0,2.0]

x=[0.0,0.0]
Xx=conjugate_gradient1(x,A,b)
print("conjugate gradient methodn",x)

runfile('D:/okul/SCO1/conjuge_gradientl.py', wdir="D:/okul/SCO1")
A=

[[4.0,1.0], [1.0, 3.0]] b=

[1.0,2.0] x=

[0.0,0.0] r=11.0, 2.0]

alpha= 0.25

k=1r=[0.5, 0.25]

p=0.0625 v=[1.0, 2.0]

alpha= 0.36363636363636365

k=2r=1[0.0, 2.7755575615628914&]

conjugate gradient method :
[0.09090909090909091, 0.6363636363636364]

Let us apply to another example:

#-*- coding: utf8 -*-

Created orSun Jan 2 06:44:53 2022
CONUGATE GRADIENT METHOD
@author: Mustafa Turhan COBAN

from math import *
def VT_V(left):
#multiplies a vector transpose with a vector
n=len(left);
tot=0;
for i in range(n): tot+=left[i]*left[i];
return tot;

def V_VT(left):
#multiplys a vector with a vector transpose
n=len(left);
aa = [[O for x in range(n)] for y in range(n)];
for i in range(n):
for j in range(n): aali][j]=left[i]*left[j];
return aa;

def VT_X(left,right)
#multiplys a vector transpose with a vector
n=len(left)
tot=0.0
for i in range(n):
11=left[i]




12=right[i]
tot=tot+left[i]*right[i]
return tot

def multiply_c_m(left,right):
#multiplying a matrix with a etstant
n=len(rigth);
m=len(right[0]);
b = [[O for x in range(m)] for y in range(n)];
for i in range(n):
for j in range(m):
bli][j]=right(il[i]*left;
return b;

def multiply_v_m(left,right):
#multiplication of one vector with one matrix
m2=len(right[0]);
n2=len(right);
ml=len(left);
b =[0.0 for i in range(m1)];
if n2 1=m1:
print("inner matrix dimensions must agree");
for ii in range(n2):blii]=0;
return b;
for i in range(m2):
b[i]=0;
for k in range(m1):
b[i]+=right[i][k]*left[K];
return b;

def multiply_m_v(left,right):
#multiplication of one matrix with one vector
m1=len(left[0]);
nl=len(left);
m2=len(right);
b =1[0.0 for i in range(m2)];
if nl!=m2:
print("inner matrix dimensions must agree");
for ii in range(n1):blii]=0;
return b;
for i in range(m1):
b[i]=0;
for k in range(nl):
b[i]+=left[i][K]*right[K];
return b;

def multiply_c_v(left,right):
#multiplying a vector with a constant
n=len(right);
b =[0.0 for i in range(n)];
for i in range(n):
blil=left*right[i];
return b;

def substract(left,right):

#additionof two vectors

nl=len(left);

n2=len(right);

if n1>=n2: nMax=n1;

else :nMax=n2;

b =[0.0 for i in range(nMax)];

for i in range(nl):
b[i]=bl[i]+left[i];

for i in range(n2):
b[i]=b[i]-right[i];

return b;

def add(left,right):
#addition of two vectors
nl=len(left);
n2=len(right);




if n1>=n2: nMax=n1,

else :nMax=n2;

b =[0.0 for i in range(nMax)];

for i in range(nl):
b[i]=bl[i]+left[i];

for i in range(n2):
b[i]=b[i]+right[i];

return b;

def equals(left):
#addition of two vectors
nl=len(left);
b =1[0.0 for i in range(nl1)];
for i in range(nl):
b[i]=left[i];
return b;

def norm(v):
return sqgrt(normkare(v));

def normkarey):
#vector norm
total=0;
n=len(v);
for i in range(n):
total+=v[i]*v[il;
return total;

def VT_G_V(V,G):
x1=multiply v_m(V,G);
return VT_X(V,x1);

def I(n):
#unit matrix
b =[0.0 for i in range(n)];
for i in range(n):
b[i][i]=1.0;
return b;

def D(A):
#Diagonal elements of matrix
n=len(A);
b = [[O for x in range(n)] for y in range(n)];
for i in range(n):
bI[I=ALLT;

return b;

def conjugate_gradient(x,A,b):
n=len@);

return conjugate_gradient1(x,A,b);

def conjugate_gradient(A,b):
n=len(A);
x = [0.0 for i in range(n)];
return conjugate_gradient1(x,A,b);

def conjugate_gradient1(x,A,b):
#iterative system of equation solution
#x is the initiabuess
#C is the conditioning matrix
eps=1.0el5;
maxiter=500;
n=len(x);
# x =[0.0 for i in range(n)];
r =[0.0 for i in range(n)]
v =[0.0 for i in range(n)]
k=0
r=substract(b,multiply_m_v(A,x))
v=equals(r)
beta=0




nr=norm(r)
while (nr>eps and k<maxiter):
k=k+1;
if norm(v)<eps: return x
re=equals(r)
x1=VT_V(re)
x2=VT_G_V(v,A)
alpha=VT_V(re)/VT_G_V(v,A)
x=add(x,multiply_c_v(alpha,v))
r=substrat(r,multiply_v_m(multiply_c_v(alpha,v),A))
nr=norm(r);
if beta<eps:
nr=norm(r);
if nr<eps: return x;
p=VT_V(n/VT_V(re)
v=add(r,multiply_c_v(p,v));
return x;

A=[[0.2,0.1,1,1,0],[0.1,41,1-1],[1,-1,60,0;2],[1,1,0,8,4],[0:1,-2,4,700]]

b=[1.0,2.0,3.0,4.0,5.0]

x=conjugate_gradient(A,b);

print("conjugate gradient method\n",x)

runfile('D:/okul/SCO1/conjuge_gradientl.py', wdir="D:/okul/SCO1")

conjugate gradient method :

[7.85971307544586, 022926408295007660.07359223902404631).5406430168946267, 0.010626162854036317]

The resultx,, is a "better" approximation to the system's solution fiamdxo. If exact arithmetic were to be

used in this example instead of limitpcecision, therhe exact solution would theoretically have been reached
aftern = 2 iterationsf being the order of the system).

We will now extend the conjugate gradieméthod to includ@reconditioning If the matrixA is ill-conditioned,

the conjugate gradient netd is highly susceptible to rounding errors. So, although the exact answer should be
obtained im steps, this is not usually the case. As a direct method the conjugate gradient method is not as good
as Gaussian elimination with pivoting. The main usthefconjugate gradient method is as an iterative method
applied to a betteconditioned system. To apply the method to a bet@ditioned system, we want to select a
nonsingular conditioning matri€ so that system of equation can be converted to ar loettelitioned system.
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As a Cconditioningmatrix, a matrix with the rootsquare values of the diagonal elements and 0 valtesrist
of the elements can be selected. For such axnetverse matrix can be produced just by dividing numbers in
the matrix by 1Another possibility for the conditioning matrix could be unit matrix.

If the whole pocedure is given as a recipe:

Input : Matrix A,b and x , €inverse of
positive conditiming matrix
Step 1:6 =bi Ax
Wo = Clro
Vo = Cl Wo

r 0

Step 2:k=1
Step 3 : while(k<=N) do adim-8
Step 4 F u=Av
B oo
Xk=Xk-1+ akVk
M=rk-1+ akUk
Wk = Clrk

r 0




Step 5 : p= bi/ok
Vier = CTwy + P<Vk
O = by
k=k+1

Conditioned conjugategradient method to solve system of equation®ython version)

#-*- coding: utf8 -*-

Created on Thu Aug 23 11:49:55 2018

@author: Mustafa Turhan Coban
from math import *
def VT_V(left):
#multiplies a vector transposgéth a vector
n=len(left);
tot=0;
for i in range(n): tot+=left[i]*left[i];
return tot;

def V_VT(left):
#multiplys a vector with a vector transpose
n=len(left);
aa = [[0 for x in range(n)] for y in range(n)];
for i in range(n):
for j in range(n): aal[il[j]=left[i]*left[j];
return aa;

def VT_X(left,right):
#multiplys a vector transpose with a vector
n=len(left);
tot=0;
for i in range(n):tot+=left[i]*right[i];
return tot;

def multiply_c_m(left,right):
#multiplying a matrix with a constant
n=len(rigth);
m=len(right[0]);
b = [[O for x in range(m)] for y in range(n)];
for i in range(n):
for j in range(m):
blili]=right[i][il*left;
returnb;

def multiply_v_m(left,right):
#multiplication of one vector with one matrix
m2=len(right[0]);
n2=len(right);
ml=len(left);
b =[0.0 for i in range(m1)];
if N2 1=m1:
print("inner matrix dimensions must agree");
for ii in range(n2):b[ii]=0;
return b;
for i in range(m2):
b[i]=0;
for k in range(m1):
b[i]+=right[i][K]*left[k];
return b;

def multiply_m_v(left,right):
#multiplication of one matrix with one vector
ml=len(left[0]);
nl=len(left);
m2=len(right);
b =[0.0 for i in range(m2)];
if n1 1= m2:
print("inner matrix dimensions must agree");
for ii in range(n1):b[ii]=0;
return b;
for i in range(m1):
b[i]=0;




for k in range(nl):
b[i]+=left[i][k]*right[k];
return b;

def multiply_c_v(left,right):
#multiplying a vector with a constant
n=len(right);
b =[0.0 for i in range(n)];
for i in range(n):
b[i]=left*right[i];
return b;

def substract(left,right):

#addition of two vectors

nl=len(left);

n2=len(right);

if n1>=n2: nMax=n1;

else :nMax=n2;

b =[0.0 for i in range(nMax)];

for i in range(nl):
b[i]=bli]+left[i];

for i in range(n2):
b[i]=b[i] -right[i];

return b;

def add(left,right):

#addition of two vectors

nl=len(left);

n2=len(right);

if n1>=n2: nMax=n1;

else :nMax=n2;

b =[0.0 for i in range(nMax)];

foriin range(nl):
b[il=b[i]+left[i];

for i in range(n2):
b[i]=b[i]+right[i];

return b;

def equals(left):
#addition of two vectors
nl=len(left);
b =1[0.0 for i in range(nl)];
for i in range(nl):
b[i]=left[i];
return b;

defnorm(v):
return sqrt(normkare(v));

def normkare(v):
#vector norm
total=0;
n=len(v);
for i in range(n):
total+=v[i]*v[i];
return total;

def VT_G_V(V,G):
x1=multiply_v_m(V,G);
return VT_X(V,x1);

def I(n):
#unit matix
b =[0.0 for i in range(n)];
for i in range(n):
b[i][i]=1.0;
return b;

def D(A):
#Diagonal elements of matrix
n=len(A);
b = [[0 for x in range(n)] for y in range(n)];
for i in range(n):
bi][i]=ALLT;

return b;




def invsqrtD(A):
#square root of Diagonal elements of a matrix
n=len(A);
b = [[0 for x in range(n)] for y in range(n)];
for i in range(n):
b[i][i]=1.0/sqrt(A[][i);
return b;

def conjugate_gradient(x,A,b):
n=len(A);
C =[[0 for x in range(n)] for y in range(n)];
C=invsqrtD(A);
return conjugate_gradient1(x,A,b,C);

def conjugate_gradient(A,b):
n=len(A);
C =[[0 for x in range(n)] for y in range(n)];
C=invsqrtD(A);
x =[0.0 for i in rame(n)];
return conjugate_gradient1(x,A,b,C);

def conjugate_gradient1(x,A,b,C):

#iterative system of equation solution

#x is the initial guess

#C is the conditioning matrix

eps=1.0€l5;

maxiter=500;

n=len(x);

x = [0.0 for iin range(n)];

r =[0.0 for i in range(n)];

v =[0.0 for i in range(n)];

w = [0.0 for i in range(n)];

u = [0.0 for i in range(n)];

k=0;

r=substract(b,multiply_m_v(A,x));

w=multiply_m_v(C,r);

v=multiply_m_v(C,w);

beta=0;

gamma=normkare(w);

nr=norm(r);

while (nr>eps and k<maxiter):
k=k+1;
if norm(v)<eps: return x;
re=equals(r);
u=multiply_m_v(A,v);
alpha=gamma/VT_X(v,u);
x=add(x,multiply_c_v(alpha,v));
r=sulstract(r,multiply_c_v(alpha,u));
nr=norm(r);
w=multiply_m_v(C,r);
beta=normkare(w);
if beta<eps:

nr=norm(r);
if nr<eps: return x;

p=beta/gamma,;
v=add(multiply_m_v(C,w),multiply_c_v(p));
gamma=beta;

return x;

A=[[0.2,0.1,1,1,0],[0.1,41,1-1],[1,-1,60,0;2],[1,1,0,8,4],[0:1,-2,4,700]];
b=[1,2,3,4,5];

x=conjugate_gradient(A,b);

print("conditioned conjugate gradient methdd",x);

runfile('D:/okul/SCO1/conjugate_graait.py’, wdir="D:/okul/SCO1")
conditioned conjugate gradient method :
[7.859713075445861, 0.42292640829500047359223902404635).5406430168946268, 0.010626162854036319]

6.7UNIT MATRIX, TRANPOSE MATRIX, DETERMINANT AND MATRIX INVERSION
Unit matiix is a matrix with all diagonal eleents are one and all the remaining elements are zero
@ P
() A Tt



As an example for n=4
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Transpose matrix is the matrix with rows and colums are interchanged. Mathematically, it can be shown witha T
sign at the top of the matrix. Transpagea matrix can be taken as in the following method:

def Transpose(A):
n=len(A)
B=[[0 for i in range(n)] for j in range(n)]
for i in range(n):
for j in range(n):
BLI01=ALI0]

return B

A=[[1,2,3],[4,5,6],[7.8,9]]
B=Transpose(A)
print("A=",A)
print("B=",B)

runfile('E:/okul/SCO1/Transpose.py', wdir="E:/okul/SCO1")
A=[1, 2, 3], [4, 5, 6], [7, 8, 9]]
B=[[1,4,7],[2,5, 8], [3, 6, 9]]

Inverse matrix is the matrix when multiplied with the original matrix will give unit matrix

0 0 ‘O

# Gauss(Doolittle) LU decomposition
# python version
from math import *
# Gauss(Dolittle) LU decomposition
def gaussLU(ai):
#Gauss elimination with pivoting
n=len(ai)
x=[0 for i in range(n)]
a=[[0 for i in range(n)] for j in range(n)]
carpan=0
toplam=0
for i in range(n):
for j in range(n):
a[i][j]=ailil[]
for k in range(nl):
for i in range(k+1,n):
carpan=a[i][K]/a[K][k];
a[i][k]=carpan
for j in rarge(k+1,n):
a[il[i] -=carpan*a[KI[j]
return a

# inverse matrix
def I(n):
#unit matrix of dimension n
B =[[O for x in range(n)] for y in range(n)];
for i in range(0,n):
for j in range(0,n):
if i==j: BJ[i][[]=1.0 ;
return B;
# bi is vector
def back_substitution(ai,bi):
#gauss LU linear system of equation solution
n=len(ai)
x=[0 for i in range(n)]
a=[[0 for i in range(n)] for j in range(n)]
b=[0 for i in range(n)]
for i in range(n):
for j in range(n):
afil[j]=ai[il[j]
b[i]=bili]




for i in range(n):
toplam=bl[i]
for j in range(i):
toplam=al[i][j]*b[j]
b[i]=toplam
x[n-1]=b[n-1}/a[n-1][n-1];
for i in range((rR2),-1,-1):
toplam=0
for j in range(i+1,n):
toplam+=al[i][j]*x[j]
x[i]=(bli] -toplam)/a[i][i]
return x
# bi is matrix
def back_substitution_n(ai,bi):
#gauss LU linear system of equation solutio
n=len(ai)
m=len(bi)
x=[[0 for i in range(n)] for j in range(m)]
a=[[0 for i in range(n)] for j in range(n)]
b=[[0 for i in range(n)] for j in range(m)]
for i in range(n):
for j in range(n):
ali]fj=aifi[]
bIi][1=bili][j]

for k in range(m):

for i in range(n):
toplam=bl[i][K]
for j in range(i):
toplam =toplam al[i][j]*b[j][k]
b[i][k]=toplam
x[n-1][k]=b[n-1][K}/a[n-1][n-1];
for i in range((n2),-1,-1):
toplam=0
for j in range(i+1,n):
toplam-+=al[il[j]*x[j][K]
X[[K]=(b[i][K] -toplam)/a[i]i]
return x

def AXB(a,b):
n=len(a)
c=gaussLU(a)
s=back_substitution(c,b)
return s;

def inverse(a):
# Inverse matrix
n=len(a)
11=I(n)
c=gaussLU(a)
s=back_substitution_n(c,I1)
return s

A=[[-8.0,1.0,2.0],[5.0,7.63.0],[2.0,1.0;2.0]]
#A=[[3.556,-1.778,0],F1.778,3.556,1.778],[0;1.778,3.556]]
print("matrix =\n",A);

Al=inverse(A)

print(“inverse matrix 3n",Al);

runfile('D:/okul/SCO1/gaussLU.py', wdir="D:/okul/SCO1")

matrix =

[[-8.0, 1.0, 2.0], [5.0, 7.03.0], [2.0, 1.0;2.0]]

inverse matrix =

[[-0.14864864864864866, 0.05405405405405404£2972972972972974], [0.05405405405405406, 0.16216216216216214,
0.1891891891891892};(.12162162162162161, 0.13513513513513801.8243243243243243]]

A=[[3.556,-1.778,0],}1.778,3.5561.778],[0;1.778,3.556]]
print("matrix =\n",A);
Al=inverse(A)

runfile('D:/okul/SCO1/gaussLU.py', wdir="D:/okul/SCO1")
matrix =

[[3.556,-1.778, 0], {1.778, 3.55651.778], [0,-1.778, 3.556]]
inverse matrix =

[[0.421822272215973, 0.281214848143982, 0.140607424071991], 204848143982, 0.562429696287964, 0.28121484814398]
[0.140607424071991, 0.281214848143982, 0.421822272215973]]




Determinant of a matrix can be defined as follows: if a matrix A is given as
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If matrix is converted to a upper triangular form Determinant will simply be the product of diagonals
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def D(a):
n=len(a)

D=1.0

#gauss elimination

for k in range(n):

for i in rangek+1,n):
carpan=a[i][K]/a[K][k]
a[i][k]=0;
for j in range(k+1,n):
a[il[jl=a[i][i] -carpan*a[K][j]

for i in range(n):
D*=al[i][i]

return D

A=[[1,0,0],[1,1,0],[1,0,1]]




Area=0.5*D(A)
print("Area=",Area)

runfile('E:/okd/SCO1/Determinant.py’, wdir="E:/okul/SCO1")
Area= 0.5

CRAMERO®S RULE

Anot her method to solve linear system of equations
determinants. This solution method is not preferred much as a computer solutiod,hathbis practical for
hand solutions of small systems. If a system of equation given as:
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then solution can be given as:
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Due to fact that solution of the determinat regsisolution of the system oftions in computer environment.
Cr a me r i6 ot veryidraetical numerical method to solve system of equations, but could be an easy solution
method for hand calculations.

PROBLEMS
PROBLEM 1
Solvesystem of equation by using Gauss elimination method.
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PROBLEM 2
Solve system of equation lnging
a) By using Gauss elimination
b) By using Gausgordan elimination i
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PROBLEM 3
Solve system of equation luging
a) By using Gauss elimination
b) By using Gausgordan elimination
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PROBLEM 4
Solve system of equation lwging
a) By using Gauss elimination
b) By using Gausgordan elimination
¢) LU decomposition (Dolittle)
d) LU Craut Decomposition
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PROBLEM 5

Solve system of equan by using
a) By using Gauss elimination
b) GaussSeidel iteration
¢) Conjugate gradient method
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PROBLEM 6 Solve system of equation loging
a) By using Gauss elimination
b) GaussSeidel with relaxation
¢) Conjuate gradient method ‘
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PROBLEM 7 Solve system of equation lwging Thomas algorithm (3 band matrix method)
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PROBLEM 8 Solve system of equation lmging Thomass algorithm (3 band matrix method)
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PROBLEM 9
Solve the following system of equation
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PROBLEM 10



Solve the following system of equation
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PROBLEM 11

Solve he following system of equation
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Load Matrix of the figure can be given with the following system of eqautions
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Wherec=cosf),s=sing) . For g =6( find the load distribution profile
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For the given electrical circuit current densitgltage eqautions can be given as:
VQ PpULVQ QO ¢ccCca
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Calculate current densities for=R0OW.
PROBLEM 14
X1+ 3%+ S+ x4=8
X1 +9% + 3%z + 4x = 10
X2 +Xa =2
3X1+ Xo+Xz-Xa=-4
Solve the given system of equations. Determine the best method to solve it.



PROBLEM 15 Solve the following system of equation by using Doolittle LU method
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PROBLEM 16 Solve system of equation luging
a) By using Gausslimination
b) By using Gausgordan elimination
c) LU decomposition (Dolittle)
d) LU Craut Decomposition
31+ 5%+ 4+ 2% =11
6x1 +1dx% + 11+ 6X = 26
%1+ 11% +16X + 5x = 68
3+ 13% +17x + 12x% = 43

PROBLEM 17 Solve sptem of equation bysing
a) By using Gauss elimination
b) By using Gausgordan elimination
c) LU decomposition (Dolittle)
d) LU Craut Decomposition
e) Gauss Seidel iteration
f) ConjugateGradian method
X +3%, % 59X 4=
2x+x, 8%, 5
4x +2x, 2% % 14
-3x %, 3% 2% 3
PROBLEM 18 Solve system of equation lging
a) By using Gauss elimination
b) By using Gausgordan elimination
c) LU decomposition (Dolittle)
d) LU Craut Decomposition
X1+ X1 X3=-3
6X1 +2X%o+2X3=2
-3x1+dxotXa=1

PROBLEM 19 Findinfinite norm two norm and m=3 norm of the matrix
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PROBLEM 20 Find the inverse matrix
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PROBLEM 21 Find the inverse matrix
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PROBLEM 22

Find two norm and inverse matrix
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PROBLEM 23

Find two norminfinite norm and and inverse matrix
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PROBLEM 24

Find two norm infinite norm andand inverse matrix
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PROBLEM 25

Find two norm infinite norm andand inverse matrix
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7. ROOT FINDING OF NON_LINEAR EQUATIONS

Root finding is onef the most used numerical methods. For the one independent variable functions, it
requires to find x value where the function is zero f(x)=0. If multidimensional (has more than one
independent value) functions are involved, it requires toxXirgxs, é,x, roots of n equation

fi(Xxa X2, X3, € .n)70x i=1..n

Some of the rodiinding methods will be investigated. As a starting point, we will start a simpler form of a
function y=f(x). In this equation you have one root value..

7.1 BISECTION METHOD

In thebisection method root of the functions is searched in a given regiory  @If a single root is existed

in the given region equatiof® "Qc  1(2.1.1) will be satisfied. If this condition is not satisfied, it can be
assumed that there is no rootthe given region. Of course the reason will be existance of double root in the
given region. If the root existed region is divide to two equal parts as

n — (7.1.2)

and function is evaluated in the middle. If

"Qw 2"Qn m (7.1.3)

root should be located iap else it is located in4 region. Rarely it is also possible that

QO 2N T (7.1.4)

can happen, that will indicate the root is located at point p. The new root region is used in further iterations. In
order to use ite@tive process an exceptible criteria for error limit can be assumed

— i or sQns T (7.1.5)
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Figure 7.1 Convergence of bisectioMethod

An example code is created for the Bisection method.

Pyton definition ofabstract if_x class

Program 7.1-1e Interface(abstract class) if_x in python language

from abc import ABC, abstractmethod
from math import *

class if x(ABC):

@abstractmethod
def func(self,x):
pass;

def dfunc(seli,n):

dx=0.0001;

if n==0: df=self.func(x);

elif n==1: df=(3.0*self.func(34.0*dx)-32.0*self.func(x3.0*dx)+168.0*self.func(>32.0*dx)-672.0*self.func(x
dx)+672.0*self.func(x+dx)1168.0*self.func(x+2.0*dx)+32.0*self.func(x+3.0*h3.0*self.func(x+4.0*dx))/840.0/dx;

elif n==2: dx=0.001;df=(14350.0*self.func(xP.0*self.func(x4.0*dx)+128.0*self.func(>3.0*dx)-1008.0*self.func(x
2.0*dx)+8064.0*self.func(>dx)+8064.0*self.func(x+dxJL008.0*self.func(x+2.0*dx)+128.0*self.func(x#Bdx)-
9.0*self.func(x+4.0*dx))/5040.0/dx/dx;

elif n==3: dx=0.001;df=(7.0*self.func(x4.0*dx)+72.0*self.func(>x3.0*dx)-338.0*self.func(x2.0*dx)+488.0*self.func(xdx)-
488.0*self.func(x+dx)+338.0*self.func(x+2.0*d®)2.0*self.func(x+3.0*dx)+7.0*selfunc(x+4.0*dx))/240.0/dx/dx/dx;

elif n==4: dx=0.001;df=(2730.0*self.func(x)+7.0*self.funefx0*dx)-96.0*self.func(x3.0*dx)+676.0*self.func(:2*dx)-
1952.0*self.func(xdx)-1952.0*self.func(x+dx)+676.0*self.func(x+2.0*dx)
96.0%self.func(x+3.0*dx)+0*self.func(x+4.0*dx))/240.0/dx/dx/dx/dx;

elif n==5: dx=0.01;df=(self.func4.0*dx)-9.0*self.func(x3.0*dx)+26.0*self.func(>32.0*dx)-29.0*self.func(x
dx)+29.0*self.func(x+dx26.0*self.func(x+2.0*dx)+9.0*self. func(x+3.0*dxdelf.func(x+4.0*dx))/60/dx/dx/dx/dx/dx;

elif n==6: dx=0.01;df=(150.0*self.func(xjself.func(x4.0*dx)+12.0*self.func(x3.0*dx)-52.0*self.func(x
2.0*dx)+116.0*self.func(xdx)+116.0*self.func(x+dxpb2.0*self.func(x+2.0*dx)+12.0*self.func(x+3.0*dx)
self.func(x+4.0*dx))/40/dx/dx/dx/dx/dx/dXx;

elif n==7: dx=0.01;df=(self.func(x4.0*dx)+6.0*self.func(x3.0*dx)-14.0*self.func(x2.0*dx)+14.0*self.func(xdx)-
14.0*self.func(x+dx)+14.0*self.func(x+2.0*d»§.0*self.func(x+3.0*dx)+self.func(x+4.0*dx))/2.0/dx/dx/dx/dx/dx/dx;

elif n==8: dx=0.1;df=(70.0*self.func(x)+self.funci& 0*dx)-8.0*self.func(x3.0*dx)+28.0*self.func(>2.0*dx)-56.0*self.func(x
dx)-56.0*self.func(x+dx)+28.0*self.func(x+2.0*d»§.0*self. func(x+3.0*dx)+self.func(x+4.0*dx))/dx/dx/dx/dx/dx/dx/dx/d

else: df=0;

return df;

def gauss_legendre_coefficients(self,x1,x2,n):
#calculates legendre gaussefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5%(x2+x1)
x|=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
for iin range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):




p3=p2
p2=pl
pl=(float)(((2.0*+1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=71-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]=xm+xl*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def integel(self,x1,x2,n):
#integral func(x)dx
#integral of a function by using gadegiendre quadrature
#between x1 and x2
a=self.gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*self.func(a[0][i])
return z

Program 7.1-2f Bisection method in python language class f1 is defined as seperate entity

from math import *
from if_x import *;

class f1(if_x):
def func(self,x):
Y=X*X-2;
returny;

def bisection(f,xl,x):

# bisection root finding method

maxit=100

iter=0

es=0.0000001

ea=1.1*es

s=""

fxI= f.func(xI)

fxu= f.func(xu)

xr=xI

while ea>es and iter<maxit:
xold=xr
xr=(xI+xu)/2.0;
fxr= f.func(xr);
iter=iter+1;
if xr'=0:

ea=abs((>xold)/xr)*100

test= fxI*fxr;
iftest==0.0: ea=0;
elif test<0.0: xu=xr;fxu=fxr;
elif test>0:  xl=xr;fxI=fxr;

else: ea=0;
if iter>=maxit: print("Maximum number of iterin is exceedeth result might not be valid")
return xr
f=f1();

a=float(input("enter lower limit : "))
b=float(input("enter upper limit : "))

r=bisection(f,a,b);

print(" ROOT : ",r,"nFUNCTION VALUE : " f.func(r));

Pyton version of the biseotn program: Note that function f1 is given as lambda definition but not as a
separate class

Program 7.1-3g Bisection method in python language
from math import *

def bisection(f,xl,xu):
# bisection root finding method
maxit=100
iter=0




es=0.000001

ea=1.1*es

s=""

fxI= f(xI)

fxu= f(xu)

xr=xI

while ea>es and iter<maxit:
xold=xr
xr=(xl+xu)/2.0;
fxr= f(xr);
iter=iter+1;
if xr'=0:

ea=abs((>axold)/xr)*100

test= fxI*fxr;
if test==0.0: ea=0;
elif test<0.0: xu=xr;fxu=fxr;
elif test>0:  xl=xr;fxI=fxr;

else: ea=0;
if iter>=maxit: print("Maximum number of iteration is exceededesult might not be valid")
return xr

f1 = lambda x: x*x-2;

a=float(input("enter lower limit : "))

b=float(input("enter upper limit : "))

r=bisection(f1,a,b);

print(" ROOT : ",r,"nFUNCTION VALUE : ",f1(r));x = np.arange(0, 3, 0.1);

runfile('D:/okul/SCO1/bisection.py', wdir="D:/okul/SCO1")
enter lower limit : 1

enter upper limit : 3

ROOT : 1.4142135614529252

FUNCTION VALUE : -2.602633442094770529

Program 7.1-3h Bisection method in python language class f1 is defined internally with lambda
variable

class f1{f_x):func=lambda selfx:x*x -2;
a=float(input("eter lower limit : "))
b=float(input("enter upper limit : "))

r=bisection(f,a,b);

print(" ROOT : ",r,"nFUNCTION VALUE : " f.func(r));

Bisection method require a high number of iterations

# M. Tur han &y OBAN
#23.01.2022

# bisection root finding methods

# Hasan, Mohammed A., On the Derivation of Higher Order flnding Methods,
# Proceedings of the 2007 American Control Conference, ThA07.3, New York City,
# USA, July 1113 2007

from math import *
from if_x import *

def root_bisection(f,a,b)
# Hasan root finding method
nmax=100
tolerance=1.0&0
i=0
fa= f.func(a)
r=(a+b)/2.0
fr=f.func(r)
while abs(fr)>tolerance and i<nmax:
if fa*fr<0:
b=r
else:
a=r
fa=fr
r=(a+b)/2.0
fr=f.func(r)
print("i=",i,"fr=",fr)
i=i+1




return r

class f1(if_x):func=lambda self,x:x*®@xp(x)-3.0*x+2.0

f=f1()

a=0

b=3.6

r2=root_bisection(f,a,b)

print(" ROOT bisection : ",r2\WAFUNCTION VALUE : " f.func(r2))

runfile('D:/okul/SCO1/root_bisctionl.py', wdir='D:/okul/SCOL1")
Reloaded modules: if _x

i= 0 fr=-2.3496031111569504

i= 1 fr=-0.7158121854901691

i= 2 fr= 0.12330228380813546

i= 3 fr=-0.300033358391973

i= 4 fr=-0.0894331962288657

i= 5 fr= 0.016652993318758025

i= 6 fr=-0.03645869171%&B454

i= 7 fr=-0.009920223410241569
i= 8 fr= 0.003362013244826434

i= 9 fr=-0.0032801944982123743
i= 10 fr= 4.06365799672236965
i= 11 fr=-0.0016198471025550276
i= 12 fr=-0.0007896223040164685
i= 13 fr=-0.00037449712356352194
i= 14 fr=-0.0001669313”29006604
i= 15 fr=-6.31476450481116685

i= 16 fr=-1.125559913894846925
i= 17 fr= 1.469047376456700D5
i= 18 fr= 1.717433150361102965
i= 19 fr=-4.76908403479470286

i= 20 fr=-1.5258257022310318%6
i= 21 fr= 9.5803658783921 78

i= 22 fr=-7.15011037932811287

i= 23 fr=-3.096036937932922@7

i= 24 fr=-1.0690001861490828%7
i= 25 fr=-5.548180137537884@9

i= 26 fr= 4.51277393231919%8

i= 27 fr=1.978977959282701-08
i= 28 fr= 7.1207999496891 721

i= 29 fr= 7.86309906075644K)

i= 30 fr=-2.380935448798027229
i= 31 fr=-7.97312438294284 20

i= 32 fr=-5.501377131622576¥2

i= 33 fr= 3.9040415344970828&
i= 34 fr= 1.9245138815904284&
i= 35 fr=9.347500551371013&

i= 36 fr= 4.39870362356487EL

i= 37 fr= 1.92430515966179886
i= 38 fr= 6.870948254800169%2

i= 39 fr= 6.8456351698387 153

i= 40 fr=-2.4082957850168896K2
i= 41 fr=-8.615330671091215k3

i= 42 fr=-8.8817841970012524

i= 43 fr= 2.982059044143170863
i= 44 fr= 1.04805053524614783
i= 45 fr= 8.2156503822261585

i= 46 fr=-4.04121180963557&4

i= 47 fr=-1.598721155460225464
i= 48 fr=-3.9968028886505635k5
i= 49 fr= 1.99840144432528186&
i= 50 fr=-8.881784197001252%6

i= 51 fr= 6.66133814775093%6
i=52fr=0.0

ROOT bisection : 0.2575302854398608
FUNCTION VALUE : 0.0

PROBLEM: Following equation is given:
MQw wowe 010
For Bi=0.1 Find the multiple roots of the given equation

from math import *
from f_x import *;




import matplotlib.pyplot as plt

def bisection(f,a,b):
b1=1.1*b
r=(a+b)/2.0
fr=f.func(r)
fa=f.func(a)
eps=1.0e5;
nmax=100;
i=1;
while abs(fr)>eps and i<nmax:
if fa*fr<0:
b=r
else:
a=r
fa=fr
r=(a+b)/2.0;
fr=f.func(r)
i=i+1
if i>=nmax:
r=bisection(f,a,bl1)
return r

def ksi(n,Bi):
# eigenvalue function to be solved
x1=n*pi+0.00000001
x2=x1+(pi/2.00.00000001)
class f1(f_x):func=lambda self,x: x*tan{Bi
f="f1()
y= bisection(f,x1,x2)
return y

Bi=0.1
for n in range(20):
print("Bi = ",Bi," n =",n," x =" ksi(n,Bi))

runfile('E:/okul/SCO1/bisection_test.py', wdir="E:/okul/SCO1")
Reloaded modules: f_x

Bi= 0.1 n= 0 x=0.3110535614945277
Bi= 0.1 n= 1 x=3.173096943862437
Bi= 0.1 n= 2 x=6.299059359233245
Bi= 0.1 n= 3 x=9.435375957842044
Bi= 0.1 n= 4 x=12.574323093800821
Bi= 0.1 n=5 x=15.714326807706442
Bi= 0.1 n= 6 x=18.854859512786156
Bi= 0.1 n= 7 x=21.995694913169565
Bi= 0.1 n= 8 x=25.13671943960106
Bi= 0.1 n= 9 x=28.27787017490028

Bi= 0.1 n= 10 x =31.419109293857616
Bi= 0.1 n= 11 x=34.56041264076988

Bi= 0.1 n= 12 x=237.701764252275126
Bi= 0.1 n= 13 x =40.843152893162554
Bi= 0.1 n= 14 x=43.984570651971254
Bi= 0.1 n= 15 x=47.12601177065568

Bi= 0.1 n= 16 x=50.26747180194493

Bi= 0.1 n= 17 x =53.408947468902504
Bi= 0.1 n= 18 x =56.550436103165865
Bi= 0.1 n= 19 x=59.691935691759696

PROBLEM: Following equation is given:

MVw wow 0w m
Where0 @ and 0 @ first and second order Bessel functions
Bessel functionn]z) can be defined by using the following series:
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For Bi=0.1 Find the multiple roots of the given equation

from math import *
from f_x import *;
import matplotlib.pyplot as plt

def J(v,x):
if x==0.0: x=1.0e10
JJ=0.0
a=1.0
fact=1
b=0.0
x1=0.0
if x <=20:
x5=1.0
Ina=0.0;
x1=10g(0.5*x)
X1=x1*v
Inal=log(0.25*x*x)
for k in range(0,100):
x2=Ina
# lgamma=In(gamma) is a math library function
x3=lgamma(k+1)
x4=lgamma(v+k+1)
b=x1+X2-x3-x4
b=x5*exp(b)
Ina=Ina+lnal
x5=-1*x5
JJ=3J+b
elif (v==0 and x==0):
JJ=1.0
else:
JJ=sqrt(2.0/pi/x)*cos(0.5*v*pi-0.25*pi)
return JJ

def bisection(fa,b):
b1=1.1*b
r=(a+b)/2.0
fr=f.func(r)
fa=f.func(a)
eps=1.0e5;
nmax=100;
i=1;




while abs(fr)>eps and i<nmax:
if fa*fr<0:
b=r
else:
a=r
fa=fr
r=(a+b)/2.0;
fr=f.func(r)
i=i+1
if i>=nmax:
r=bisection(f,a,bl)
return r

def enlarge(f,x0,dx):
# enlarge region untill a root is existed
x1=x0;
x2=x1+dx
NTRY=200
a=[0.0 for i in range(n)]
FACTOR=1.001
j=0
if x1 == x2: print("input variables are wrong")
fl=f.func(x1)
f2=f.func(x2)
for jin range(NTRY+1):
if f1*f2 < 0.0:
break
else:
Xx2=x2+dx
f2=f.func(x2)
return x2

Bi=0.1
class f1(f_x):func=lebda self,xx: xx*J(1,x¥Bi*J(0,xx)
f=f1()
x0=0.0
dx=0.001
for n in range(1,20):

x1=enlarge(f,x0,dx)

ksi=bisection(f,x0,x1)

x0=Ksi+dx

print("Bi = ",Bi," n =",n," x =" ksi)
runfile('E:/okul/SCO1/bisecion_testl.py', wdir="E:/okul/SCOL1")
Reloaded modules: f_x

Bi= 0.1 n= 1 x=0.44168142409737154
Bi= 0.1 n= 2 x=3.85771028940425
Bi= 0.1 n= 3 x=7.029825369592585
Bi= 0.1 n= 4 x=10.183292774584878
Bi= 0.1 n= 5 x=13.331195186460318
Bi= 0.1 n= 6 x=1876700564557774
Bi= 0.1 n= 7 x=19.620955665797776
Bi= 0.1 n= 8 x=22.780936100092504
Bi= 0.1 n= 9 x=25.921997117309406
Bi= 0.1 n= 10 x=29.0631727331714
Bi= 0.1 n= 11 x =32.204429688792445
Bi= 0.1 n= 12 x = 35.3¥4648462637
Bi= 0.1 n= 13 x =38.4871082430234
Bi= 0.1 n= 14 x =41.628504916998224
Bi= 0.1 n= 15 x=44.76992896512047
Bi= 0.1 n= 16 x=47.91137518640969
Bi= 0.1 n= 17 x =51.052839435342094
Bi= 0.1 n= 18 x =54.194840018331

Bi= 0.1 n= 19 x=57.33580996009236

7.2 FALSE POSITION METHOD (REGULA FALSI)

In bisection method search region was devided by two in each time. It is caused a relatively long interpolation
period. In order to improve interpolation time, tpoints can be joined with a line and root of the line can be
taken as the next iteration point .

n o Qw (2.2.1)




Region selection process is same as bisection pratef$a)*f(p) < 0 root should be located &ap else it is
located in pb region. The new root region is used in furtherations. In order to use iterative process an
exceptible criteria for error limit can be assumed
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Figure 2.2 Convergence of the~alse positionMethod

Steps ofbisectionmethod is shown in detait the following table(a spreadsheet solution) for function

f(x)=x3-2
Program 2.1-2b Bisection method in excel environment
x| Xu Xr fxl fxu fxr fxr*fxl
1 2 15 -1 2 0.25 -0.25
1 15 1.25 -1 0.25 -0.4375 0.4375
1.25 15 1.375 -0.4375 0.25]  -0.10938  0.047852
1.375 15 1.4375] _ -0.10938§ 0.25] __0.066406 __-0.00726,
1.375 1.4375 1.40625 _ -0.10938] _ 0.066406] _ -0.02246] __0.002457]
1.40625| 1.4375 1.421875 _ -0.02246] _ 0.066406 _ 0.021729 _ -0.00049
1.40625) 1.421875 1.4140625 _ -0.02246] _0.021729 __-0.00043] __ 9.6E06
1.4140625 1.421875 1.41796879  -0.00043[ _ 0.021729  0.010635 _ -4.5E06
1.4140625 1.41796875 1.416015629 _ -0.00043] _ 0.010635| 0.0051] _ -2.2E06
1.4140625 1.416015625 1.415039063 _ -0.00043 0.0051] _ 0.002336 -1E-06
1.4140625 1.415039063 1.414550781 _ -0.00043[ __0.002336] __0.000954 _ -4.1E07
1.4140625| 1.414550781 1.414306641 _ -0.00043[ __0.000954 __0.000263 __-1.1E07
1.4140625 1.414306641 1.41418457  -0.00043[  0.000263 _ -8.2E05 3.5E08
1.41418457 1.414306641 1.414245609 _ -8.2E05| _ 0.000263 __ 9.06E05| _ -7.4E09

As it is seen from the plot and table far#tion steps 2.0 is always stays and root search goes on
between this two points. Even if solution is close to first point iterations did not cut from the left side
of the search area. It may cause a long number of iteration steps.

from math import *

def false_position(f,xl,xu):
# bisection root finding method

maxit=100
iter=0
es=0.0000001
ea=1.1*es

fxl= f(xI)

fxu= f(xu)
xr=x|

while ea>es and iter<maxit:

xold=xr

xr=xu-fxu*(xI -xu)/(fxl-fxu);

fxr= f(xr);
iter=iter+1;
if xr'=0:

ea=abs((>xold)/xr)*100

test= fxI*fxr;




iftest==0.0: ea=0;
elif test<0.0: xu=xr;fxu=fxr;
elif test>0:  xl=xr;fxl=fxr;

else: ea=0;
if iter>=maxit: print("Maxmum number of iteration is exceededresult might not be valid")
return xr

f1 = lambda x: x*x-2;

a=float(input("enter lower limit : "))
b=float(input("enter upper limit : "))
r=false_position(f1,a,b);

print(" ROOT : ",r,\nFUNCTION VALUE : " f1(1)
---------- Capture Output---------

> "D:\colanacondgpythonw.exe" false_position.py
enter lower limit : 1

enter upper limit : 3

ROOT : 1.4142135617510516

FUNCTION VALUE : -1.759404621992644@9

> Terminated with exit code 0.
In order to overcme the difficulty of one sided cut of the region a bisection step can be put in with
some regular intervals. For example once in every 4 false position steps. This imodliiéeld false

position method.The next example looks the root of f(xf=X with modified false position method.

import numpy as np
import matplotlib.pyplot as plt
from math import *

def f1(x):
return x*x2.0

def false_position(xl,xu):
# bisection root finding method
maxit=100
iter=0
es=0.0000001
ea=1.1l*es
s=""
xl= f1(xl)
fxu= f1(xu)
xr=xI
while ea>es and iter<maxit:
xold=xr
if iter%4!=0:
xr=xu-fxu*(x! -xu)/(fxI-fxu);
else:
xr=(xI+xu)/2.0;
fxr= f1(xr);
iter=iter+1;
if xr'=0:
ea=abs((>axold)/xr)*100
test= fxI*fxr;
iftest==0.0: ea=0;
elif test<0.0: xu=xr;fxu=fxr;
elif test>0:  xl=xr;fxI=fxr;

else: ea=0;
if iter>=maxit: print("Maximum number of iteration is exceededesult might not be Vid")
return xr

x = np.arange(0, 3, 0.1);

y =f1(x)

y1=0.0*x

plt.title('y=f(x,y)=x*x-2")
plt.xlabel('x [m]')

plt.ylabel('y [m]")

plt.plot(x, y,x,y1)

print(" Modified false position: ")
a=float(input("enter lower limit : "))
b=float(input(“enter uppdmit : *))
r=false_position(a,b);

print(" ROOT : ",r,\nFUNCTION VALUE : "/f1(r))
Modified false position:




enter upper limit : 3
ROOT : 1.414213562372946
FUNCTION VALUE : -4.2166270475263445e-13

y=flxy)=x*x-2

0.0 [ 10 15 20 25 30
x[m]

7.3 FIXED POSITION METHOD WITH AITKEN EXTRAPOLATION (STEPHENSEN METHOD)

Alexander Craig Aitken

Fixed position method is relaely simple. When a function f(x) is given to find the root, the function f(x)
converted with algebraic manupulations and converted to f(x)¥g{Xprm. Since this equation can be written
in as g(x)=x, starting from an initial guess, iteration continiled and g(x) gives the same x value. Even
though the relative simplicity, this method is not used much due to high failure possibility. The equation can
diverge from the root sometimes. In order to overcome this problem aitken extrapolation prddass wil
combined with fixed point , iteration. Method is called Stephensen method.

Aitken extrapolation process is a error reduction method. For a very big k number

— —— O p (@31

Relation can be valid. If the value of fourth point desired to be calculated from this equation
0w — (7.3.2)

When 3 points are previously known, a third one can be evaluated

O o W (7.3.3)

Yo o cw  ® (7.3.4)

O o > (7.3.5)
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Figure 7.3.1Convergence of theFixed iteration Method

Stephensen Method is sifegenough to calculate in exdermat: The example problemis :

Qw

Program 7.31: Fixed point iteration (Stephersen method) with excel:

Fi xedKter
f(x)=x-(5/(x+1)"0.5

W D — & Qo —

Aitken dxk d2xk xe=xk-(dxk)*2/d2xk a(x)=(5/(x+1)N"0.5
X
0 0.5 1.825741858
0 1.825741858 1.325741858 1.330205563
0 1.330205563 -0.495536296 -1.821278154 1.465031877 1.464832223
1 1.465031877 0.134826314 0.63036261 1.436194292 1.424209021
0 1.424209021 -0.040822856 -0.17564917 1.433696715 1.436150556
0 1.436150556 0.011941535 0.052764391 1.433447971 1.432626367
0 1.432626367 -0.003524189 -0.015465724 1433429427 1.433663727
1 1.433429427 0.00080306 0.004327249 1.433280394 1.433427145
0 1.433427145 -2.28264E06 -0.000805343 1.433427151 1.433427817
0 1.433427817 6.72303E07 2.95494E06 1.433427664 1.433427619
0 1.433427619 -1.98012E07 -8.70315E07 1.433427664 1.433427677
1 1.433427664 4.50514E08 2.43064E07 1.433427656 1.433427664
0 1.433427664 -7.32747E15 -4.50514E08 1.433427664 1.433427664
0 1.433427664 1.9984E15 9.32587E15 1.433427664 1.433427664
0 1.433427664 0 -2.44249E15 1.433427664 1.433427664
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Figure 7.3.2Convergence of the~ixed position Method
Program 7.3-2 : Fixed point iteration (Stephensen method) in Python code

import numpy as np
import matplotlib.pyplot as plt
from math import *

def f1(x):
return (5.0/(x+1.0))*0.5

def stephensen(x0):
# Fixed point iteration with Aitken extrapolation
# Stephensen Method
maxit=100;
iter=0;
es=0.000001;
ea=1.1%es;
x=0;
while iter<maxit and ea>es:
x1=f1(x0);
x2=f1(x1);
X=X0-(x1-x0)*(x1-x0)/(x2-2*x1+x0);
ea=abs(x0)*100.0;
X0=x;
iter=iter+1,;
if iter>=maxit: print("Maximum number of iteration is exceeded result might not be valid")
return x

x = np.arange(0, 3, 0.1);

y =f1(x)

y1l =0.0*x
plt.title(y=f(x,y)=(5/(x+1))**0.5")
plt.xlabel('x [m]")

plt.ylabel('y [m]')

plt.plot(x, y,x,y1)

print(" Stephensen method: ")

a = float(input(“enter initial value : "))
rr=stephensen(a)

print(" ROOT : ",rr,\nFUNCTION VALUE : ",f1(rr))




In [21]: runfile('D:/okul/Scol/stephensen.py’, wdir="D:/okul/sco1")
Stephensen method:

enter initial walue : 1

ROOT : 1.4334276638638197
FUNCTION WALUE : 1.4334276638638197

y=f(x,y)=(5/(x+1))**0.5

0.0 05 10 15 20 25 30
x [m]

In [22]: ]

7.4ANEWTON- RAPHSON METHOD

7.4.1 Isaac Newton 7.4.2 Joseph Raphson
Taylor Formula can be written as
Qw Qw W w W () —5 W w E (7.4.1)

We would like to findf(Xn+1) = 0. If We substitude it into the Taylor Formula, and alaocel out terms above
the first degree , The equation becomes

T Qo MNMw w W (7.4.2)

If Xns1taken to left hand side NewtdRaphson Formula is obtained

W 0w — (7.4.3)

We can find the root iteratively starting from a first guess. Newton Formula aproached to the root quickly if the
first guess is close to the actual root. But if the first gues is far away from the root, it might take longer or it
might fail to reach to the roofAnother difficulty in NewtonRaphson Formula is the requirement of knowing the
actual derivative of the function
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PROGRAM 7.4-1 NewtonRaphson method in python
#-*- coding: utf8 -*-

Created on Tue Apr 28 10:33:06 2020

@authorTURHAN

uuuuuu

# Newtons's method
def f(x):
y=X*X-2
return y
def df(x):
y=2.0*x
return y
def newton(f,df,x):
eps=1el0
for i in range(100):
if abs(f(x))<eps:return x
else: x=f(x)/df(x)
return x
x=float(input("x="))
x=newton(f,df,x)
print("x=",x)

---------- Capture Output---------

> "D:\co\pythonipythonw.exe" NA5.py

enter initial guess : 1

fx-1.0dfx 2.0 x=1.5

fx 0.25 dfx 3.0 x= 1.4166666666666667

fx 0.006944444444444642 dfx 2.8333333333333335 x= 1.41422388699

fx 6.007304882871267@6 dfx 2.8284313725490198 x= 1.4142135623746899
fx 4.510614104447086%82 dfx 2.8284271247493797 x= 1.4142135623730951
ROOT : 1.4142135623730951

FUNCTION VALUE : 4.440892098500626k5

> Terminated with exit code 0.

PROGRAM 7.4-2 Newton-Raphson method in excel
NewtonrRaphson root finding f(x)=xa

a 2

X f(x)=x*x-a fx/dx=2*x
1.00000000000000000 -1 2
1.50000000000000000 0.25 3
1.41666666666667000 0.006944444 2.833333333
1.41421568627451000 6.0073E06 2.828431373
1.41421356237469000 4.51061E12 2.828427125
1.41421356237310000 0 2.828427125
1.41421356237310000 0 2.828427125
1.41421356237310000 0 2.828427125

Another program for Python version of the NewRRaphson method. Please refePtogram 2.1-1e
Abstract class f_x in python languageln this program function defined as a class function which is

derived from the abstract class f_x

from math import *
from f_x import *;

class f1(f_x):
def func(self,x):
Y=X*X-2;
return y;

class dfi(f_x):
def func(self,x):
y=2.0*x;
return y;

def newton(f,df,x):

nmax=100
tolerance=1.04.0

# NewtorRaphson root finding method




for i in range(0,nmax):
fx= f.func(x);
dfx=df.func(x);
x=x-fx/dfx
print("fx",fx, "dfx",dfx,"x=",x)
if abs(fx)<tolerance: return x
return x

f=f1();

df=df1();

a=float(input("enter initial guess : "))
r=newton(f,df,a);

print(" ROOT : ",r,"nFUNCTION VALUE : " f.func(r));

As it is seen from the results, convergence iseqfast for this problem.

Babylonian clay tablet YBC 7289 with annotations. The diagonal displays an approximation of the sqy
root of 2 in four sexagesimal figures, 1 24 51 10, which is good to about six decimal digits.
1+ 24/60 + 51/60+ 10/6C = 1.41421296...
Babylonian algorithm is actually newteaaphson method.
‘ . Qw
© Y ag
"Qw W ¢
Qw )
W ¢
C

W
Babylonian algorithm in java format:

#Babylonian algorithm
def sqrt(xi):

X = Xi
Yy =X*X-2
e = 1.0el0;

while abs(y) > e:
X =X /2.0+ 1.0/x
y =x*x-2.0
return x
print(sqrt(2.0))
runfile('E:/okul/SCO1/sqrt.py’, wdir="E:/okul/SCO1")




| [ 1.4142135623746899 [

7.5 SECANT METHOD
Secant met hod: |l nstead of derivati ve, we can

One of tte difficulty of the NewtorRaphson method is the requirement to find the derivative. If
difference equation (Numerical derivative) is used instead of derivative (tangent to the function), a
secant to the function is drawn to the function, so the metheoalled secant method. If derivative is
approximated with a first degree difference equation

Qw e — (75.1)
Newtoni Raphson Formula is converted to
® w ————— (75.2)

Two first estimation is needed to start iteration by using this fori(i¥g) and f (X_l)

If we would like to establish a one estimation secant Formula, the previous differenderecaate

written for a smalDx as (central difference Formula)
y y

MQw e % (7.5.3)
Second equation becomes:

. . v

W w v v (7.5.4)

In order to minimize erroDx should be relatively small, to have a further approximation a second or
higherderivative (difference)drmulas can also be used

Qo e Y Y . Y Y (755)

Q6 e % % % : % % Y 758

0w e y y y y y y y y
= y

(7.5.7)
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#-*- coding: utf8 -*-
from math import *

#def df(f,x):
# h=0.001
# return (f(x+dxf(x-dx))/(2.0*h)
def df(f,x):
h=0.001
return €f(x+2.0*h)+8.0*f(x+h)-8.0*f(x-h)+f(x-2.0*h))/(12.0*h);

def secant(f,x):

# secant root finding method

nmax=100

tolerance=1.040

for i in range(0,nmax):
fx=f(x);
dfx=df(f,x)
x=x-fx/dfx




print("fx",fx,"dfx",dfx,"x=",x)
if abs(fx)<tolerance: return x
return x

f1 = lambda x: x*x+2

a=complex(1,1);

r=secant(fl,a)

print(" ROOT : ",r,\nFUNCTION VALUE : ",f1(r))

runfile('E:/okul/SCO1/secant.py', wdir="E:/okul/SCO1")

fx (2+2j) dfx (2.0000000000000018+1.9999999999IPx= (-2.6867397195928788k4+0.9999999999999722))
fx (1.0000000000000555.37347943918560984)) dfx (-1.4802973661668753E3+1.9999999999999445)) x= (3.70074341541759
14+1.5000000000000138j)

fx (-0.2500000000000413+1.11022302462523g dfx (-3.70004341541718844+3.0000000000000275j) x= (
1.0279842820604793E5+1.4166666666666674))

X (-0.006944444444446418912622132504693E5j) dfx 2.833333333333335j x= 1.4142156862745099j

fx (-6.007304882871267@6+0j) dfx 2.8284313725490198] x= 1.414213562BB%

fx (-4.510614104447086E2+0j) dfx 2.82842712474938j x= 1.4142135623730951]

ROOT : 1.4142135623730951j

FUNCTION VALUE : (-4.440892098500626E6+0j)

f1 =lambda x: x*x-2

a=1,

r=secant(fl,a)

print(" ROOT : ",r,\nFUNCTION VALUE : ",f1(r))

runfile('E:/okul/SCO1/secant.py', wdir="E:/okul/SCO1")

fx -1 dfx 1.9999999999998537 x= 1.5000000000000366

fx 0.25000000000011013 dfx 2.9999999999995217 x= 1.4166666666666532
fx 0.00694444444440645 dfx 2.8333333333329103 x= 1.4142156862745094
fx 6.00730488%389996€06 dfx 2.828431372548642 x= 1.4142135623746899
fx 4.510614104447086E2 dfx 2.828427124748826 x= 1.4142135623730951
ROOT : 1.4142135623730951

FUNCTION VALUE : 4.440892098500626k5

Secant method
Defined by using abstract class if_x

from mah import *
from if_x import *

def secant(f,x):

# secant root finding method

nmax=100

tolerance=1.040

for i in range(0,nmax):
fx=f.func(x);
dfx=f.dfunc(x,1)
x=x-fx/dfx
print("fx",fx,"dfx",dfx,"x=",x)
if abs(fx)<tolerance: return x

return x

class f1(if_x):func=lambda self,x:x*2.0

f=f1()

a=1,

r=secant(f,a)

print(" ROOT : "r,"nFUNCTION VALUE : " f.func(r))

runfile('E:/okul/SCO1/secant.py', wdir="E:/okul/SCO1")

Reloaded modules: if_x

fx -1.0dfx 1.999999999998458 x= 1.5000000000003855

fx 0.2500000000011564 dfx 3.000000000002318 x= 1.4166666666667311

fx 0.0069444444446271625 dfx 2.8333333333347133 x= 1.414215686274511
fx 6.007304885979892@6 dfx 2.828431372547751 x= 1.4142135623746899

fx 4.51061410444708642 dfx 2.828427124749537 x= 1.4142135623730951
ROOT : 1.4142135623730951

FUNCTION VALUE : 4.440892098500626€.6

Let us apply secant methos now to find the complex roots

from math import *
from if_x import *

def secant(f,x):
# secant root finding method




nmax=100

tolerance=1.040

for i in range(0,nmax):
fx= f.func(x);
dfx=f.dfunc(x,1)
x=x-fx/dfx
print("fx",fx,"dfx",dfx,"x=",x)
if abs(fx)<tolerance: return x

return x

class f1(if_x):tinc=lambda self,x:x*x+2.0

f=f1()

a=complex(0,1)

r=secant(f,a)

print(" ROOT : ",r,'\nFUNCTION VALUE : " f.func(r))

runfile('E:/okul/SCO1/secant.py', wdir="E:/okul/SCO1")

fx (1+0j) dfx (3.0663302584885276k8+2]) x= (7.66582564622131984+1.5))

fx (-0.25-2.29974769386639683]) dfx (9.833403932394243E8+3.000000000000001j) x= (2.73150109233173D5¢1.4166666666666667))
x (-0.006944444444444642+7.739253094939908 dfx 2.8333333333333335) x= 1.4142156862745099]
fx (-6.007304882871267@6+0j) dfx 2.284313725490198] x= 1.4142135623746899]

fx (-4.510614104447086£2+0j) dfx 2.8284271247493797j x= 1.4142135623730951]

ROOT : 1.4142135623730951j

FUNCTION VALUE : ( -4.44089209850062686+0j)

As you will see not much changed except using complex Varéhihe first estimate.

Secant method id a first order method. Compare to bisection method, it will take less number of

iterations

# M. Turhan éyOBAN
#23.01.2022

# secant root finding methods

from math import *
from if_x import *
def root_seaat(f,x):
# secant root finding method
nmax=100
tolerance=1.0€0
i=0
fx= f.func(x)
while abs(fx)>tolerance and i<nmax:
dfx=f.dfunc(x,1)
x=x-fx/dfx

fx= f.func(x)
i=i+1l
return x

class f1(if_x):func=lambda self,x:xexp(x)-3.0*x+2.0

f=f1()

x=3.6

rl=root_secant(f,x)

print(" ROOT secant : ",rI\iFUNCTION VALUE : " f.func(rl))
runfile('D:/okul/SCO1/root_secant.py', wdir="D:/okul/SCOL1")
Reloaded modules: if_x

i= 0 x= 2.598765364822@3 fx=-32.438234443677985

i= 1 x= 1.4885173577304935 fx12.489840160792701

i= 2 x= 0.43756787438872435 fx4.680389917024559

i= 3 x= 0.2551481822234749 fx8.6701734065807567

i= 4 x=0.2575297538349904 fx= 0.009003189707679438
i= 5 x=0.25753028543943 fx= 2.00875969880165436

i= 6 x=0.25753028543986073 fx= 9.9920072216264D9¢e
ROOT secant : 0.25753028543986073

FUNCTION VALUE : 0.0

PROBLEM For Turbulent flow inside of a pip@e>2300) friction coefficient inside of a pipe can be

calculatedby using Colebrook equation.
-70 ®
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Re is Reynolds numbeg,is surface rougnes$Vrite a program to calculate total pressure drop in the pipe for a
given Re number, pipe diameter, pipe length and laessure drop coefficient.

f : friction coefficient

D pipe diameter

Hint : Change the colebrook equation into the form

® O 8w é & Yo

Then find the root of the equation whete —

Use Haaland equation td@ing the first estimate of the solution which has the form of
8
x=g = p@OE0QI— °

from math import *
from if_x import *

class f1(if_x):

def __init__(self,eod,Re):
self.name = 'mathd’,
sef.eod=eod
self.Re=Re

def func(self,X):
F=X+2.0*log10(self.e0d/3.7+2.51*X/self.Re);
return F

def Haaland(self):
X=-1.8*log10(pow(self.eod,1.11)/3.7+6.9/self.Re);
return X

def secant(f,x):
# secantaot finding method
nmax=100
tolerance=1.040
for i in range(0,nmax):
fx= f.func(x)
dfx=f.dfunc(x,1)
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x

f=f1(0.01,2500);

a=f.Haaland()

print(" f Haaland : ",1.0/(a*a));

r=secant(f,a);

f1=1.0/(r*r);

print(" f colebrook : ",f1);
runfile('E:/okul/SCO1/secantl.py', wdir="E:/okul/SCO1")
Reloaded modules: if_x

f Haaland : 0.05552457875442584

f colebrook : 0.053919466488887825

7.6 MULLER 6 METHOD

Figure 7.5.1Werner Muller, German Mathematician

In false position method roots were found by using the root of the linear line passing through the two interval
points. The same concept can be use to fit a quadratic curve and find the roots of the quadratic function. But
guadratic function fitting is required 3 estimation point. The method consist of deriving the coefficients of a



guadratic curve(parabola) that goes through three points. If function evaluation of these 3 pé(ixds &ra)
andf(xz), enough information i be evailable to make a quadratic curve root estimation. Assuming quadratic
function defined b the following equation :

VO OO © O © © (7.6.1)
Evaluation of the function in 3 given points will be
VO OO ® OO © w0 (7.6.2)
N OO OO © ® (7.6.3)
VO OO ® O O o ® (7.6.4)
Considering the difference of the functions:

Vo MO O ® 0w o (7.6.5)
VO MO e ® 0w ® (2.6.6)
N o o (7.6.7)
N o0 W (7.6.8)
Q. — (7.6.9)
Q — (7.6.10)

When these are substituted bawo the main equation
N MO R QO QQ+QQ  (7.6.11)

MO QO Q0 (7.6.12)
is obtained. a and b can be solved from here.
A — (7.6.13)
® @GQ Q (7.6.14)
® "Qw (7.6.19
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Figure 7.5.2graphic representation of Muller root finding method.

to find root root :

Y Mo 1hw (7.6.16

if

wW Ys W Ys M o VY (7.6.19
EIseN 5

0 o Y (7.6.18

O ® — (7.6.19

O OO ® O ® (2.6.20

X2 will be substituted with xand iteration continues. It should be noted that in a quadratic formula complex roots
can be located as well as the real roots, therefore this methde caed to find complex roots as well.

Program 7.54 Muller method root finding with quadratic formula in Python code

# Muller method for root finding
# python version

from math import *
from f_x import *;

class f1(f_x):




def func(self,x):
Y=X*X-2;
return y;

def muller(f,x0,x1,x2):
# Finding real roots by using Muller method
iter=0;
es1=0.001;
es=esl,;
ea=1.1%es;
maxit = 100;
xr=x0;
for iter in range(0,maxit):
fx0=f.func(x0);
fx1=f.func(x1);
fx2=f.func(x2);
h0=x1-x0;
hl=x2x1;
d0=(fx1-fx0)/hO;
d1=(fx2-fx1)/h1;
a=(d%d0)/(h1+h0);
b=a*h1+d1;
c=fx2;
determinant=b*p4.0*a*c;
if determinant<=0: determinant=0;
else: determinant=sqrt(determinant);
if abs(b+determinant)> afb-determinant): den=b+determinant;
else: den=hleterminant;
dxr=-2*c/den;
Xr=x2+dxr;
ea=abs((x2)/xr)*100;
x0=x1,
x1=x2;
X2=XT,
if ea<es: return xr
if iter>=maxit: print('Warning : Maximum number of iteration is eaded result may not be valis');
return xr;

f=f10);

x0=float(input(“enter first number : "));
x1=float(input("enter second number : "));
x2=float(input("enter third number : "));
r=muller(f,x0,x1,x2);

print("muller method root :".r);

---------- Capture Output---------

> "D:\co\pythonipythonw.exe" muller.py
enter first number : 0

enter second number : 1

enter third number : 3

muller method root : 1.4142135623730951

> Terminated with exit code 0.

7.7 INVERSE QUADRATIC LAGRANGE INTERPOLA TION

Lagrange interpolation will be investigated further in the interpolation section. In here, the Formula for
the quadratic inverse lagrange polinomial will be introduced to utilise in finding roots of a function.

@ (7.7.1)

In this equation if y8 is taken, the value x will give us a quadratic approximation to the root of the

function
) s (7.7.2)

In order to make the equation simpler further definations will apply as:
Y — (2.84)°Y — (285"Y — (7.7.3
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Now the root can be written as:
w 0w - (7.7.9

When a new root is found the neigbour region of the root is left for the next iteration and the region further away
to the root is eliminated.

f(x) f(x) . :
Previous region Previous region
New New
region region

|
|
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.:.) X< _)(3 b) X = _)(3

Figure 2.10 Quadratic inverse Lagrange interpolation region selection
Program 2.83 quadratic inverse lagrange interpolation formula method in Python language
from math import *

from math import *
from f_x import *;

class f1(f_x):
def func(self,x):
Y=X*X-2;
return y;

def inverseinter2Droot(f,x1,x2,x3):
#Inverse quadratic Lagrange erpolation
p=1;
maxit=100
iter=0;
tol=1.0e10;
es=0.00000001;
ea=0.001;
f1=f.func(x1);
f2=f.func(x2);
f3=f.func(x3);
if f1==0: p=x1,
elif f2==0: p=x2;
elif f3==0: p=x3;
if f1*f3>0: print("Root is not exiged in the given region”);
while (ea>es) and (iter<maxit) and f1!=0 and f2!=0 and f3!=0:
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp=f.func(p);
ea=abs(x3);
if abs(f3)<tol: p=x3;
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
iter=iter+1;
if iter>=maxit: print("Warning : Maximum number of iteration is exceeded");
return p;

=f1();
r=inverseinter2Droot(f,1.0,2.0,3.0);
print("r=",r);




> "D:\co\pythonpythonw.exe" inverseinter2Droot.py
r=1.4142135623730954
> Terminated with exit code 0.

7.8BRENT METHOD (INVERSE QUADRATIC LAGRANGE INTERPOLATION i
BISECTION AND SECANT COMBINED METHOD)

3 s,

igure7.7.1 Richad P Brent

Being a quadratic method, Inverse quadratic Lagrange interpolation is an efficient method by
combining it with bisection and secant method one of the most used root finding method is created.
Two versions of the program code and algorithmhefdode is given below.

Program 7.81 brent.py : BRENT METHOD (FIRST VERSION) python code

from math import *

def brent(f,a,b):
#brent root finding rathod
maxit=500;
iter=0;
tol=1.0e15;
€s=0.0000001;
x1=a;f1=f(x1);
x2=h;f2=f(x2);
x3=(x1+x2)/2.0;f3=f(x3);
if f1==0: return x1;
elif f2==0: return x2;
elif f3==0: return x3;
if f1*f2>0: print("No root is existed in the given region");
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2 -f3)*(f3-f1));
fp=f(p);
ea=abs(x®);
while (ea>es) and (iter<maxit):
if abs(f3)<tol: return x3;
if (p<x1) and (p>x2):
p=(x1+x2)/2.0;
if p>x3:  x1=x3;f1=f3;x3=p;f34p;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
else:
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp=f(p);
ea=abs(x®);
iter=iter+1;
if iter>=maxit: print("Warning : Mamum number of iteration is exceeded");
return p;

f1 = lambda x: x*x-2

a=float(input("enter lower limit : "))
b=float(inpu("enter upper limit : "))
r=brent(f1,a,b);

print(" ROOT : ",r,'\nFUNCTION VALUE : " f1(r))

runfile('D:/okul/SCO1/brent.py', wdir='D:/okul/SCO1")
enter lower limit : 1

enter upper limit : 3

ROOT : 1.414213562373095

FUNCTION VALUE : -4.440892098500%¢e 16




Algorithm

Input a,b and a function f

Calculate f(a) and f(b)

if(f(a)*f(b)<0 then give no root error

if [f(a)] < [f(b)| then swap(a,b)

c=a

repeat untill f(b)=0 or s=0 or{a| is small enough (convergence)
if(f(a)if(c) and f(b)lif(c) then
i

(inverse quadratic interpolation)
else

i ® Q0 ——— (secant rule)

end if
if (condition 1)sis not between @@+ b)/4 andb

or (condition 2)(mflag is seand|si b|  blx| / P)

or (condition 3)(mflag is cleare@nd|si b| cil|/ R)

or (condition 4)(mflag is seand|bi c| < [i])

or (condition 5)(mflag is clearegnd|ct d| < [i])
then
a+tb

2 (bisection method)
setmflag
else
clearmflag
end if
calculatef(s)
d:=c (d is assigned for the first time here; it won't be used above on the first iteration because mflag is set)
c:=b
if f(a) f(s) < Othenb :=selsea:=send if
if [f(a)| < f(b)| then swaga,b) end if
end repeat
9 outputbor s (return the root

§ =

7.9HIGHER DERIVATIVE ORDER METHODS

Consider the Taylor Formula, but this time assume that two term is remaining
c

When second term of the Taylor Formula is also taken into acount the NBapdson Fanula takes the form:
W () . (7.9.2)
This methodiscallellal | ey ds met hod

Edmond Halley, British Mathematician and Astronomer

# M. Turhan COBAN
#23.01.2022

# Halley root fnding methods

from math import *
from if_x import *

def root_Halley(f,x):
# alley root finding method




nmax=100

tolerance=1.0&0

i=0

fx= f.func(x)

alpha=0.32423

beta=1.0Galpha

while abs(fx)>tolerance and i<nmax:
dfx=f.dfuncfx,1)
d2fx=f.dfunc(x,2)
f1=2.0*fx*dfx
f2=2.0*dfx*dfx -fx*d2fx
x=x-f1/f2
print("i=",i,"x=",x,"fx=",x)
fx= f.func(x)
i=i+1

return x

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

x=3.6

r5=root_Halley/(f,x)

print(" ROOT Halley : ",r5\hWFUNCTION VALUE : " f.func(r5))
runfile('D:/okul/SCO1/root_Halleyl.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

i= 0 x= 1.4486037490878951 fx32.438234443677985

i= 1 x=0.03827535612803068 fx4.5045247166036955

i= 2 x=0.25788446666933107 fx=0.8476216412313542

i= 3 x=0.2575302854377124 fx6.0013382898462284132
i= 4 x=0.25753028543986073 fx= 8.117950756059145e
ROOT Halley : 0.25753028543986073

FUNCTION VALUE : 0.0

The iterative methods with higherder convergence are presented in some literatGré v e r 6 s[97Me t ho d
also cubically convergent second order method. It is faséerthe NewtofRaphson method.
\ \ c

) ) - (7.9.3

# M. Turhan éyOBAN
#25.01.2022

# Olver root finding method

from math import *
from if_x import *

def root_Olver(f,x):
#Olver root findingmethod
nmax=100
tolerance=1.0&0
i=0
fx= f.func(x)
while abs(fx)>tolerance and i<nmax:
dfx=f.dfunc(x,1)
d2fx=f.dfunc(x,2)
d3fx=f.dfunc(x,3)
f1=0.5*fx*fx*d2fx
f2=dfx*dfx*dfx
if fx!=0:
x=x-fx/dfx-f1/f2
else:
break
print("i=",i,"x=",x,"fx=",{x)
fx= f.func(x)
i=i+1
return x

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

x=3.6

r4=root_Olver(f,x)

print(" ROOT Olver. ",r4,"\nFUNCTION VALUE : " f.func(r4))




runfile('D:/okul/SCO1/root_Olverl.py', wdir="D:/okul/SCO1")
i= 0 x= 2.0634936103802706 fx32.438234443677985

i= 1 x=0.32370141086103177 fx%.805903460020479

i= 2 x=0.2575168734077138 fx8.24855615446937662

i= 3 x=0.2575302854398609 fx= 5.06797126789138e

i= 4 x=0.2575302854398608 fx4.440892098500626E6
ROOT Olver: 0.2575302854398608

FUNCTION VALUE : 0.0

In [48], Abbasbandyives a third order iterative method, calked b a s b a n d y(AM) provesibnally,d
which is expressed as

® ® - - (7.94)

# M. Turhan éyOBAN
# 25.01.2022

# Abbasbandy root finding methods

from math import *
from if_x import *

def root_Abbasbandy(f,x):

# Abbasbandy rootiiiding method

nmax=100

tolerance=1.0&0

i=0

fx= f.func(x)

while abs(fx)>tolerance and i<nmax:
dfx=f.dfunc(x,1)
d2fx=f.dfunc(x,2)
d3fx=f.dfunc(x,3)
f1=0.5*fx*fx*d2fx
f2=dfx*dfx*dfx
f3=0.16666666 7*x*fx*fx*d3fx
f4=dfx*dfx*dfx*dfx;
if ix!=0:

x=x-fx/dfx-f1/f2-f3/f4
else:
break

print("i=",i,"x=",x,"fx=",fx)
fx= f.func(x)
i=i+1

return x

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

x=3.6

r3=root_Abbasbandy(f,x)

print(" ROOT Abbasbandy : ",r3fiFUNCTION VALUE : " f.func(r3))

runfile('D:/okul/SCO1/root_Abbasbandyl.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

i= 0 x= 1.8745227365029566 fx32.438234443677985

i= 1 x=-0.076734052426613574x6.627440433774902

i= 2 x=0.25918682977164975 fx= 1.3099541475692424

i= 3 x=0.25753028499909486 x8.006258566997510151

i= 4 x=0.2575302854398608 fx= 1.665509063997208De

ROOT Abbasbandy : 0.2575302854398608




[ FUNCTION VALUE : 0.0 |

Li and Wang49] suggested two fourth order methods and called thhimle Method 1(TM1) andThiele
Method2( TM2) due to fact that equations derived using

Thiele's interpolation is a formula that definesrational furction from a finite set of inputs. This
interpolation formula is named after Thorvald N. Thiele.

Thorvald N. Thiele, Danish mathematician

It is expressed asa@ntinued fraction
W

Quw  "Qw — RN
who W
) Y 2] A JAY N =
where |} represents the reciprocal di fferen
O Ge ae
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Equations has a general form of
w w — (795
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NHAOAGARQ & (7.9.7)

0w — (7.98)
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Program 2.11-7 Thielel method in python code

#-*- coding: utf8 -*-

uuuuuu

Created on Tue Jan 25 06:22:21 2022

- CiCu

v Ce g

@author: M. Turhan COBAN

# Thiele 1 (Shenfeng Li & Rujing Wang) Rdatding method

# Two fourth order Iterative Methods Based on Continued Fraction for

# Rootfinding Problems, World Academy of Science, Engineering and Technology
# 60 2011& root finding methods

from math import *

from if_x import *

def root_Thielel(f,x):
# Abbasbandy root finding method
nmax=100
tolerance=1.0€0



https://en.wikipedia.org/wiki/File:Thiele1.jpg

i=0
fx= f.func(x)
while abs(fx)>tolerance and i<nmax:
fx=f.func(x)
dfx=f.dfunc(x,1)
d2fx=f.dfunc(x,2)
d3fx=f.dfunc(x,3)
P1=4.0*fx*dfx*(3.0*dfx*dfx*d2fx -3.0*fx*d2fx*d2fx+fx*dfx*d3fx)
Q1=12.0*dfx*dfx*dfx*dfx*d2fx -18.0*fx*dfx*dfx*d2fx*d2fx+3.0*fx*fx*d2fx*d2fx*d2fx+4.0*fx*dfx*dfx*dfx*d3fx
if fx!=0:
x-=P1/Q1
else:
break
print("i=",i,"x=",x,"fx=",fx)
fx= f.func(x)
i=i+1
return x

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

x=3.6

r3=root_Thielel1(f,x)

print(" ROOT Thiele 1 : ", r3\hFUNCTION VALUE : " f.func(r3))

runfile('D:/okul/SCO1/root_Thielel.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

i= 0 x=-4.516237397317507 x82.438234443677985

i= 1 x=0.16182552185254107 fx= 35.93418234896782

i= 2 x=0.2575333614359719 fx= 0.365055836663706

i= 3 x=0.2575302854398608 fx£.162317217806574485
ROOT Thiele 1: 0.25752854398608

FUNCTION VALUE : 0.0

#-*- coding: utf8 -*-

Created on Tue Jan 25 06:22:21 2022
@author: M. Turhan COBAN

# Thiele 2 (Shenfeng Li & Rujing Wang) Root finding method

# Two fourth order lterative Methods Based on Continued Fraction for

# Rootfinding Problems, World Academy of Science, Engineering and Technology
# 60 2011& root finding methods

from math import *

from if_x import *

def root_Thiele2(f,x):
# Abbasbandy root finding method
nmax=100
tolerance=1.00
i=0
fx= f.func(x)
while abs(fx)>tolerance and i<nmax:
fx=f.func(x)
dfx=f.dfunc(x,1)
d2fx=f.dfunc(x,2)
d3fx=f.dfunc(x,3)
P2=fx*(6.0*dfx*dfx*d2fx -3.0*fx*d2fx*d2fx+2.0*fx*dfx*d3fx)
Q2=2.0*dfx*(3.0*dfx*dfx*d2fx -3.0*fx*d2fx *d2fx+fx*dfx*d3fx)
if fx!=0:
x-=P2/Q2
else:
break
print("i=",i,"x=",x,"fx=",fx)
fx= f.func(x)
i=i+1
return x

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

x=3.6

r3=root_Thiele2(f,x)

print(" ROOT Thiele 2 : ",r3\hFUNCTION VALUE : " f.func(r3))

runfile('D:/okul/SCO1/root_Thiele2.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x




i= 0 x=0.7127694878710749 fx32.438234443677985

i= 1 x= 0.2505859141492038 %x£.6699003011673375

i= 2 x=025753028556180374 fx= 0.026257592132009844
i= 3 x= 0.25753028543986073 fx#.6078252324832647K0
ROOT Thiele 2 : 0.25753028543986073

FUNCTION VALUE : 0.0

Shengfend.i[96] Also suggested the following algorithm:

o o Qw
Vb QO 0w
© o9 TGe oo em

# M. TurhanCOBAN
# 23.01.2022

# A fourth order root finding method by Shenfeng Li

# reference : Fourtbrder iterative method without calculating
# the higher derivatives for nonlinear equations, Shenfeng Li
# Journal of Algorithms & computational Technology Vol £8:1
# DOI:10.1177/1748302619887686

from math import *
from if_x import *

def root_Shenfeng(f,x):
# Shenfeng Li root findig method
nmax=100
tolerance=1.0&€0
i=0
fx= f.func(x)
while abs(fx)>tolerance and i<nmax:
dfx=f.dfunc(x,1)
y=x-fx/dfx
fy=f.func(y)
f1=(fx-fy)*fx
f2=(fx-2.0*fy)*dfx
if f1!=0:
x=x-f1/f2
else:
break
print("i=",i,"x=",x,"fx=",fx)
fx= f.func(x)
i=i+1l
return x

runfile('D:/okul/SCO1/root_Shenfeng_Lil.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

i= 0 x=0.9221320184499509 fx32.438234443677985

i= 1 x=0.25744365734BP fx=-2.430714546291407

i= 2 x=0.25753028543986073 fx= 0.00032734166948023

ROOT Shenfeng : 0.25753028543986073

FUNCTION VALUE : 0.0

A mixed BisectiorShengeng Li Method

# M. Turhan COBAN
# 25.01.2022

# bisection root finding methods
# Hasan, Mhammed A., On the Derivation of Higher Order Rfioting Methods,
# USA, July 1113 2007

from math import *
from if_x import *

def root_bisection_Shenfeng_Li(f,a,bs:
# bisection root finding method

# Proceedings of the 2007 American Control Conference, ThA07.3, New York City,




nmax=100
tolerance=1.0&0
i=0
fa= f.func(a)
r=(a+h)/2.0
fr=f.func(r)
while abs(fr)>tolerance and i<nmax:
if abs(fr)<eps:
fr=f.func(r)
dfr=f.dfunc(r,1)
y=r-fr/dfr
fy=f.func(y)
f1=(fr-fy)*fr
f2=(fr-2.0*fy)*dfr
r=r-f1/f2
print("Shenfeng Li i=",i,"fr=",fr)
else:
if fa*fr<0:
b=r
else:
a=r
fa=fr
r=(a+b)/2.0
print("bisecton i=",i,"fr=",fr)
fr=f.func(r)

i=i+1
return r

class f1(if_x):func=lambda self,x:x*®xp(x)3.0*x+2.0

f=f1()

a=0

b=3.6

eps=0.5

r2=root_bisection_Shenfeng_Li(f,a,b,eps)

print(" ROOT bisectiorShenfeng Li ',r2,"\nFUNCTION VALUE : " f.func(r2),"eps = ",eps)

runfile('D:/okul/SCO1/root_bisection_Shenfeng_Li.py', wdir='D:/okul/SCO1’)
Reloaded modules: if_x

bisecton i= 0 fr=6.209647464412946

bisecton i= 1 fr=2.3496031111569504

bisecton i= 2 fr=0.715812188901691

Shenfeng Li i= 3 fr= 0.12330228380813546

Shenfeng Li i= 4 fr=1.910129654447701@8

ROQT bisectiorShenfeng Li : 0.2575302854398608

FUNCTION VALUE : 0.0eps= 0.5

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

a=0

b=3.6

eps0.1

r2=root_bisection_Shenfeng_Li(f,a,b,eps)

print(" ROOT bisectiorShenfeng Li : ",r2\hFUNCTION VALUE : "f.func(r2),"eps = ",eps)

runfile('D:/okul/SCO1/root_bisection_Shenfeng_Li.py', wdir='D:/okul/SCO1’)
Reloaded modules: if_x

bisecton i= 0 fr=6.200647464412946

bisecton i= 1 fr=2.3496031111569504

bisecton i= 2 fr=0.7158121854901691

bisecton i= 3 fr= 0.12330228380813546

bisecton i= 4 fr=0.300033358391973

Shenfeng Li i= 5 fr=0.0894331962288657

Shenfeng Li i= 6 fr=5.392572610674051@9
ROQThbisectionShenfeng Li : 0.25753028543986084
FUNCTION VALUE : 0.0eps = 0.1

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

a=0

b=3.6

eps=0.01

r2=root_bisection_Shenfeng_Li(f,a,b,eps)

print(" ROOT bisectiorShenfeng Li : ",r2\hFUNCTION VALUE : " f.func(r2),"eps = ",eps)

runfile('D:/okul/SCO1/root_bisection_Shenfeng_Li.py', wdir='D:/okul/SCO1")




Reloaded modules: if_x

bisecton i= 0 fr=6.209647464412946
bisecton i= 1 fr=2.3496031111569504
bisecton i= 2 fr=0.7158121854901691
bisectm i= 3 fr= 0.12330228380813546
bisecton i= 4 fr=0.300033358391973
bisecton i= 5 fr=0.0894331962288657
bisecton i= 6 fr= 0.016652993318758025
bisecton i= 7 fr=0.036458691717268454
Shenfeng Li i= 8 fr=0.009920223410241569
Shenfeng Li i= 9 fr=8.113998639606444.3
ROOQOT bisectiorShenfeng Li : 0.2575302854398608
FUNCTION VALUE : 0.0eps = 0.01

Hasarn50] proposed several higher order methods that is relatively more economical to use (relatively
less function calculations) Some of them are listexk.

\ \

@ o — (7.9.11)
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# M. Turhan ©BAN
# 23.01.2022

# Hasan root finding methods

# Hasan, Mohammed A., On the Derivation of Higher Order finding Methods,
# Proceedings of the 2007 American Control Conference, ThA07.3, New York City,
# USA, July 1113 2007

from math import *
from if_x import *

def root_Hasan(f,x):

# Hasan root finding method

nmax=100

tolerance=1.020

i=0

fx= f.func(x)

alpha=0.32423

beta=1.0Galpha

while abs(fx)>tolerance and i<nmax:
dfx=f.dfunc(x,1)
yl=x-alpha*fx/dfx
y2=x-beta*fx/dfx
dfy1=f.dfunc(y1,1)
dfy2=f.dfunc(y2,1)
x=x-2.0*x/(dfy1+dfy2)

print(i=",i,"x="x,"fx=",x)
fx= f.func(x)
i=i+1

return x

class f1(if_x):func=lambda self,x:x*exp(x)-3.0*x+2.0

f=f1()

x=3.6

r2=root_Hasan(f,x)

print(" ROOT Hasan : ",r2AAFUNCTION VALUE : " f.func(r2))
runfile('D:/okul/SCO1/root_Hasanl.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

i= 0 x=1.921863447355149 fx32.438234443677985

i= 1 x= 0.2885629148506894 fx6.90571204812608

i= 2 x= 0.255302589901204 x=0.11692849599761512

i= 3 x=0.2575302854398608 fx= 9.994485195008484
ROOT Hasan : 0.2575302854398608

FUNCTION VALUE : 0.0




# M. Turhan éyOBAN
#23.01.2022

# Hasan root finding methods

# Hasan, Mohammed A., On the DerivatmfrHigher Order Roefinding Methods,
# Proceedings of the 2007 American Control Conference, ThA07.3, New York City,
# USA, July 1113 2007

from math import *
from if_x import *

def root_Hasan(f,x):

# Hasan root finding method

nmax=100

tolerance=1.0&0

i=0

fx= f.func(x)

r=3.0

while abs(fx)>tolerance and i<nmax:
dfx=f.dfunc(x,1)
d2fx=f.dfunc(x,2)
y1=x-fx/dfx
dfy1=f.dfunc(y1,1)
print("i=",i,"fx=",x)
if dfx!=0:

x=x-2.0*fx/(dfx+dfy1)
else:
break

fx= f.func(x)
i=i+1

return x

class f1(if_x):func=lambda self,x:x*®@xp(x)-3.0*x+2.0

f=f1()

x=3.6

r2=root_Hasan(f,x)

print(" ROOT Hasan : ",r2AAFUNCTION VALUE : " f.func(r2))
runfile('D:/okul/SCO1/root_Hasan2.pyvdir="D:/okul/SCO1")
Reloaded modules: if _x

i= 0 fx=-32.438234443677985

i= 1 fx=-8.151752380853384

i= 2 fx=-1.2468808618487799

i= 3 fx=-0.005780188046727197

i= 4 fx=-5.044245021679217%0

ROOT Hasan : 0.25753028543986073

FUNCTION VALUE : 0.0

7.9RIDDER METHOD

False position (Ragula Falsi) method was previously investigated. Ridder method is a
modified form False position method. If a root existed between x1 and x2 Ridder method first
evaluate the midpoint

0w — (2.13.1)

and than solve a special conversion conversion f&rtofhis convertion linearize the

equation. It is basically find the root of the quatdr function

Mo QW Q Qw Qw Q ™ (2.13.2)

The root of this function can be calculated as
of the quadratic function

Q (2.13.3)

Function sign(x) will be given the sign of x. If x is smaller than O it wiltaf x is bigger
than O it will be +1. Now the false position method is applied, not to the values f(x1), f(x3),



f(x2), but to the values f(¥, f(x3)e®, f(x2)€?<, yielding a new guess for the roos, ¥he
overall formula is:

O 0 0 W (2.13.4)

Because the equation is quadratic, it supplies a quadratic approximation. In addition the root
X4 should be in between and ».

Program 7.9.1Root finding Ridder Method python version

from math import *

def SIGN(a,b):
return abs(a)*b/abs(b);

def ridder(f,x1,x2):
xacc=1.0€9;
MAXITER=200;ABC=-1.0e30;
f_low=f(x1);
f_high=f(x2);
b1=f low > 0.0 and f_high < 0.0;
b2=f_low < 0.0 and f_high > 0.0;
b3=b1 or b2;
if b3 :
X_low=x1;
x_high=x2;
answer=ABC;
for j in range(0,MAXITER):
x_mid=0.5*(x_low+x_high);
f_mid=f(x_mid);
s=sqrt(f_mid*f_midf_low*f_high);
if s == 0.0: return answer;
if f_low>=f_high: xx=1,;
else: xx=1,;
xnew=x_mid+(x_miex_low)*xx*f_mid/s;
if abs(xnewanswer) <= xacc: return answer;
answer=xnew;,
fnew=f(answer);
if fnew == 0.0: return answe
if SIGN(f_mid,fnew) !=f_mid:x_low=x_mid;f_low=f_mid;x_high=answer;f_high=fnew;
elif SIGN(f_low,fnew) !=f_low:x_high=answer;f_high=fnew;
elif SIGN(f_high,fnew) !=f_high:x_low=answer;f_low=fnew;
else:print("we should not reach to this point");
if abs(x_highx_low) <= xacc: return answer;
print("Warning : Maximum number of iteration is exceetiey;
else:
if f_low == 0.0: return x1;
if f_high == 0.0: returrx2;
print("Warning : No roots existed between the given limits ");
return 0.0;

f1 = lambda x: x*x2

a=float(input("enter lower limit : "))
b=float(input("enter upper limit : "))
r=ridder(f1,a,b);

print(" ROOT :"r,\nFUNCTION VALUE : " f1(r))

runfile('D:/okul/SCO1/ridder2.py', wdir="D:/okul/SCO1")
Reloaded modules: Mathd

enter lower limit : 1
enter upper limit : 3

ROOT : 1.4142135621695027
FUNCTION VALUE : -5.758462595650826E0

7.10ROOTS OF THE SECOND AND THIRD DEGREE POLYNOMIALS
The roots of quadratic polynomials are well known.

VO W OO0 T

F O TOO



|5

GO —
. W
w J— —_—
If > & T ds negativeroots will be complex numbers

Program 2.142 Root of quadratic polynomial (analytical formula) python version
from math import *

def squae_roots(d):
x= [0 for i in range(2)];
a=d[2];
b=d[1];
c=d[0];
delta=b*b4*a*c;
X[0]=(-b+sqrt(delta))/(2*a);
X[1]=(-b-sqrt(delta))/(2*a);
return x;

a=[1.0-2.0,1.0] # y(x)=x"22*x+1
print("Roots of the polynomial : ",square_roa(

> "D:\co\pythonipythonw.exe" square_roots.py
Rootsof the polynomial : [1.0, 1.0]

Similar to quadratic polynomials, third degree polynomials can also be solved by using
analytical formulations. The basic difésrce is that the roots should be calculated as complex
variables. Assuming a third degree polynomial of

D%

A

ifgure NiccbIoTartaina
Mw Qw Qw Qw Q

W - 0 — 0 —

MO ® W OO QO T

0 — (2144 & ¢ (2145w wd §2.14.6) 0 ¢ W
Y — ——  — Qéi — )

If 'Y 0 three real roctareexisted

) ¢ 0ot -

) ¢ 00— -

) Coua@i— -

(This equation first appears in Chapter VI of @ns Vi et eds tdrag atoinee O0f Pa,bd mesrmed i
Original equation created by Niccolo Tartaglia in 1%39oetry forn)
Ify ©
5 Y Y 0 7 (2.1413
If A=0 Y B=0 (2.1414)



If A<>0 Y 6 - (2.1415)

® 6 6 - (2.1416) real root

) _ - u 0 (2.1417) complex root
) _ - u "0(2.1418) complex root

Program 2.144 Root of third degree polynomial (analytical formula)excel version

Root of third degree polynomial (analytical formula) Excel version

flx)= 0;.\‘5 + c?’:.\: +~dx+d, =0

Enter poynomial coefficients

o= ¥ 4ar +br+e=0

d3 d2 dl do
1 3 3 -1
a b c
1 3 3 -1
Q 0
yl 54
y2 -81
y3 -27
y4 -54
R -1
q #SAYI/0!
true/false true if R"N2<Q"3
x0 x1 X2
0 0 0 0
true if RA2>=Q"3
A 0
B 0
true/false X0 X0 x1 x1 x2 x2
real imaginary real |imaginary real |imaginary
1 -1 0 -1 0 -1 0

Python version of the program:
Program 2.145 Root of third degree polynomial (analytical formula) Python version

from math import *

def cubic_roots(d):

x=[[O for i in range(3)] for j in range(2)]

a=d[2])/d[3]

b=d[1]/d[3]

c=d[0]/d[3]

Q=(a*a3.0*b)/9.0

y1=2.0*a*a*a

y2=-9*a*b

y3=27*c

yA=yl+y2+y3

R=y4/54.0

Q3=Q*Q*Q

R2=R*R

if R2<Q3:
qg=2.0*sqrt(Q)
theta=acos(R/Math.sqrt(Q3))
x[0][0]=ag*cos(theta/3.0/3.0
x[0][1]=qg*cos((theta2.0*pi)/3.0)}a/3.0
X[0][2]=qg*cos((theta+2.0*pi)/3.08/3.0

else:
A=-pow((R+sqrt(R2Q3)),(1.0/3.0))
if A==0: B=0
else : B=Q/A
x[0][0]=(A+B)-a/3.0
x[0][1]=-0.5*(A+B)-a/3
X[1][1]=sqrt(3.0)/2.0*(AB)
x[0][2]=-0.5*(A+B)-a/3
x[1][2]=-sqrt(3.0)/2.0*(AB)




y=[complex(0,0) for i in range(3)]
y[0]=complex(x[0][0] X[1][O])
y[1]=complex(x[0][1], x[1][1])
y[2]=complex(x[0][2] X[1][2])
retun y

a=[1.0;3.0,3.0;1.0] # y(x)=x"3+3*x"2+3*x+1=(x+1)"3
print("Roots of the polynomial : ",cubic_roots(a))

runfile('E:/okul/SCO1/NA13D.py', wdir="E:/okul/SCO1")
Roots of the polynomial : [(1+0j), {@j), (1+0j)]

Tartagliabs Poem

Italian:

Quando chel cubo con le cose appresso
Se agguaglia a qualche numero discreto
Trouan dui altri differenti in esso.

Dapoi terrai questo per consueto
Che'llor produtto sempre sia eguale
Alterzo cubo delle cose neto,

El residuo poi suo generale
Delli lor lati cubi ben sottratti
Varra la tua cosa principale.

In el secondo decotestiatti
Quando che'l cubo restasse lui solo
Tu osseruarai quest'altri contratti,

Del numer farai due tal part'a uolo
Che l'una in l'altra si produca schietto
El terzo cubo delle cose in stolo

Delle qual poi, per communprecetto
Torrai li lati cubi insieme gionti
Et cotal somma sara il tuo concetto.

El terzo poi de questi nostri conti
Se solue col secondo se ben guardi
Che per natura son quasi congionti.

Questi trouai, & non con palf3i tardi

Nel mille cinquecenté, quatroe trenta
Con fondamenti ben sald'e gagliardi

Nella citta dal mar'intorno centa.

English Translation:

01) Whenthe cubewith the cosebeside

it <x3+px >

02) Equatestself to someotherwhole
number <=g>

03) Findtwo other, of whichit is the
difference <u- v=g>

04) Hereafteryou will considerthis customarily
05) Thattheir productalwayswill be
equakuv=>

06) To thethird of the cubeof the cosenet.3/3,
instead of |p/3)*>

07) Its generaremaindethen

08) Of their cubesides, well

subtractedsur T 3va3u 3 T>v 3

09) Will bethevalueof your principal
unknown.<=x>

10) In the seconf theseacts,

11) Whenthe cuberemainssolo, <x*=px+g>
12) You will observeheseotherarrangements:
13) Of thenumber<g> youwill quickly make
two suchparts,<g=u+v>

14) Thatthe onetimesthe otherwill produce
straightforwardkuv=>

15) Thethird of the cubeof thecosein a
multitude,<p®3, instead of [§/3)*>

16) Of whichthen,percommonprecept,

17) You will takethecubesidesjoined
together<ur 1 F#va3u3+v3

18) And this sumwill beyour concept<=x>
19) Thethird thenof theseour
calculationsx+g=px>

20) Solvesitself with the secondif you look
well after,

21) Thatby naturetheyarequasiconjoined.
22)| foundthese& notwith slow steps,

23) In thousandive hundredfour andthirty
24) With very firm andstrongfoundations
25) In the city girdedaroundby the sea

7.11ROOTS OF THE POLYNOMIALS BY
PROCESS

UTILISING SYNTHETIC DIVISION




Horners method utilises syithetic divison process to solvots of polynomials. Synthetic division
process use recursive process to obtain a division for a polynomial. If

D QO @ O dw E O
and if this polynomial divides withcd @ to form polynomial
Do Q o O 0o O E 0
WhereD @ Q@ @ © ©Q @ ord® G ® 6O ®

'Y @ is the remainder of the synthetic division process. Of course if the remainder is equal towzmrtahbe
the root of this polynomial. Synthetic division can be calculated as following iterativéequat

0w o
Differentiating of "Q @ with respect to x gives

and at x=x

MNMw o

o Q ® 0o
Therefore Newton Raphson iteative method can be applied to find the roots by using iterative process
w w frp— e~
Qw -~ Qw
w w L
D W

For example if a polynomial

"Mw W ow Oow Tisgiven, andxis-2 {divide by (x+2)} synthetic division is applied as
Xo a a3 %) =t Ao
2 2 0 -3 3 -4
ba bs b, by bo
2 0+2°2=4 5 7 10

Dw M » Cw T UL X

DO Qw pPpmT ®W (L W

Excel ouput for the process:
X0 a4 a3 a2 al a0
2 2 0 -3 3 -4

2 -4 5 7 10
Q -49
x1 -1.7959184
x1 a4 a3 a2 al a0
-1.7959184 2 0 -3 3 -4

2 -3.5918367 3.4506456 | -3.1970777| 1.7416906
Q -32.563821
X2 -1.7424329
X2 a4 a3 a2 al a0
-1.7424329]| 2 0 -3 3 -4

2 -3.4848658| 3.0721449 | -2.3530065] 0.0999559
Q -28.866623
x3 -1.7389702
x3 ad a3 a2 al a0
-1.7389702| 2 0 3 3 -4

2 -3.4779405| 3.048035 | -2.3004421] 0.0004003
[Q | -28.63559 |




| x4 | -1.7389563|

x4 ad a3 a2 al a0

-1.7389563| 2 0 -3 3 -4
2 -3.4779125| 3.0479377 | -2.3002304 | 6.505E09

Q -28.634659

x5 -1.7389563

x5 ad a3 a2 al a0

-1.7389563 | 2 0 -3 3 -4
2 -3.4779125| 3.0479377 | -2.3002304| 0

Q -28.634659

x5 -1.7389563

Note that roots of a polynomial can be complex numbers, therefore it is better to calculate the roots as complex
numbers. It should be alsmte that after reducing polynomial to a third, second or first degree remaining roots

can be calculated by wusing standard root finding equa
below

Program 7.11.1Complex Horner method example to findthe roots of a polynomial

(python language)

from math import *

def f_poly(c1,x):

# this function calculates the value of
# c least square curve fitting function
n=len(cl);
if n!=0.0:

ff=c1[n-1];

foriin range(R2,-1,-1):

fi=ff*x+c1[i];

else:

ff=0,0;
return ff;

def horner(a):
# roots of a polynomial by using synthetic division process
n=len(a);
x1=complex(1.56435,0.1);
nl=n;
nmax=150;
tolerance1.0e10;
nl=n+1,
ref=3.1;
y=[complex(0.0,0.0) for i in range(AA)];
n2=nk2;
for k in range(0,n2):
n=len(a);
x=x1;
x0ld=3.4878;
ref=abs(xoldx);
b=[compdex(0.0,0) for i in range(n)];
c=[complex(0.0,0.0) for i in range(®)];
b[n-1]=a[n-1];
ii=0;
while ref>tolerance and iinmax:
foriin range(R2,-1,-1):
b[i]=a[i]+b[i+1]*x;
foriin range(R2,-1,-1): c[il=b[i+1];
Q=f_poly(c,x);
P=b[0];
x=x-P/Q;
ref=abs(xoldx);
ii=ii+1;
xold=x;
a=c;
n=len(a);
yIKI=x;




return y;

a=[-4,3:3,0,2];
print(horner(a));

runfile('D:/okul/SCO1/Mathd.py', wdir='D:/okul/SCO1")
[(1.254881884834291+1.34106353887528§),
(0.24203718580880430.9262454872675325j),
(0.24203718584251482+0.9262454872691118j),
(-1.738956256536879.031220216115798E2))]

MMw W 0B o P oPxw pg U

a=[1.25;3.875,2.125,2.7583.5,1];
print(horner(a));

runfile('D:/okul/SCO1/hornerl.py', wdir="D:/okul/SCO1")
[(1.000000000000000R.5j), (0.5000000000000011+1.02170195745032 ¢ (1.9999999998955464.1185274253612687E3)),
(1.0000000000176792+0.49999999997300376))9099999999955538.5171310308612647K2))]

Now letus findroots ofQw @ W @a Yo B T W p X OTp by using horner method

a=[0.781736,8571.08,98181];
print(horner(a));

runfile('D:/okul/SCO1/hornerl.py', wdir="D:/okul/SCO1")
[(-9.121576846347157@5+4.932589468165942486)), (-0.8734118615171434.424838606974589E3)), ((9812.306496922753
6.1173554997356664E2))]

Now letus findrootsolQwy p@ T ULw ¢ @ T byusing horner method

a=[6,20,5;40,16]
print(Mathd.horner(a));

runfile('D:/okul/SCO1/Mathd.py', wdir='D:/okul/SCO1")
[(1.2416774447647838+0j), (1.97044607872984%¥ 286606493422920j), (-0.35606176190945776+16275838255939531j}, (
0.3560617615461310.16275838258481318))]

Le Guerre method ialsospecifiay developed to find roots of a polynomiddethod formulations is as follows:
VO R 0 ———  (2.15.10)

@ o —— (2.15.11)

In this definition, n is the degree of polynomial. The terf@® in the equation can be complex (reof
polynomials can be complex numbers). Therefore the method will be vagteamplex variable method. By

combinirg LeGuerre root finding method with synthetic division process, the remaining roots can also be found.
from math import *
from cmath import *

def f_poly(c1,x):

# this function calculates the value of
# cleast square curve fitting function
n=len(cl);
if n'=0.0:

ff=c1[n-1];

foriin range(R2,-1,-1):

fi=ff*x+c1[i];

else:

ff=0,0;
return ff;

def df_poly(c1,x):
h=0.001
return (f_poly(c1,(x+2.0*h))+8.0*f_poly(c1,(x+h}B.0*f poly(cl,(xh))+f_poly(cl,(x2.0*h)))/(12.0*h);

def d2f_poly(c1,x):




dx=0.001

y1=-1.0/12.0*f_poly(c1,(x2.0*dx))+4.0/3.0*f_poly(c1,(xdx));
y2=-5.0/2.0*f_poly(c1,x)+4.0/3.0*f_poly(c1,(x+dx3).0/12.0*f_poly(cl,(x+2.0*dx));
return (yl+y2)/dx;

def LeGuerre(cl):
# LeGuerre root finding method of polynomials
maxit=500;
iter=0;
es=0.0000001;
ea=1.1%es;
tolerance=145;
n=len(c1)1;
x=complex(10,0.0);
xold=x;
while ea>es and iter<maxit:
dfx=df_poly(c1,x);
fx=f_poly(c1,x);
d2fx=d2f_poly(c1,x);
G=dfx/fx;
H=G*G-d2fx/fx;
y=sqrt((n*H-G*G)*(n-1.0));
z1=GH+y;
22=Gy;
zbool=z1.real*z1.real+z1.imag*z1.imag> z2.real*z2.real+z2.imag*z2.imag;
if zbool: z=z1,
else: z=z2;
aa=n/z;
X=X-aa;
iter=iter+1;
#if x1=0: ea=abs((xxold)/x)*100;
if abs(fx)<tolerance: print(“iter",iter);return x;
xold=x;
print(“iter"iter);
if iter>=maxit: print("Maximum number of iteration is exceededesult might not be valid");
return x;

a=[2,0,1];
print(LeGuerre(a));

runfile('E:/okul/SCO1/LeGuuerre.py', wdir="E:/okul/SCO1")
iter 31
-1.414213562373095j

a=[6,20,5;40,16]
print(LeGuerre(a));

runfile('E:/okul/SCO1/LeGuuerre.py', wdir="E:/okul/SCO1")
iter 5
(1.2416774447647838+0j)

7.12 COMPLEX ROOTS OF THE POLYNOMIALS BY BAIRST OW6 S METHOD

Bai r smmeotwhbosd i s an iterative approach,

k e

Hor nei

tool. But instead of a single step division, a two step division is taken and utilised. The basic reason for
that is to get a better usktion of complex roots conjugate effect. Remember from the previous section

that sythetic division recursion calculations has the form:

MO O O O E oo (2.16.1)
and if this polynomial divides withww @ to form polynomial
MO W W WO E 0 o (2.16.2)

Where'Qo @ ® ® Q o (216.3) andY & is the remainder of the synthetic division

process. Of course if the remainder is equal to zewwxld be the root of this polynomial. Synthetic division can

be calculated as following iterative equation:

AR (2.16.4)
O B O w (2.16.5)

Now if a second degresynthetic division is desired, the formulation will change a little. If second degree division

equationisv 1 @ i the resiltis a new polynomial in the form of
M O 0O o OO E o (2.16.6) with the remainder



A

Y @ i ) (2.16.7) As with the normal synthetic division a simple recurance relation can be used
as:0 O (2.16.8)

&) ) i (2.16.9)

O O 1o i fori=n2to0 (2.16.10)

As seen from the equation we have two roots (r and s) to solve simultaneously in one siafiotaltow.
Consider that b coefficients are function of r and s, First degree Taylor series expansion of these coefficients can
be written as

® ®© Vi Yi  (2.16.11)

W W Vi Vi (2.16.12) Higher order terms of the Taylor series are ignored. The roots

are defined as remainder terms of sysnthetic division as zgam@bh should be equal to zero) so if we assume
the left hand sidef the equation is zero, this equation becomes

—Y% —VYi ® (2.16.13)

—% —VYi ® (2.16.14) If partial derivatives of b is determined this set of equation can be easily

solved. Bairsow showed that the partial derivatives can be obtained by synthetic division of b values. Then the
partial derivatives can be substituted in above equation

0w (2.16.15)

W W iw (2.16.16)

W 0w iw iw fori=n2tol (2.16.17)

So the equation becomes:

wYi wYi A (2.16.18)

WYl wYi A (2.16.19)

Solution of this equatiohy Gauss elimination process will give the following solution:
W - (2.16.20)

Vi —— (2.16.21)

Y/ — (2.16.22)

i i Wi (2.16.23)

i i Y (2.16.24)

This equation can be solved iteratively until the error term shrink to a minimum value
S$Ss L (2.16.25) whentte error level drops under a specified stopping criterion, iteration stops,
and roots can be calculated by using quadratic equation

W (2.16.26)

Note that all these procedure can be calculated with complex numbers. It shouln hetelthat after reducing
polynomial to a third, second or first degree remaining roots can be calculated by using standard root finding
equations. An example program is listed below:

QO ® B W PO oW pR vwithr=s=1
7.13ROOT FINDING BY USING SOFTWARE PACKAGES

In order to find roots, some built in functions already existed in package math programs. InQtatad
functionfzero is existed to find roots of a function arabts to find roots of a polynomial

>> formatlong

>> X=2;

>> y=@(X)X*%-2;

>> fzero(y,X)

ans = 1.41421356237310
>>

>> x=1;
>> y=@ (X)X"5-3.5*x"4+2.75*x"3+2.125*x"23.875*x+1.25;
>> fzero(y,X)




ans = 0.500000000000001

>>3=[1-3.5 2.75 2.1253.875 1.25];

>> roots(a)

ans =
2.000000000000003 +@0000000000000i
-1.000000000000002 + 0.000000000000000i
1.000000000000000 + 0.500000000000000i
1.0000000000000000.500000000000000i
0.499999999999999 + 0.000000000000000i

>> y=@(X)X*x+2;

>> x=1+1i;

>> fsolve(y,x)

ans =

-0.000000000000016 #414213562374690i

In excel, solver is existed to find real roots: We can use solver add in. In order to open solver:
On the File tab, click Optiongin turkish version dosya, secenekler)

Under Addins(in turkish version eklentiley)select Solver Addh (in turkish version Coziciu eklentisipnd
click on the G@Git..) button You can find the Solver on the Data gébri), in the Analyze group.

Tcel Segeneklen

Excel Options X
Genel
f— nel E.}_ Excel ile caligmak igin genel secenekler,
eneral = )
E@ Wiew and manage Microsoft Office Add-ins. Formiller
Formulas YVazm Denetleme. Kullanic: Arabirimi secenekleri
Data Add-ins Kaydet Segim sonrasinda Mini Arag Gubugunu goster
Pracfing Narme Tocation Type N Dil Secim yapildiginda Hizh Caziimleme seceneklerini goster
A Canli Onizl yi Etkinlegtir (0
Save Active Application Add-ins Geligmis fenlOnizlemey Eranisstr
’ . Ekran lpucu sl |Ekran Ipuclannda ozelik agikdamalarimi goster |+
Langusge o Seridi Ozellestir
Case of Access Inactive Application Add-ins Hih Erigim Arag Cubugu || YeM §aliyma kitaplikdan olugtururken
colPak CAL32XLL Excel Add-in Eklentiler Bunu varsayilan ya tipi olarak kullan: | Govele Yazi Tipi -
Advanced oolPak - VBA CALXLAM  Bxcel Add-in
Date (XML} CALFLOLL  Action Gaven Merkezi Yozt bayutus Al
Customize Ribbon Euro Currency Tools CALXLAM  Excel Add-in eni sayfalar igin yarsayilan gorunum: [Normal Geranom |
Ouick Access Toolbar Inquire Cimdll  COM Add-in Su sayida sayfa ekle: I
Microsoft Actions Pane 3 XML Expansion Pack
Add-ins Microsoft Power Map for Excel AwLLDLL  COM Add-in Microsoft Office kopyaniz kisisellestirin
Microsoft Power Pivt for Excel dindll COM Add-in
Trust Center Microseft Power View for Excel entdll  COM Add-in Kullamiciad— [Windows Kullanicis
Solver Add-in Em - [ Office'te sturum agilmasa da her zaman bu degerleri kullan
Addin: Solver Add-in Office Arka Plan: | Daireler ve Cizgiler| v
Publisher Office Temast:  |Renkli |w
c y: Mo y available Bagiangx secenekierl
Location: C:\Program Files\Microsoft Office\root\Office16\Libran/\
SOLVER\SOLVER XLAM Excel'in varsayilan olarak agmasini istediginiz uzantilari segin: | Varsayilan Programiar.
Description: - Tool for optimization and equation solving Microsoft Excel elektronik tablolan gorantuleme ve degistirme igin varszyilan program degilse bild.
2 Bu uygulama baslatildiginda Baglangig ekranini goster
B, lama baslatildiginda Bas) ki
Manage: | Bxcel Add-ins - Go. N
Tamam iptal
Add-ine ? e Eklentiler ? x
Kullanilabilir eklentiler:
Add-ins available: h ) N 2
mabeis ToolFaE | Check Zi'v‘ﬁ”’*dd in ] Cozica Eklentisi Tamam
[ nalysis ToolPak - vBA l—‘}‘l Coziimleme Arac Takimi - VBA ptal
[_JEuro Currency Taals = ] Euro Para Birimi Araclan
¥
Gozat..
Browse...
Otomasyon...
Automation...
Solver Add-in
azumleme Arag Takimi
Tool for optimization and equation solving < <
Istatiksel ve miihendislik amacli cozumleme igin veri
cBziimleme araclari sadlar
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Dy Cozicil

X f(X) Gozimleme

2 Solver
:! S| Hedef hiicreyi hesaplamak igin \

kullanilan hiicrelerdeki dederleri
degistirerek hedef hiicrenin en
uygun degerini bulan durum
gGzdmleme araci.

DN W R =

@ SOLVER.XLAM
Press F1 for add-in help.

Coztict Parametreleri
Hedef Ayarla: scs3 E3
Hedef: () Enpuiysk () Enkigik (8 Deferi: o
Degisken Hilcreleri Degistirerek:
$8%3 24

Kistlamalara Baghdir:

EKe

Defjistir

sil

Tumini Srfirla

Yilkle/Kaydet

Kistlanmamis Dediskenleri Pozitif Yap
Gozme Yontemi Segin Dogrusal Olmayan GRG v Segenekler
Gaziim Yontemi

Diizgiin dogrusal olmayan Gaziicii Problemleri igin GRG Dogrusal Glmayan altyapisini segin. Dogrusal Gzilci
Problemleri igin Basit LP altyapisini segin ve diizgiin olmayan Cozici problemleri igin Aglim altyapisin segin.

Yardim Goz Kapat

C4 v Jx

X (x)
1.414213333  -6.48766E-07
I I

7.13FINDING THE ROOTS LIMITS AND MULTIPLE ROOTS

In a one variableunction, if a root to be find and if only one root existed in the given region boundaries of the
function should carry inveessign. To further process this, if given region is divided up to smaller region and
function values at the limits are chexk theroot area can be narrowed down. region can be enlarged to the side
that it is estimated to have a root to ensure that at least one root is existed in a given region.

b (LD S =

Algorithm for root searching:

Set search limit dx, search and region a,b (a is startimg, b is end point of the search)
xl=a
x2=a+dx
while x2<b
if f(x1)*f(x2) less than 0 then
root existed between x1 and x2
set root limists as x1 and x2
x1=x2:
x2=x1+dx
if not
X2=x2+dx
end of if block




end of while block
return x1,x2 sets as root limits

#-*- coding: utf8 -*-

uuuuuu

Created on Sat Dec 18 07:06:10 2021

@author: M. Turhan COBAN

# function f(x) should be defined by using class if_x

from math import *
from if_x import *

defroot_limits (f,a,b):
# find root limits of multiple roots
#in between a and b
dx1=1e2
x1l=a
x2=a+dx1
f1=f.func(x1)
f2=f.func(x2)
¢ =[[0.0 for j in range(2)] for i in range(200)]
n=0
while x2<b:
if f1*f2<=0:
c[n][0]=x1
c[n][1]=x2
n=n+1
x1=x2+dx1
x2=x1+dx1
f1=f.func(x1)
f2=f.func(x2)
else:
x2=x2+dx1
f2=f.func(x2)
e=[[0 for x in range(2)] for y in range(n
for i in range(0,n):
eli]=c[i]

return e

def roots_bisection(f,a,b):
c=root_limits(f,a,b)
n=len(c)
print("c=",c,"n=",n)
x=[0.0 for x in range(n)]
for i in range(n):

x[i]=bisection(f,c[i][0],c[i] [1])

return x

def roots_secant(f,a,b):
c=root_limits(f,a,b)
n=len(c)
x=[0.0 for x in range(n)]
for i in range(n):
x[i]=secant(f,c[i][1])
return x

def bisection(f,x1,x2):
# bisection root finding metlio
f1=f.func(x1)
r=(x1+x2)/2.0
fr=f.func(r)
eps=1.0&6
Maxiter=100
i=0
while abs(fr)>eps and i<Maxiter:
if f1==0:
return x1
elif fr==0:
return r
elif f1*fr<0:
X2=r
else:




x1=r
f1=fr
r=(x1+x2)/2.0
fr=f.func(r)
=i+l
return r

def secant(f,x):
# secant root finding method
nmax=100
tolerance=1.040
for i in range(0,nmax):
fx= f.func(x);
dfx=f.dfunc(x,1)
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x

class f1(if_x):func=lambda self,x:sin(x)

f=f1()

a=float(input("enter lower limit : "))

b=float(input("enter upper limit : "))
x=roots_hisection(f,a,b);

print("Bisection x=",x)

x=roots_seant(f,a,b);

print("Secant x=",x)

runfile('D:/okul/SCO1/root_limits.py', wdir="D:/okul/SCO1")

enter lower limit : 1

enter upper limit : 8

c=[[1.0, 3.1499999999999764], [3.159999999999976, 6.289999999999909]] n= 2
Bisection x= [3.1415933609008553, 6.283243606476]

Secant x= [3.141592653589793, 6.283185307179586]

B
Bi=0.1
class f1(if_x):func=lambda selfx“sin(x)-Bi*cos(x)

f=f1()

a=0

b=50

x=roots_bisection(f,a,b);

print("Bisection x=",x)

x=roots_secant(f,a,b);

print("Secant x=",x)

runfile('D:/okul/SCO1/rob limits1.py', wdir="D:/okul/SCO1")

Reloaded modules: if_x

c=[[0, 0.3200000000000001], [0.3300000000000001, 3.179999999999976], [3.189999999999976, 6.29999999999991],
[6.30999999999991, 9.439999999999843], [9.449999999999843, 12.579999999999776], PPABRII776, 15.71999999999971
[15.729999999999709, 18.86000000000015], [18.87000000000015, 22.00000000000064], [22.01000000000064, 25.1400000
[25.150000000001132, 28.28000000000162], [28.290000000001623, 31.420000000002112], [31.430000000002114
34.57000000000169], [34.58000000000169, 37.71000000000107], [37.720000000001065, 40.85000000000044], [40.860000(
43.98999999999982], [43.999999999999815, 47.12999999999919]] n= 16

Bisection x=[0.31105224609375015, 3.1730970311164612, 6.299C88RMIB, 9.435376047491872, 12.574323088526501,
15.714326819777199, 18.854859549105317, 21.99569488287036, 25.136719484330357, 28.277870202066133, 31.4191099
34.56041266113688, 37.70176424339519, 40.84315287500664, 43.98457065701467, 47.1260HA]75933

Secant x=[0.31105284820029777, 3.1730971766928695, 6.299059359895646, 9.435375975760847, 12.574323161037869,
15.714326801776345, 18.854859544307704, 21.995694888011272, 25.136719451598626, 28.277870201784616, 31.419104
34.56041266538150673F01764232628236, 40.8431528825808, 43.98457067086168, 47.12601177101854]

B> >t |-

def J(v,x):
JJ=1e6
a=1.0
fact=1
b=0.0
if x <=20:

x5=1
Ina=0.0;




x1=v*log(0.5*x)
Inal=log(0.25*x*x)
for k in range(0,100):
x2=Ina
x3=lgamma(k+1)
x4=lgamma(v+k+1)
b=x1+x2x3-x4
b=x5*exp(b)
Ina=Ilna+lnal
x5=-1*x5
JJ=3J+b
elif (v==0 and x==0):
JJ=1
else:
JJ=sqrt(2.0/pi/x)*cosE0.5*v*pi-0.25*pi)
return JJ

Bi=0.1

class f1(if_x):func=lambda self,r:r*3(1;Bi*J(0,r)

f=f1()

a=0.0001

b=50

rl=roots_bisection(f,a,b);

print("Bisection r=",r1)

r2=roots_secant(f,a,b);

print("Secant r=",r2)

runfile(D:/okul/SCO1/root_limits1.py', wdir="D:/okul/SCO1")

Reloaded modules: if_x

c=[[0.0001, 0.4501000000000003], [0.4601000000000003, 3.860099999999962], [3.8700999999999617, 7.03009999999989
[7.040099999999894, 10.190099999999827], [10.2000999999998234008999999976], [13.35009999999976, 16.48009999999
[16.49009999999978, 19.630100000000272], [19.640100000000274, 22.790100000000766], [22.800100000000768,
25.930100000001257], [25.94010000000126, 29.070100000001748], [29.08010000000175, 32.2002068))0
[32.22010000000216, 35.35010000000154], [35.36010000000154, 38.490100000000915], [38.50010000000091, 41.6301000
[41.64010000000029, 44.770099999999665], [44.78009999999966, 47.92009999999904]] n= 16

Bisection r=[0.44168172607421896, 379119041442485, 7.029821994399918, 10.18329652318937, 13.331190502738714,
16.476705308055656, 19.620950191116606, 22.78093644747811, 25.921997215844456, 29.063172932960356, 32.2044294
35.345746376611345, 38.48710828313919, 41.62850489029914992076871472, 47.9113750411024]

Secant r= [0.44168100975596203, 3.8577123228063437, 7.029821949601012, 10.183296530173594, 13.331190565014792
16.476705333761902, 19.620950276518155, 22.78093634552872, 25.921997100437736, 29.06317281268636, 32.21B14298]
35.34574654007115, 38.4871082732571, 41.62850485557948, 44.76992895208186, 47.911375151226714]

7.14 PROBLEMS
PROBLEM 1 Find the roots 0fQad @ 18w YA by using bisection method

PROBLEM 2 Calculateyty by using one of the root finding method

PROBLEM 3
T A spherical tank of radius r is filled with a liquid of height h. The Volu
of liquid (V) in the tank is given by he followiggaution
D=2 w “Qa Qfo
Ifr =1 m and V= 0.5 %ind the liquid height
Note : due to geometry of a sphere h can not be less than 0 and can
- be bigger than D=2r. The maximum amount of liquid ths spherical
containe can be take i4.18879 mi (you do not need this data to solve
problem)
PROBLEM 4 Find the roots of Qe w9 "QdSs t18dy usingone of the root finding method
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PROBLEM 6 Find the roots of Qe
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PROBLEM 7 FunctionfJe &
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PROBLEM 8
Find all real roots of functionQe
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PROBLEM 10 For Turbulent flow inside of a pip@Re>2300) friction coefficient inside of a pipe can be

calculated by using Colebrook equation.

.. .-%0O
¢8u £ "Q—

dp
oX 'YQWQ

Re is Reynolds numbeg,is surface rougnes§Vrite a program to calculate total pressure drop in the pipe for a
given Re number, pipe diameter, pipe length and local pressure drop coefficient.

f : friction coefficient
D pipe diameter
Hint : Change the colebrook equation into theform

® O 8w é & Yo

Then find the root of the equation whete —

Use Haaland equation to obtaing the first estimate of the solution which has the form of

-70 8

p& € "
PROBLEM 11

Q———
i oK

980
Y0

In round smooth tubes for turbulent flow region Fanning friction factor is given as:

p& o x Y RQ

This equation is valid for 4 * £& Re < 3 * 16 By using one of the root finding methods, calculate
friction factor for Re=5000. You can utilize any root finding method you learned so far.

8

Note: You can assume that f is changing between 0,00D#id

PROBLEM 12
van der Waalgquation of state for the gases

U — — Inthis equation
o CXYY
0 ——
@T UL
. Yy
W —
g0

Redlich ve Kwongequation of states
0 ——— Inthis equation

U —

) 'Y y®

w 18 ¢ X 1—53—

. Y'Y

w TBY f%—‘l‘-

02, for oxygenP:=5.043 MPa T:=15458 K M=31.999 kg/kmol
N2, for nitrogenP:=3.39 MPa T=126.2 K M=28.013 kg/kmol.

R=8314.5 J/kmolK
Beredict-WebbRubin (BWR) equation of state

. OYYYEY 6 8FTY YOO & ® o
v — 5 S — — p — Q
0] 0] V) L L L
Gas Ao Bo Co.10° A B c.108 a.10? 910
0)) 1.49880 | 0.046524 | 0.0038617 | -0.040507 | -0.00027963 -0.00020376 0.008641| 0.359
N2 1.1925 0.0458 0.0058891 | 0.01490 0.00198154 0.000548064 | 0.291545| 0.75

Develop a program to calculate v when T and &ven. By using

A) van der Wals equation of state : gas : oxygen and nitrogen
B) Redlich Kwongequation of state : gas : oxygen and nitrogen

C) Benedictwebb rubinequation of state : gas : oxygen
D) Benedictwebbequation of state : gas : nitrogen

E) Compare theesult with ideal gas equation
PROBLEM 13

Find the root of functiof(x)=x %2 + x% + 1 with the limits of x;=-1, %=0, %=1 ny using miier method.




PROBLEM 14
Find the root of functiof(x)=x*-20x3-25x?+100x+130by using Leguerremethod
PROBLEM 15
Find the root bfuction f(x)=x?+1.
PROBLEM 16
For a paralel flow heat exchanger Number of transfer unit(NTU) and effectivehesgiétion given as follows
P Qunt Yy 6
p 0

After the experiments for a specific heat exchanger NTU=1.98@Jartd574is found from the experiment

a) Determine the rang€* . For this startC*=0.1and increase 0.1 in each step

b) CalculateC* by using false position method.
PROBLEM 17
Two end of5 cm long plate with crossection of 0.1&M@0 cmplate is held aB80 °C e 60 °C The
environmental temperatureTs = 10 °G convective heat transfer coefficidmt15 W/nt K. Bar cross sectional
areaA=2x10* m?, and perimeteP=0.402m.In the experiment mid poifx=0.025 mjtemperature is found as
T=67.5 °C In this conditions, temperature distribution in the bayjiven as

YUY o@§Q 8 p @Qe

In this equation m is defined as: — @

a) Find the range of m, stating from=5, and increasing 5 at each step.

b) Solve m by using NewteRaphson method

c) Determine thermal conductivity cogfient k from this value.

PROBLEM 18
The cost of the heat exchanger(M), is defined as a function of the length of heat excahger, L, diameter of the heat

exchanger, D as M=900 + 1100 B°L + 320 DL In the optimization study the length of the heathanger

is found as L=1.3 m and the cost as M=1900 TL. Find the diameter of the heat exchanger.

PROBLEM 19
An instrument 20000°L worth is purcahased with no first payment and 4000 TL annual payment for 6 years.
Calculate the interest rate applied l®jng secant method.
: ‘9Q p
Qp p
In the equation P is the present worth, A is the annual payment, i is the interestrate, n is the number of payment
years.

PROBLEM 20
In order to heat a substance to a required temperature the eneggion is given as
0 _a6Q™ekitliji iihe bulunmaktad

A substance with an initial temperature of 30 °C, with a mass m=0.2 kg, is heated to some temperature
and total energy spend is calculated3®69.7 kJ The specific heat of the sslance is given with the
equationC,=41.8% 1.6748 T + 0.007537 T2 (kJ/kg K). Find the final temperature by usingskiction

method.

PROBLEM 21

Find the roots of(x) = x3-6x>+11x-6.1 by using Legurre method

PROBLEM 22 Find the root(s) of the followingquation in the range 0f3.5,3.5]
% —-—0- Loeia
ng* pm
PROBLEM 23 Find the root(s) of the following equation

8
"Qw pop Q TP



PROBLEM 24 In celestial mechanic&k e p | e r 6 s is inpoutantt |i reads =y 1 Usiny, in whichxis a

pl anet 6 s mgitaecceatric anomalyyaidthe eccentricity oits orbit. TakingU= 0.9, construct a

table ofy for 30 equally spaced valuesxin theinterval 0to . Us e Newt ondés met hod to ob
y. They correspodingto anx can be used as the starting point for the iteration wheichanged slightly.

PROBLEM 25 A trough of length. has a cross section in the shape of a semicircle with radiisen filled
with water to within a distandeof the top, the volmeV of water is

w -

G bl 1 AGAGETQI Q7
Suppose L=1 m, r=0.25 m and V=0.08 Rind the depth of wateh

PROBLEM 26 Following functionsand root values are given. Investigate number ddtiterthey are taken
when Newton, Halley Abbasbandy, Thiele 1 and Thiele 2 methods are used.

f(x)=x®+4x*- 25 X =2.035268481182
f(x)=x>- e -3x+2 X =0.25753028589
f(x)=x*-10 X = 2.154434690(82
f(x)=cos)- x X =0.739085133215

f(x) =sin’(x)- xX*+1 X =1.404491648215
f(x) = x*+sin(x/5)- 1/4 X =0.409992017%89

(b) Did you remember to plot the function before using bieagti
¢) repeat using the root by Newt&aphson, Illinois, Halley, Abbasbandy , Thielel and Thiele 2 methods. Find
the number of iteration it takes in each case.

PROBLEM 28 In time dependent heat transfer, heat transfer of a Wall where both sides aexld@rpos
convective heat transfer with convective heat transfer coefficient h and tempegaisisghdwn in the figure
(reference Fundamentals of heat and mass traimsfierpera, DeWitt, Bergman

| Fwo-7,

L g

I h

t

L

T h

t

Time dependent temperature differefmesuch awall is given by the equation

q, = To-To _ 4 C, expt x’Fo)cosk x')
Ti- Tu n=1

at . _ . . e - .
Where Fo = F is Fourier number t is time(secon@, = is thermal diffisuvity coefficient, L is the half
p

length of the Wall. In order to solve coefficiemts(eigenvalues) the flWwing equation should be solved.



Bi ._hL . . : - ,

tanx, - — = Owhere Bi = ? is Biot number, h is thermal covection coefficient and k is thermal
Xn

conductivity of the Wall material. Assume Bi number is given and developed an algorithm to solveofirtst 4

of thex,. In order to help you The first 4 roots of the equation for various Bi number are given in the following

table.

hL
Bi = k £ & £ £
0 0 3.1416 6.2832 9.4248
0.001 0.0316 3.1419 6.2833 9.4249
0.002 0.0447 3.1422 6.2835 9.4250
0.004 0.0632 3.1429 6.2838 9.4252
0.006 0.0774 3.1435 6.2841 9.4254
0.008 0.0893 3.1441 6.2845 9.4256
0.01 0.0998 3.1448 6.2848 9.4258
0.02 0.1410 3.1479 6.2864 9.4269
0.04 0.1987 3.1543 6.2895 9.4290
0.06 0.2425 3.1606 6.2927 9.4311
0.08 0.2791 3.1668 6.2959 9.4333
0.1 0.3111 3.1731 6.2991 9.4354
0.2 0.4328 3.2039 6.3148 9.4459
0.3 0.5218 3.2341 6.3305 9.4565
0.4 0.5932 3.2636 6.3461 9.4670
0.5 0.6533 3.2923 6.3616 9.4775
0.6 0.7051 3.3204 6.3770 9.4879
0.7 0.7506 3.3477 6.3923 9.4983
08 0.7910 3.3744 6.4074 9.5087
0.9 0.8274 3.4003 6.4224 9.5190
1.0 0.8603 3.4256 6.4373 9.5293
1.5 0.9882 3.5422 6.5097 9.5801
2.0 1.0769 3.6436 6.5783 9.6296
3.0 1.1925 3.8088 6.7040 9.7240
4.0 1.2646 3.9352 6.8140 9.8119
5.0 1.3138 4.0336 6.9096 9.8928

PROBLEM 29 Solve equatior3” X® =1
PROBLEM 30 Calculate all roots of the following polynomials

f(X)=x>- xX*+2x- 2
f (x) =3.704x% +16.3x* - 21.97x+9.34

PROBLEM 31A watercontainer filled to H=5 m level. Total height of the container is HT=8 meters. At the top

of water air with 300 kPa and 27 C existed. The top of the storage tank is closed. Diameter of the container is 10
m. Water is disearged through a pipe of d=0.2 m in diameter and L=5 m in length. There is a globe valve at this
pipe (KL=0.2). Calculate velocity of the discharge water as a function of time

Hava 300 kPa
t=0 saniye

1

Kvana=0.2

d=0.2m

d=10m L=sm



8. OPTIMISATION

Optimizationis the name given to maximum or minimum findpprgcess. When it is considered in
mathematically, the root of the derivative of the function defines the optimum point.
0@
Qw
As the mathematical process, maximum and minimum is similar processes because
maximum (f(x)) = minimum{(x))

L8

el

f(x)

-1(x)

8INEWTONOGS METHOD

Newton Raphson is investigated as one of the root finding methods. Due to the fact that roots of the
derivatives of a function is also given the optimum point makes Newton method a cendidate to find
optimum through the roots of the deative of the function.

Minimum of f(x)

Rootsof Qo — ™
Newton raphson formula
o Q"
. w Q.
Q Q "Qw
Qn [o )
def f(x):
Y=X*X-2*X+5
return y
def df(x):
y=2.0*x-2
return y
def d2f(x):
y=2.0
return y

def opt_newton(df,d2f,x):

eps=1e8;

for i in range(100):
xold=x
x-=df(x)/d2f(x)
dx=abs(xxold)
if dx<eps: return x

return x

x=float(input("x="))
x=opt_newton(df,d2f,x)
print("x=",x)




runfile('E:/okul/SCO1/opt_neton.py', wdir="E:/okul/SCO1")

x=0.5
x=1.0
SecantmethodSecant method is the same as newtonods
numerically
def f(x):
Y=X*X-2*X+5
return y
def df(f,x):
dx=0.01
y=(f(x+dx)-f(x-dx))/(2.0*dx)
returny
def d2f(f,x):
dx=0.01
y=(f(x+dx)-2.0*f(x)+f(x-dx))/(dx*dx)
return y
def opt_secant(f,x):
eps=1e8;
for i in range(100):
xold=x
x-=df(f,x)/d2f(f,x)
dx=abs(xxold)
if dx<eps: return x
return x
x=float(input("x="))
x=opt_secant(f,x)
print("x=",x)
runfile('E:/okul/SCO1/opt_secant.py', wdir="E:/okul/SCOL1")
x=0.5
x=1.0
Secant method in excel
Secant optimsation f(x)=1/3*x*x2*x+5
a 2
Dx 0.01
X f(x) X+Dx x-Dx f(x+Dx) f(x-Dx) f'(x) '(x)
1 3.333333333 | 1.01 0.99 3.323434 3.343433 -0.99997 2
1.499983333 3.124995834 | 1.509983 1.48998 | 3.127646 3.122646 0.249983 2.999967
1.41665463 3.114390349 | 1.426655 1.40665 | 3.114601 3.114463 0.006944 2.833309
1.414203901 3.114381917 | 1.424204 1.4042 3.114523 3.114523 6.01E06 2.828408
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 4.49E12 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 14042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404

me t



1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.414201777 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404
1.41420177 3.114381917 | 1.424202 1.4042 3.114523 3.114523 0 2.828404

Newton method does not give if the found roots of first derivative is a maximum or minimum, but if
we apply a second derivative fgird derivative of original functionj can be found iflie optimum
point is maximum or minimum

Root of functiorlQw —— Qo ™
First derivative "Q — Q ®»
Second derivative "@eee —— "Qaan

If "Q TOwadmé Q¢ o
Else if "Q T 0 Q¢ "QanNoéa Qe o

Else if'Q mTOoOwoi Qdd& Qe o

from math import *
from if_x import *

def opt_newton(f,x):

eps=1e8;

for i in range(100):
xold=x
x-=f.dfunc(x1)/f.dfunc(x,2)
dx=abs(xxold)
if dx<eps: return x

return x

def optimum_test(f,x):
# optimum test through second derivatine
# x is maximuraminimum-extremum point
y=f.dfunc(x,3)

if y==0.0 : s="extremum"

elif y>0.0: s="minimum"

else : s="maximum"

return s

class f1(if_x):func=lambda self,x:(x*x+5)
f=f1()

x=1.0

r=opt_newton(f,x)




print(" optimum point : ",r\nFUNCTION VALUE : " f.func(r),optimum_test(f,r);
runfile('D:/okul/SCO1/optimum_test.pywdir="D:/okul/SCO1")

Reloaded modules: if _x

optimum point : 0.4999999999981659

FUNCTION VALUE : 4.75maximum

8.20NE DIMENSIONAL NON -LINEAR FIBONNACH | SEARCH (GOLDEN SEARCH)
METHOD
Series 0,1,1,2,3,5,8, 13, 21rd8efinitibnisinsthedoamof ed f i bonn
F(nN=F(n1)+F(n2) F(0)=0, F(1)=1
Forthe big fibonnaci terms the ration of two following fibonnachi number becomes constant. This
constant is known as golden ratio,
N L L
° Oc¢ G

TpYmnoowy w

Leonardo Pissano Fibbonachi

If a minimum being searched in a given region (a,c). In order to deeifraiminimum is existed,

region should be divided up into three sehions. This requires avaluation of two intermediata da
points. Neigbors of the minimum point remains and the third region is eliminated. In the new
avaluation a new two points will be required. Golden ratio is given us a fine propery so that one of the
selected points will always be one of the new searatt.f8o that only one new point will be

evaluated in each step of the evaluation.

fe)

fla)

\ flbl)
flb2) -

a b2 bl c
Figure Golden ratio sech

If minimumin in region [a,c] is required

The length of the regn will be dO=(d a) .

Then bl is taken as bl=a+d0*R

And b2 is taken as b2 dO*R = a + dO*R

And if it is assumed that minimum is in point b2, region-¢hWill be thrown. Our new region will be
d1l1=dO0* Rindanl acaj

new b1l is taken as bl=a+d1*R=a+d@%hich is the same as previous b2.

New b2 is taken n as b2 3 d1*R = a+ d1*R°=a + dO*F .

PROGRAM 5.2-1A Golden Ratio or Fibonnachi searchoy excel



a b h c d yc vd

1 2 1 1.381966 1.618034 | -0.366410476 | -0.369427868
1.381966011] 2 0.618034 1.618034 1.763932 | -0.369427868 | -0.366711114
1.381966011] 1.763932 | 0.381966 1.527864 1.618034 | -0.36949646 | -0.369427868
1.381966011] 1.618034 | 0.236068 1.472136 1.527864 | -0.368819066 | -0.36949646
1.472135955 1.618034 | 0.145898 1.527864 1.562306 | -0.36949646 | -0.369632208
1.527864045 1.618034 | 0.09017 1.562306 1.583592 | -0.369632208 | -0.369614176
1.527864045 1.583592 | 0.055728 1.54915 1.562306 | -0.36960486 | -0.369632208
1.549150281] 1.583592 | 0.034442 1.562306 1.570437 | -0.369632208 | -0.369634304
1.562305899 1.583592 | 0.021286 1.570437 1.575462 | -0.369634304 | -0.369630023
1.562305899 1.575462 | 0.013156 1567331 1.570437 | -0.369634826 | -0.369634304
1.562305899 1.570437 | 0.008131 1.565412 1.567331 | -0.369634332 | -0.369634826
1.565411519 1.570437 | 0.005025 1.567331 1.568517 | -0.369634826 | -0.369634819
1.565411519 1.568517 | 0.003106 1.566598 1.567331 | -0.369634711 | -0.369634826
1.56659776 | 1.568517 | 0.001919 1.567331 1.567784 | -0.369634826 | -0.369634851
1.567330897| 1.568517 | 0.001186 1.567784 1.568064 | -0.369634851 | -0.36963485
1.567330897| 1.568064 | 0.000733 1.567611 1.567784 | -0.369634846 | -0.369634851

Graphic exit of théunction

=
0333

-0.337

-0.341

0344

-0.348

-0.381

-0.355

-0.359

-0.362

-0.366

-0.370

Since one of the point is the same, evaluation of only one new point is required for each iteration step. The

Algorithm of Golden search is given in Progragiow

# Golden search optimisation method
# python version

from math import *

def f1(x):
Y=X*X-X+5;
returny;

def golden(f,a,b):
# golden search
rl=(sqrt(5)1)/2;
r2=r1*rl;
h=b-a;
ya=fl(a);
yb=f1(b);
c=a+r2*h;
d=a+rl*h;
yc=f1(c);
yd=f1(d);
k=1;
epsilon=1.0€10;
while abs(ybya) > epsilon:
k=k+1;
if yc<yd:
b=d;
yb =yd;
d=c;
yd = yc;
h=b-a;
c=a+r2*h;
ye = f1(c);
else:
a=c;
ya =yc;




c=d;
yc =yd;
h=b-a;
d=a+rl*h;
yd = fi(d);
p=a;
yp=ya;
if yb<ya:
p=b;
yp=yb;
return p;

a=float(input("enter lower limit : *));
b=float(input("enter upper limit : ));
r=golden(f1,a,b)

print("golden search optimisation : "r)

runfile('E:/okul/SCO1/golden.py', virk'E:/okul/SCO1")
enter lower limit : 1

enter upper limit : 5
golden search optimisation : 1.0

8.3 ONE DIMENSIONAL BISECTION METHOD

Optimum defined as root gb any root finding mathod can be employed to find optimum point by
defining it as the rat of the derivative of the function. Bisection method was specified above. The
optimum point can be obtained by bisection method using derivative of the function

from math import *
from if_x import *;

def bisection_opt(f,xl,xu):
# bisection root finothg method
maxit=100
iter=0
es=0.0000001
ea=1.1*es

fxI= f.dfunc(xl,1)

fxu= f.dfunc(xu,1)

xr=0.0;

while ea>es and iter<maxit:
xold=xr
xr=(xI+xu)/2.0;
fxr= f.dfunc(xr,1);
iter=iter+1;
if xr'=0:

ea=abs((>xold)/xr)*100

test= fxI*fxr;
iftest==0.0: ea=0;
elif test<0.0: xu=xr;fxu=fxr;
elif test>0:  xl=xr;fxI=fxr;

else: ea=0;
if iter>=maxit: print("Maximum number of iteration is exceededesult might not be valid")
return xr

def optimum_test(f,x):
# optimum test through second derivatine
# x is maximuraminimum-extremum point
y=f.dfunc(x,3)
s=""
if y==0.0 : s="extremum"
elif y>0.0: s="minimum"
else: s="maximum"
return s

class f1(if_x):func=lambda self,x:x*x+5
f=f1()




a=float(input("enter lower limit : "))

b=float(input("enter upper limit : "))

r=bisection_opt(f,a,b);

print(" optimum point : ",r \nFUNCTION VALUE : " ffunc(r),optimum_test(f,r))

runfile('D:/okul/SCO1/bisection_opt.py', wdir='D:/okul/SCOL1")
Reloaded modules: if _x

enter lower limit : 0.0
enter upper limit : 2.0

optimum point : 0.5000000004656613
FUNCTION VALUE : 4.75 maximum

8.40ONE DIMENSIONAL N ON-LINEAR QUADRATIC POLYNOMIAL METHOD

Golden search is a linear search method, it will always Works if a minimum(Maximum) is existed in
the given region. But convergence speed is relatively slow. A quadratic search seordtiabally be

given values dser to the actual optimum value.

f(a)

!
a d b o C

Minimum value of a quadratic equation is given with the Formula

Q0 o ™

After finding point d, point b is replaced with this point and iteration continues.

from math import *
from if_x import *

def opt_quadratic_pw{f,x0,x1,x2):
maxit=100;
epsilon=1.0€l0;
delta=1.0e5;
f0 = f.func(x0)
f1 = f.func(x1)
f2 = f.func(x2)
f3 =12;
x3 =0;
h =x1-x0
k=1
dd=abs(f1f0)
while dd >epsilon or h>delta:
k=k+1
X3=(fO*(x1*x1-x2*x2)+1*(x2*x2 -x0*x0)+f2*(x0*x0 -x1*x1))/(2*f0*(x1 -x2)+2.0*f1*(x2-x0)+2.0*f2*(x0-x1))
f3=f.func(x3);
if X3 >= x0 and x3<x1:
x2=x1
f2=f1
x1=x3
f1=f3;
elif x3 >= x1 and x3 <x2:
x0=x1
fo=f1
x1=x3
f1=f3




elif x3 >x2 :
x0=x1
fo=f1
x1=x2
f1=f2
X2=x3
f2=f3

elif x3<x0:
X0=x3
fO=f3
x1=x0
f1=f0
x2=x1
f2=f1

dd=abs(f1f0)

h=abs(x1x0)

if k>maxit :
break

return x3;

class f1(if_x):func=lambda self,x:x*x+5

f=f1()

a=float(input("enter lower limit : "))

b=float(input("enter upper limit : "))

c=(a)/2.0;

r=opt_quadratic_poly(f,a,c,b);

print(" optimum point : ",r \nFUNCTION VALUE : " f.func(r))

runfile('D:/okul/SCO1/opt_quadratic_poly.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

enter lower limit : 0.0
enter upper limit : 2.0

optimum point: 0.5
FUNCTION VALUE : 4.75

8.5 HALLEY ONE DIMENSIONAL OPTIMISATION METHOD

Consider the Taylor Formula, but this time assume that two term is remaining

O O — o ® © o E  (211.1)

Qw T QW A A 5

When second term of the Taylor Formula is also taken into acount the NBapdsorFormula takes the
form:

W W

c
This method is calletl a | | reof finding method.
In order to apply method to optimisation problems
Function will bereplaced with its derivatives
CRan "Qean

¢'Qaan "Qaaw Ran "Readae

from math import *
from if_x import *

def halley_opt(f,x):

# halley optimisation method

nmax=100

tolerance=1.04.0

for i in range(0,nmax):
fx=f.dfunc(x,1);
dfx=f.dfunc(x,2)
d2fx=f.dfunc(x,3)
x=x-2.0*x*dfx/(2.0*dfx*dfx -fx*d2fx)
if abs(fx)<tolerance: return x




return x

def optimum_test(f,x):
# optimum test through second derivatine
# X is maximuraminimum-extremum point
y=f.dfunc(x,3)
s=""
if y==0.0 : s="extremum"
elif y>0.0: s="minimum"
else: s="maximum"
return s

class f1(if_x):func=lambda self,x:x*x+5

f=f1()

x=1.0

r=halley_opt(f,x)

print(" optimum point : ",r \nFUNCTION VALUE : " f.func(r),optimum_test(f,r));
runfile('D:/okul/SCO1/halley_opt.py', wdir="D:/okul/SCO1")

Reloaded modules: if _x

optimum point : 0.499999999998834

FUNCTION VALUE : 4.75 maxinum

8.6 ONE DIMENSIONAHIELE METHOD

ThieleMethod was investigated in Root finding sectib®. Due to fact that root of the derivatives is
given optimisation, Thiele Method can be utilised as ojgition method as follows:

. QD
Qw — Qaw
Qw

() W —— (7.9.5)
0 @ TAOQ®M QO QO RTD RO RO Qo RN'Q @ (7.9.6)
0 @ PO QROQROQTH RO AL A RO RO QLA "B O R OR®
TQO A0 VOADQ ® (7.9.7)
w 0w — (7.9.8)
0 @ QO QO QOB PWRZOEZO® QO REQ @ (7.9.9)
0 @ CQWIROOUOEZO cAOEO RO "Qn"Q o FEF (7.9.10)

# Thiele root finding method for 1D optimisation

from math import *
from if_x import *

def Thiele_opt(f,x):
#Thiele 1 method
a=[0.0 for i in range(3)];
nmax=500;
tolerance=10e-10;
gx=0;
for i in range(0,nmax):
gx=f.dfunc(x,1);
dgx=f.dfunc(x,2);
d2gx=f.dfunc(x,3);
d3gx=f.dfunc(x,4);
P1=4.0*gx*dgx*(3.0*dgx*dgx*d2gR.0*gx*d2gx*d2gx+gx*dgx*d3gx);
Q1=12.0*dgx*dgx*dgx*dgx*d2g£8.0*gx*dgx*dgx*d2gx*d2gx+3.0*gx*gx*d2gx*d2gx*d2gx+4.0*gx*dgx*dgx*dgx*d3gx;
x-=P1/Q1;
if abs(gx)<tolerance:
return x;
print("Maximum number of iteration is exceeded in Thiela');
return x;

class f1(if_x):func=lambdalf&:x*x-x+5
f=f1()
x=1.0




r=Thiele_opt(f,x)
print(" optimum point : ",r,"Function =" f.func(r));

n [81]: runfile('D:/okul/SCO1/Thiele_opt.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

optimum point : 0.49999999999816586 Function = 4.75

8.7 ONE DIMESIONAL HASAN METHODS

Hasarj50] proposed several higher order methdfs root finding with relatively less function
calculations. Hasan Method can be utilised as optimisation method as follows:

o 2P oy
Qo
o o — (8.7.1)
o — (8.7.2)
0 — — Vi p (873
b O : (8.7.4)

from math import *
from if_x import *

def hasan_opf(x):

# finding real roots by using hasan method fourth order

nmax=500;

r=3;

tolerance=1.0€l5;

for iter in range(0,nmax):
gx=f.dfunc(x,1);
dgx=f.dfunc(x,2);
d2gx=f.dfunc(x,3);
x=xgx/(dgx+1.0/r*dgx*log((dgx*dggx*d2gx)/(dgx*dgx)));
if abs(gx)<tolerance: return x;

return x;

class f1(if_x):func=lambda self,x:x¢x5

f=f1()

x=1.0

r=hasan_opt(f,x)

print(" optimum point : ",r,\nFUNCTION VALUE : " f.func(r));

runfile('D:/okul/SCO1/hasan_opt.py', wdir='D:/okul/SCO1")
Reloaded modules: if_x

optimum point : 0.5000000000009188

FUNCTION VALUE : 4.75

8.8 ONE DIMENSIONAL BRENT METHOD
It is seen that quadratic formula can used to find with formula
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But this Formula can be reached to maximum instead of minimum as well. One more secure
approximation could be to use Golden search to approach to the minirmtranqmbthen utilise
the quadratic polynomial method. This combined method is called Brent method.

# Brent root finding method for 1D optimisation

from math import *
from if_x import *

def brent_opt(f,a,b):
#brent optimisation method
maxit=500;
iter=0;
tol=1.0e15;
es=0.0000001;
x1=a;f1= f.dfunc(x1,1)
x2=h;f2= f.dfunc(x2,1)
x3=(x1+x2)/2.0;f3= f.dfunc(x3,1)
if f1==0: return x1
elif f2==0: return x2
elif f3==0: return x3
if f1*f 2>0: print("No root is existed in the given region");
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp= f.dfunc(p,1)
ea=abs(xd);
while (ea>es) and (iter<maxit):
if abs(f3)<tol: returrx3;
if (p<x1) and (p>x2):
p=(x1+x2)/2.0;
if p>x3:  x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
else:
if p>x3: x1=x3;f1=f3;x3=p;f3=fp;
elif p<x3: x2=x3;f2=f3;x3=p;f3=fp;
p=-(f2*f3*x1*(f2 -f3)+f3*f1*x2*(f3 -f1)+f1*f2*x3*(f1 -f2))/((f1-f2)*(f2-f3)*(f3-f1));
fp= f.dfunc(p,1)
ea=abs(xd);
iter=iter+1;
if iter>=maxit: print("Warning : Maximum number of iteran is exceeded");
return p;

class f1(if_x):func=lambda self,x:x*x+5

f=f1()

x1=1.0

x2=3.0

r=brent_opt(f,x1,x2)

print(" optimum point : ",r,"Function = " f.func(r));

runfile('D:/okul/SCO1/brent_opt.py', wdir="D:/okul/SCO1")
Reloaded module#_x

No root is existed in the given region

optimum point : 0.4999999999997318 Function = 4.75

8.9 ONE DIMENSIONAL RIDDER METHOD

Ridder method root finding is a modified form False position method. If a root existed
between x1 and x2 Ridder methodsfievaluate the midpoint

0w — (8.9.1)

and than solve a special conversion conversion f&rtofhis convertion linearize the
equation. It is basically find the root of the quanrtréunction

MMw QW Q MQuw Qw Q (8.9.2)

The root of this function can be calculated as
of the quadratic function



Q (8.9.3)

Function sign(x) will be given the sign of x. If x is smaller than 0 it wilthdf x is bigger

than O it will be +1. Now the false position method is applied, not to the values f(x1), f(x3),
f(x2), but to the values fg¥, f(x3)e®, f(x2)e?<, yielding a new guess for the roos, Xhe

overall formula is:

W o 0w W (8.9.4)

Because the equation is quadratic, it supplies a quadratic approximation. In addition the root
X4 should be in between and ».

In order to transfer root finding method as optimisation method, derivaative of function is
used ingtad of the function.

"V —— "Qab (8.9.5)

R I (8.9.6)

from math import *
from if_x import *
def SIGN(a,b):
return abs(a)*b/abs(b)

def ridder_opt(f,x1,x2):
# finding real roots by using Ridder method fourth order
xacc=1.069;
MAXITER=200
ABC=1.0e30
f_low=f.dfunc(x1,1);
f_high=f.dfunc(x2,1);
print("f_low",f_low)
b1=f low > 0.0 anél high < 0.0;
b2=f_low < 0.0 and f_high > 0.0;
b3=b1 or b2;
if b3 :
x_low=x1;
x_high=x2;
answer=ABC,;
for j in range(0,MAXITER):
Xx_mid=0.5*(x_low+x_high);
f_mid=f.dfunc(x_mid,%
s=sqrt(f_mid*f_midf_low*f_high);
if s == 0.0: return answer;
if f_low>=f_high: xx=1;
else: xx=1;
xnew=x_mid+(x_miat_low)*xx*f_mid/s;
if abs(xnewanswer) <= xacc: return anser;
answer=xnew;
fnew=f.dfunc(answer,1);
if fnew == 0.0: return answer;
if SIGN(f_mid,fnew) != f_mid:x_low=x_mid;f_low=f_mid;x_high=answer;f_high=fnew;
elif SIGN(f_low,fnew) !=f_low:x_higlmswer;f_high=fnew;
elif SIGN(f_high,fnew) !=f_high:x_low=answer;f_low=fnew;
else: print("we should not reach to this point");
if abs(x_higkx_low) <= xacc: return answer;
print("Warning : Maximum number of itation is exceedetin");
else:
if f_low == 0.0: return x1;
if f_high == 0.0: return x2;
print("Warning : No roots existed between the given limits ");
return 0.0




class f1(if_x):func=lambda self,x:>x¥x5

f=f1()

x1=0.0

x2=3.0

r=ridder_opt(f,x1,x2)

print(" optimum point : ",r,A\nFUNCTION VALUE : " f.func(r));
runfile('D:/okul/SCO1/ridder_opt.py', wdir="D:/okul/SCO1")
Reloaded modules: if _x

f_low-0.9999999999956392

optimum point : 0.5000000000001316
FUNCTIONALUE : 4.75

8.10 ONE DIMENSIONAL OPTIMISATION MULLER

-

di i

Werner Muller, German Mathematician

In false position method roots were found by using the root of the linear line passing through the two interval
points. The same concept can be use to fit a qtiadrurve and find the roots of the quadratic function. But
guadratic function fitting is required 3 estimation point. The method consist of deriving the coefficients of a
quadratic curve(parabola) that goes through three points. If function evaluatiwsef3 points af¢xo), f(x1)
andf(xz), enough information will be evailable to make a quadratic curve root estimation. Assuming quadratic
function defined b the following equation :

VO OO © OO ©  © (2.6.1)
Evaluation of the function in 3 given points will be
VO OO0 ® OO © ® (2.6.2)
VO OO OO © ® (2.6.3)
VO OO0 ® O O 0 O (2.6.4)
Considering the difference of the functions:

VO QO O ® 0w @ (2.6.5)
VO MO e ® O ® (2.6.6)
N 0 o (2.6.7)
N O ® (2.6.8)
Q — (2.6.9)
Q — (2.6.10)

When these are substituted bado the main equation
M Mo Q0O QO+QQ (2.6.11)

N QO Q0 (2.6.12)
is obtained. a and b can be solved from here.
o — (2.6.13)
O @dQ Q (2.6.14)
® Qw (2.6.16)
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graphic representation of Muller root finding method.

to find root root :

Y Mo 100 (2.6.17)

if

w Ys W Ys oM o VY (2.6.18)
Else~ 5

(SRR (2.6.19)

0 o — (2.6.20)

O OO OO O (2.6.21)

X2 will be substituted with xand iteration continues. It should be noted that in a quadratic formula complex roots
can be located as well as the real roots, therefore this method can be usgddamplex roots as welin order
to transfer root finding method as optimisation method, derivaative of function is used instead of the function.
Qw —_ a0
Qw

#muller optimisatiormethod
from math import *
from if_x import *
def mdler_opt(f,x0,x1,x2):
# Finding real roots by using Muller method
iter=0;
es1=0.001;
es=esl,;
ea=1.1%es;
maxit = 100;
Xr=x0;
for iter in range(0,maxit):
fx0=f.dfunc(x0,1);
fx1=f.dfunc(x1,1);
fx2=f.dfunc(x2,1);
h0=x2x0;
h1=x2x1;
d0=(fx1fx0)/h0;
d1=(fx2fx1)/h1,;
a=(d:d0)/(h1+h0);
b=a*h1+d1,;
c=fx2;
determinant=b*b-4.0*a*c;
if determinant<=0: determinant=0;
else: determinant=sqrt(determinant);
if abs(b+determinant)> abs{ieterminant): den=b+determinant;
else: den=kdeterminant;
hr=2*c/den;
xr=x2+hr;
ea=abs((xx2)/xr)*100;
x0=x1;
x1=x2;




X2=Xr,

if ea<es: return xr
if iter>=maxit: print('Warning : Maximum number of iteration is exceeded result may not be valis');
return xr

class f1(if_x):func=lambda self,x:x¥x5

f=f1()

x0=0.0

x1=1.0

x2=3.0

r=muller_opt(f,x0,x1,x2)

print(" optimum point : ",r,AnFUNCTION VALUE : " f.func(r));
runfile('D:/okul/SCO1/muller_opt.py', wdir="D:/okul/SCO1")
Reloaded modules: if_x

optimum point : 0.49999999999799116

FUNCTION VALUE : 4.75

8.11 ONE DIMENSIONAL ABBASBANDY OPTIMISATION METHOD

In [48], Abbasbandy gives a third order iterative metbodoot finding, calledAbbas bandy 6s
method(AM) provisionally, which is expressed as

c

&) &) - - (8.11.9

. In order to transfer root finding method as optimisation method, derivaative of function is used instead of the function.
Vo —— "Qan (8.11.2)

. ‘ c

w w - - (8.11.3)

# Abbasbandy root finding method for 1D optimisation

from math import*
from if_x import *

def Abbasbandy_opt(f,x):
#Thiele 1 method
a=[0.0 for i in range(3)];
nmax=500;
tolerance=1.0€l0;
gx=0;
for i in range(0,nmax):
gx=f.dfunc(x,1);
dgx=f.dfunc(x,2);
d2gx=f.dfunc(x,3);
d3gx=f.dfunc(x,4);
P1=0.5*gx*gx*d2gx
Q1=dgx*dgx*dgx
P2=1.0/6.0*gx*gx*gx*d3gx
Q2=dgx*dgx*dgx*dgx
x-=gx/dgx;
x-=P1/Q1
x-=P2/Q2
if abs(gx)<tolerance:
return x;
print("Maximum number ofteration is exceeded in Abbasbandy');
return x;

class fi(if_x):func=lambda self,x:x¢x5

f=f1()

x=1.2

r=Abbasbandy_opt(f,x)

print(" optimum point : ",r,"Function =" f.func(r));
runfile('D:/okul/SCO1/Abbasbandy_opt.py', wdir="D:/okul/SCO1")
Reloaded modules: if x




| optimum point : 0.5000000000012949 Function = 4.75

8.12 FINDING MORE THAN ONE ONE DIMESIONAL OPTIMUM POINT

Whenmore than one optimum point is searched, one of the method is to look at derivative of roots, as
carried out in root sea method.

Algorithm for root searching:

Set search limit dx, search and region a,b (a is starting point, b is end point of the search)
x1l=a
X2=a+dx
while x2<b
if df(x1)/dx*df(x2)/dx less than O then
root(optimum point) existed between x1 atd
set root(optimum point) limists as x1 and x2
Xx1=x2;
Xx2=x1+dx
if not
X2=x2+dx
end of if block
end of while block
return x1,x2 sets as root limits

After achieving root limits, and finding optimum points by sonethnd such as bisection or secant,
the values can be evaluated by checking second derivative to see if it is @ minimum, maximum or
extremum.

#-*- coding: utf8 -*-

Created on Sat Dec 18 07:06:10 2021

@author: M. Turhan COBAN

# function f(x) shoud be defined by using class if_x

from math import *

from if_x import *

import numpy as np

import matplotlib.pyplot as plt

def opt_limits(f,a,b):
# find root limits of multiple roots
#in between a and b
dx1=1e2
x1=a
x2=a+dx1
f1=f.dfunc(x1,1)
f2=f.dfunc(x2,1)
¢ =[[0.0 for j in range(2)] for i in range(200)]
n=0
while x2<b:
if f1*f2<=0:
c[n][0]=x1
c[n][1]=x2
n=n+1
x1=x2+dx1
x2=x1+dx1
f1=f.dfunc(x1,1)
f2=f.dfunc(x2,1)
else:
x2=x2+dx1
f2=f.dfunc(x2,1)
e=[[0 for x in range(2)] for y in range(n)]




for i in range(0,n):
eli]=c[i]

return e

def minimum_bisection(f,a)b
c=opt_limits(f,a,b)
n=len(c)
print("c=",c,"n=",n)
x=[0.0 for x in range(n)]
y=[0.0 for x in range(n)]
n1=0
for i in range(n):
x[i]=bisection(f,c[i][0],c[il[1])
if f.dfunc(x[i],2)>0:
yIn1]=x{i]
nl=nl+1
z=[0.0 for x in range(n1)]
for i in range(nl):
z[i]=y[il;
return z

def optimum_bisection(f,a,b):
c=opt_limits(f,a,b)
n=len(c)
x=[0.0 for x in range(n)]
for i in range(n):
x[i]=bisection(f,c[i][0],c[i][1])
return x

def optimum_secant(f,a,b):
c=opt_limits(f,a,b)
n=len(c)
x=[0.0 for x in range(n)]
for i in range(n):
x[i]=secant(f,c[i][1])
return x

def minimum_secant(f,a,b):
c=opt_limits(f,a,b)
n=len(c)
x=[0.0 for x in range(n)]
y=[0.0 for x in range(n)]
n1=0
for i in range(n):
x[i]=secant(f,c[i][1])
ff1=f.dfunc(x[i],2)
cf=f.dfunc(x[i],2)>0
if cf:
yIn1]=x{i]
nl=nl+1
z=[0.0 for x in range(n1)]
foriin range(nl):
z[il=ylil;
return z

def bisection(f,x1,x2):
# bisection optimisation method
f1=f.dfunc(x1,1)
r=(x1+x2)/2.0
fr=f.dfunc(r,1)
eps=1.066
Maxiter=100
i=0
while abs(fr)>eps ancMaxiter:
if f1==0:
return x1
elif fr==0:
return r
elif f1*fr<0:
x2=r
else:
x1=r
fi=fr
r=(x1+x2)/2.0
fr=f.dfunc(r,1)
i=i+1




return r

def secarif,x):
# secant optimisation method
nmax=100
tolerance=1.040
for i in range(0,nmax):
fx= f.dfunc(x,1);
dfx=f.dfunc(x,2)
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x

def J(v,x):
JJ=1e6
a=1.0
fact=1
b=0.0
if X <=20:
x5=1
Ina=0.0;
x1=v*log(0.5*x)
Inal=log(0.25*x*x)
for k in range(0,100):
x2=Ina
x3=lgamma(k+1)
x4=lgamma(v+k+1)
b=x1+x2x3-x4
b=x5*exp(b)
Ina=Inat+lnal
x5=-1*x5
JJ=JJ+b
elif (v==0 and x==0):
JJ=1
else:
JJ=sqrt(2.0/pi/x)*cos(0.5*v*pi-0.25*pi)
return JJ

Bi=0.1

class f1(if_x):func=lambda selft*J(1,r) -Bi*J(0,r)
f=f1()

a=0.001

b=30
rl=optimum_bisection(f,a,b);
print("optimum Bisection r=",r1)
r2=optimum_secant(f,a,b);
print("Secant r=",r2)
r3=minimum_bisection(f,a,b);
print("minimum Bisection r=",r3)
rd=minimum_secant(f,a,b);
print("minimumsecant r=",r4)

X = np.arange(a, b, 0.1);
y1=0.0*x

n=len(x);

y=[0 for i in range(n)]

for i in range(n):

y[i] = f.func(x[i])
plt.title(y=f(x,y)=r*31(x)-Bi*J0(x)")
plt.xlabel('r *)
plt.ylabel('y )
plt.plot(x, y,x,y1)

from abc import ABC, abstractmethod
from math import *

class if x(ABC):
@abstractmethod
def func(self,x):
pass;

def dfunc(self,x,n):




dx=0.0001,;

if n==0: df=self.func(x);

elif n==1: df=(3.0*self.func(34.0*dx)-32.0*self.func(x3.0*dx)+168.0*self.func(>2.0*dx)-672.0*self.func(x
dx)+672.0*self.func(x+dx)1168.0*self.func(x+2.0*dx)+32.0*self.func(x+3.0*h3.0*self.func(x+4.0*dx))/840.0/dx;

elif n==2: dx=0.001;df=(14350.0*self.func(xP®.0*self.func(x4.0*dx)+128.0*self.func(x3.0*dx)-1008.0*self.func(x
2.0*dx)+8064.0*self.func(3dx)+8064.0*self.func(x+dx)L008.0*self.func(x+2.0*dx)+128.0*self.func(x+3.0*dx)
9.0*self.func(x+4.0*dx))/5040.0/dx/dx;

elif n==3: dx=0.001;df=(7.0*self.func(x4.0*dx)+72.0*self.func(>x3.0*dx)-338.0*self.func(x2.0*dx)+488.0*self.func(>dx)-
488.0*self.func(x+dx)+338.0*self.func(x+2.0*dx)2.0*self.func(x+3.0*dx)+7.0*self.func(x+4.0*dx))/240.0/dx/dx/dx;

elif n==4: dx=0.001;df=(2730.0*self.func(x)+7.0*self.funefx0*dx)-96.0*self.fun¢x-3.0*dx)+676.0*self.func(x2*dx)-
1952.0*self.func(xdx)-1952.0*self.func(x+dx)+676.0*self.func(x+2.0*dx)
96.0*self.func(x+3.0*dx)+7.0*self.func(x+4.0*dx))/240.0/dx/dx/dx/dx;

elif n==5: dx=0.01;df=(self.func4.0*dx)-9.0*self.func(x3.0*dx)+26.0%elf.func(%2.0*dx)-29.0*self.func(x
dx)+29.0*self.func(x+dx6.0*self.func(x+2.0*dx)+9.0*self.func(x+3.0*d>gelf.func(x+4.0*dx))/6.0/dx/dx/dx/dx/dx;

elif n==6: dx=0.01;df=(150.0*self.func(xjself.func(x4.0*dx)+12.0*self.func(>3.0*dx)-52.0*sef.func(x-
2.0*dx)+116.0*self.func(xdx)+116.0*self.func(x+dxp2.0*self.func(x+2.0*dx)+12.0*self.func(x+3.0*dx)
self.func(x+4.0*dx))/4.0/dx/dx/dx/dx/dx/dXx;

elif n==7: dx=0.01;df=(self.func(%4.0*dx)+6.0*self.func(x3.0*dx)-14.0*self.func(x2.0*dx)+14.0*self.func(xdx)-
14.0*self.func(x+dx)+14.0*self.func(x+2.0*dx§.0*self.func(x+3.0*dx)+self.func(x+4.0*dx))/2.0/dx/dx/dx/dx/dx/dx/dx;

elif n==8: dx=0.1;df=(70.0*self.func(x)+self.funci 0*dx)-8.0*self.func(x3.0*dx)+28.0*self.func(>2.0*dx)-56.0*self.func(x
dx)-56.0*self.func(x+dx)+28.0*self.func(x+2.0*dx§.0*self.func(x+3.0*dx) +self.func(x+4.0*dx))/dx/dx/dx/dx/dx/dx/dx/dXx;

else: df=0;

return df;

def gauss_legendre_coefficients(self,x1,x2,n):
#calculates legedre gaussoefficients as coefficients of the integral
#for n terms
eps=3el5
m=int((n+1.0)/2.0)
xm=0.5*(x2+x1)
xI=0.5*(x2-x1)
nmax=100
a=[[0.0 for i in range(n)] for j in range(2)]
foriin range(1,m+1):
z=cos(pi*((+0.25)/(n+0.5)))
for i in range(nmax):
#while abs(zz1) > eps:
p1=1.0;
p2=0.0;
for j in range(1,n+1):
p3=p2
p2=pl
pl=(float)(((2.0*}1.0)*z*p2-(j-1.0)*p3)/j)
pp=(float)(n*(z*p1-p2)/(z*z-1.0))
z1=z;
z=z1-pl/pp
if abs(zz1) < eps: break
a[0][i-1]=xm-xI*z
a[0][n-i]l=xm+xI*z
a[1][i-1]=2.0*xI/((1.0-z*z)*pp*pp)
a[1][n-i]=a[1][i-1]
return a

def integral(self,x1,x2,n):
#integral func(x)dx
#integral of a function by using gadlegendre quadrature
#between x1 and x2
a=self.gauss_legendre_coefficients(x1,x2,n)
z=0
for i in range(n):
z=z+a[1][i]*self.func(a[0][i])
return z

runfile('D:/okul/SCO1/opt_limits.py', wdir="D:/okul/SCO1")

Reloaded modules: if_x

optimum Bisection r=[2.445357347488395, 5.538103071212696, 8.665260330200052, 11.800005079269202, 14.937616037
18.07652464455369, 21.233996376753375, 24.371954701901494, 27.51074039077909]

Secant r= [2.4453579083832677, 5.538102946958073, 8.665260438482.800005693167916, 14.93758758667544,
18.076444632215296, 21.233996338889188, 24.371954483328352, 27.510740485604636]

c=[[0.001, 2.4509999999999916], [2.4609999999999914, 5.540999999999926], [5.5509999999999255, 8.670999999999859
[8.6809999999998% 11.800999999999792], [11.810999999999792, 14.940999999999725], [14.950999999999725,
18.081000000000028], [18.09100000000003, 21.241000000000522], [21.251000000000523, 24.381000000001013],
[24.391000000001014, 27.511000000001502]] n=9

minimum Bisectiorr= [5.538103071212696, 11.800005079269202, 18.07652464455369, 24.371954701901494]

minimum secant r= [5.538102946958073, 11.800005693167916, 18.076444632215296, 24.371954483328352]




y=Fflx.y)=r#¥)1{x)-Bi*|0(x)
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Bi=0.1

class f1(if_x):func=lambda selfsin(x)
f=f1()

a=0.0

b=30
rl=optimum_bisection(f,a,b);
print("optimum Bisection r=",r1)
r2=optimum_secant(f,a,b);
print("Secant r=",r2)
r3=minimum_bisection(f,a,b);
print("minimum Bisection r=",r3)
rd=minimum_secant(f,a,b);
print("minimum secant r=",r4)

X = np.arange(a, b, 0.1);
y1=0.0*x

n=len(x);

y=[0 for i in range(n)]

for i in range(n):

y[i] = f.func(x[i])
plt.title(y=f(x,y)=r*31(x)-Bi*J0O(x)")
plt.xlabel('r *)
plt.ylabel('y )
plt.plot(x, y,x,y1)

runfile('D:/okul/SCO1/opt_limits1.py', wdir='D:/okul/SCOL1")

Reloaded modulesf_ix

optimum Bisection r=[1.5707964324951182, 4.712388248443547, 7.853982238769408, 10.995574736594964, 14.13716723
17.2787597322463, 20.420351600647365, 23.56194497585385, 26.703537473679965, 29.845129971506083]

Secant r=[1.5707963267944889, 4.382980384815, 7.853981633976002, 10.995574287565736, 14.137166941153724,
17.278759594744823, 20.420352248333145, 23.561944901923574, 26.70353755551332, 29.845130209103147]

c=[[0.0, 1.5800000000000012], [1.5900000000000012, 4.719999999999944], [4.72%@HRVY 7.859999999999877],
[7.869999999999877, 10.99999999999981], [11.00999999999981, 14.139999999999743], [14.149999999999743, 17.279999
[17.289999999999903, 20.430000000000394], [20.440000000000396, 23.570000000000885], [23.580000000000886,
26.710000000001376], [26.720000000001377, 29.850000000001867]] n= 10

minimum Bisection r=[4.712388248443547, 10.995574736594964, 17.2787597322463, 23.56194497585385, 29.8451299715
minimum secant r= [4.712388980384815, 10.995574287565736, 17.278789823723.561944901923574, 29.845130209103147




y=Fflx,y)=r*1{x)-Bi*|0(x)
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8.13 MULTIDIMENSIONAL NEWTRAPHSON OPTIMISATION METHOD

Sir Isaac Newton Josp Rphson

Root finding of multivariable functions by using NewiBaphson method was prevously invesggat
By remembering that optimum point is the root of the derivative of the function, the method can be
utilise also to find optimum point.

If function f(x1,x2,Xs, € y) X First and second derivative and independent difference vector of the
function can bevritten as:
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NewtonrRaphson iteration for (m+1) th iteration
0 I n"Q

As it is seen from the equatiodiaearsystem of equation is formed. The equatian be solved by
using methodsuch as gauss elimination. An initial estimate for all the x values are required to start
iterative solutionSecond derivartive matrig also called a Hessian matrix. First and second
derivatives can also be calculated numerically, but that will increase the errors orthe number of
iteration steps. The system of equation can also be written as:

1 O n"Q
In this format™© is the inverse Hessian matrikvectord is written in open form, it becomes
@ W () n"Q

As a more general definition of this equation a step funetioan be added into the term. It be@sm
@ W | O n"Q

In NewtonRaphson method step functians equal to unityln some other methods different
utilisation of this general description will be invetigated.

Program Abstract class f_xj for function y=f(x0,x1,x2,..) Python version)
from abc import ABC, abstractmethod
from math import *

class f_xj(ABC):
# multifunction multi independent variable
# vector of dependent variables are returned
# example f[0]=x[0]+sin(x[1])
# f[1]=x[OFx[1] -x[1]
# func(x) returns the value of f[0] and f[1]
# as a two dimensional vector

@abstractmethod
def func(self,x):
pass;

def funcxy(self,x1,y1):
n=2;
x=[0 for i in range(n)];
x[0]=x1,;
X[1]=y1;
return sé.func(x);

def dfunc_(self,x,x_ref):
#derivative of the function with respect to x_ref
h0=0.015675863;
m=7,
n=len(x);
x1=[0 for i in range(n)];
x2=[0 for i in range(n)];
for i in range(n):
XL[i]=xi] ;
X2[i]=x[i];
#derivative of a simple function
T=[[O for i2 in range(m)] for j2 in range(m)];
h=[0 for i in range(m)];
for i in range(m):
h[i]=0;
for j in range(m):

TG=0;




h[0]=hO;
r=0.5;
for i in range(m):
h[i]=h0*pow(r,i);
for i in range(m):
x1[x_refl+=h[i];
x2[x_ref]-=h[i];
fl=self.func(x1);
f2=self.func(x2);
T][0]=( f1 - f2)/(2.0*h[i]);
x1[x_ref]l=x[x_ref];
x2[x_ref]l=x[x_ref];
for k in range(1,m):
for i in range(0,r¥k):
TlKI=(h[]*h[i*Ti+1][k -1] - h[i+k]*h[i+k]*T[il[k -1])/(h[i]*n(i]
- h[i+k]*h[i+k]);
xx=T[0][n-1];
return xx;

def d2func_(self,x,x_ref):
#derivative of the function with respect to x_ref
h0=0.015675863;
m=7,;
n=len(x);
x1=[0 for i in range(n)];
x2=[0 for i in range(n)];
for i in range(n):
XL[i]=x{i];
xX2[i]=x[i];
#derivative of a simple function
T=[[O for i2 in range(m)] for j2 in range(m)];
h=[0 for i in range(m)];
for i in range(m):
h[i]=0;
for j in range(m):
THl=0;
h[0]=ho;
r=0.5;
for i in range(m):
h[i]=hO*pow(r,i);
for i in range(m):
x1[x_ref[1]]+=h[i];
x2[x_ref[1]]-=h[i];
fl=self.dfunc_(x1,x_ref[0]);
f2=self.dfunc_(x2,x_ref[0]);
T][0]=( f1 - f2)/(2.0*h[i]);
x1[x_ref[1]]=x[x_ref[1]];
x2[x_ref[1]]=x[x_ref[1]];
for k in range(1,m):
for i in range(0,r¥k):
THIK]=(h[]*h[i*T[i+1][k  -1] - h[i+k]*h[i+K]*T[i][k -1])/(h[i]*h(i]
- h[i+K]*h[i+k]);
xx=T[0][n-1];
return xx;

def dfunc(self,x):
n=len(x);
c=[0 for i in range(n)];
for i in range(n):
c[i]=self.dfunc_(x,i);
return c;

def d2func(self,x):

n=len(x);

x_ref=[0 for i2 in mange(2)];

c=[[0 for i2 in range(n)] for j2 in range(n)];

for i in range(n):

for j in range(n):

x_ref[0]=i;
x_ref[1]=j;
c[i]lj]=self.d2func_(x,x_ref);

return c;

Program 5.84 Multivaria ble nonlinear Newton-Raphson method (Python version)



from math import *
from f_xj import *;
from gauss import *;

class f1(f_xj):
def func(self,x):
y=3.0*x[0]*x[0] -4.0*x[0]*x[1]+2.0*Xx[1]*x[1] -X[O]-X[1];
return y;

def newton(f,x:
# NewtorRaphson root finding method
k=len(x);
nmax=100;
tolerance=1.040
for i in range(nmax):
fx= f.dfunc(x);
dfx=f.d2func(x);
dx=gauss(dfx,fx);
for j in range(k):
X[j]-=dx[i];
total=0;
for j in range(k):
total+=fx[j];
if abs(total)<tolerance: return x
return x;

x=[1,1];
f=f10);
r=newton(f,x);
print("r=",r);

runfile('D:/okul/SCO1/newtond_opt.py', wdir="D:/okul/SCO1")
Reloaded modules: f_xj, gauss
r=[0.9999999999999799,2499999999999776]

Surface plot f(x,y)

8.13NELDER i MEAD SIMPLEX NONLINEAR MULTIVARIABLE OPTIMIZATION

METHOD




John Nelder Roger Mead
The simplex method developed by Nelder and Mead method is a multidimensional search method .

Simplex is an n dimensional geometric entity. It contains (n+1) points in n dimensional Bpace.

method uses the concept ddimnplex which is a speciglolytopof N + 1 vertices inN dimensions.

Examples of simplices include a line segment on a line,regtaan a plane, &etrahedronn three

dimensional spaceandsofortRe qui red processes for the simplex
in the figure

Starting simplex
contraction
high
low

reflection with expansion

i

S
4 ! multilevel contraction

0
'."' e
,,,,,,
R

Process can be given as follows

9 1. Orderaccording to the values of the vertices:

B B £ |}
9 2. Calculate, the center of gravity off all points except+x

1 3. Reflection:=Compute reflected poind @ | ©®@

If the reflected point is better than the second worst, but not Hedtethe best, i.e.:

- 0 10

then obtain a new simplex by replacing the worst paint with the reflected point,xand go to step
1 4. Expansion:

If the reflected point is the best point so je,  JJ® Then compute the expanded point
O O o W
If the expanded point is better than the reflected e, ] »» then obtain a new simplex
by replacing the worst point,x1 with the expanded pointxandgo to step 1.
Elseobtain a new simplex by replacing the worst pointpwith the reflected point,xand gao
step 1.
Else(i.e. reflected point is worse than second worst) continue @bste

M 5. Contraction

Here, itis certain that[ e, [ o.

Compute contracted poidg, @ , " @ @ ,

If the contracted point is better than the worst pointl.o% B

then obtain a new simplex by replacing the worst paini with the contrated point %, and go to
step 1.

Else go to step 6.

1 6. Reduction:



For all but the best point with

Go 6 . Go & forall® ¢fBRE p gotostepl
Note: » hatg and,, are respectivelthe reflection, the expansion, the contracton the shrink
coefficient. Standard values are  hs 074 7 andd T
For thereflection, since x+1is the vertex with the higher associated value among the vertices, we can
expect to find a lower value at the reflection gf xin the oposite face formed by all vertices point x
except X+ 1.
For theexpansion if the reflection point xis the new minimum along the vertices we can expect to
find interesting values along the direction frogiox.
Concerning theontraction: If f(x;) > f(x,) we can expect that a better value will be inside the simplex
formed by all the vertices.x
The initial simplex is important, indeed, a too small initial simplex can lead to a local search,
consequently the NM can get more easily stuck. So thiglsinshould depend on the nature of the
problem.Instead ofgiven n+1 point same process can be done by giving one point and a change vector by
defining
) 0 | Aw whereifi=jl =1 elseif i jl=0.

For example:
ifo wandQw Qw
W Qw
O 0w O O O 0o W
W W W w Qw

Figure 6.21 Movements of the neldé&ead simplex element to find the optimum point

1 e

0.5: 10
! [17 b
0| d%b4 L Nﬂz
>-0.5/ 0 T/
0 2
-1t p 1
0

15 y 2 1 X

| 0 1 2

X

from gauss import *;

from math import *;

from f_xj import *;

import numpy as np;

import matplotlib.pyplot as plt;

from mpl_toolkits.mplot3d import Axes3D
from random import *;

class f1(f_xj):
def func(self,x):
x1=x[0]-2.0
x2=x[1]-1.0
x3=x[2]-1.0
Y=XIAX L L*XL+X2*%2+3.0*x3*X3*X3*X3*Xx3*X3
return y;




def nelder(fnelder,a,da,maxiteration,tolerance,printlist):
#print("a",a)
#print("da",da)
n=len(a)
m=n+1
x=[[0.0 for j in range(n)] for i in range(n+1)]
p=[[0.0 for j in rangat)] for i in range(m)]
s=""
NDIMS = len(x)}1
NPTS = len(x)
FUNC = NDIMS
ncalls = 0;
for i in range(m):
for j in range(n):
if i==j:
x{{=alj]+daf]
POIT=xTi0]
else:
x{l=al]
POIT=x[i[]
pli]J[FUNC] = fnelder.func(pli])
#print("x[",i,"1="X[i])
#print("p["i,"]=",p[i])
#print("p",p)
#lnlet variable definitions
#fnelder : abstract miivariable function f(x)
#x : independent variable set of n+1 simplex elements
#maxiteration : maximum iteration number
#tolerance :

#1111 construct the starting simplex /11T
z=[0.0 for i in range(NDIMS)]
best = 1.&99;
#1111 calculate the first function values for the simplex /11T
iter=0;
for iter in range(1,maxiteration):
#1111/l define lo, nhi, hi (low high next_to_high /1111111111
ilo=0
ihi=0
inhi=-1
#-1 means missing
flo = p[O][FUNC];
fhi = flo
#print("flo=",flo,"thi=",fhi)
#double pavg,sterr;
for i in range(1,NPTS):
if p[i[FUNC] < flo:
flo=p[i][FUNC]
ilo=i
if p[i[FUNC] > fhi:
fhi=p[i][FUNC]
ihi=i
#print(“i=",i,"flo=",flo,"thi=",thi,"ilo=",ilo,"ihi=",ihi,"pifunc=",p[i][FUNC])
fnhi = flo
inhi = ilo
#print(“fnhi=",fnhi,"inhi=",inhi)
for i in range(NPTS):
if (i !=ihi) and (p[i][FUNC] > fnhi):
fnhi=p[i][FUNC]
inhi=i
#1111 exit criteria TN
if (iter % 4*NDIMS) == 0:
#calculate the avarage (including maximum value)
pavg=0
for i in range(NPTS):
pavg=pavg+p[i][FUNC]
pavg=pavg/NPTS
tot=0.0
if printlist!=0:
print(iter)
for j in range(NDIMS):
print(p[ilo][j]," )
foriin range(NPTS):
tot=(p[i][FUNC]-pavg)*(p[i][FUNC]-pavg)
sterr=sqrt(tot/NPTS)
for j in range(NDIMS):




z[j]=plilo][j]
best = plilo][FUNC];
# end of if iter%4*NDMS)==
#1/// calculate avarage without maximum value ////l/
ave=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
ave[j] =0
for i in range(NPB):
if i 1= ihi:
for j in range(NDIMS):
avefj] = ave(l+p[il[j];
for j in range(NDIMS):
ave[j]=ave[jJ/(NPTS1)
#print(“ave[",},"]=",ave[j])
#I1T veflect /TN
#print("reflect”)
r=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
[i] = 2.0*ave(j] - p[ihi][i]
fr = fnelder.func(r)
if (flo <= fr) and (fr < fnhi): #in zone: accept
for j in rangéNDIMS):
plihil[j] = rfi]
p[ihi][FUNC] = fr
continue
#II(HTTHTT expand
if fr < flo:
#print("expand”)
e=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
e[j] = 3.0*ave[j] - 2.0*p[ihi][j];
fe = fnelder.func(e);
if fe <fr:
for j in range(NDIMS):
plihil[j] = efj]
p[ihi][FUNC] = fe
continue
else:
for j in range(NDIMS):
plihil(i] = r[i]
p[ihi][FUNC] = fr
continue
#INHIHT shrink:
if fr < fhi:
#print("srink™)
¢=[0.0 for i in rangéNDIMS)]
for j in range(NDIMS):
c[j] = 1.5*ave[j] - 0.5*p[ihi][j]
fc = fnelder.func(c);
if fc <=fr:
for j in range(NDIMS):
plihil(i] = cfil;
p[ihi][ FUNC] = fc
continue
else: #///lll shrink
for i in range(NPTS):
ifi l=iilo:
for j in range(NDIMS):
p(il[i] = 0.5*pfilo][j] + 0.5*p[i][ ]
pliI[FUNC] = fnelder.func(pl[i])
continue
#IT11] contract
if fr >= fhi:
#print(“contract")
cc=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
cclj] = 0.5*ave[j] + 0.5*p[ihi][j];
fcc = fnelder.func(cc)
if fcc < fhi:
for j in range(NDIMS):
plihi]i] = ccfj];
p[ihi][FUNC] = fcc
continue
else:
for i in range(NPTS):
ifi I=iilo:




for j in range(NDIMS):
plillj] = 0.5*pfilo][j] + 0.5*p[i][i]
pliJ[FUNC] = fnelder.func(p[i]);
return z

a=[0.78,0.7464,1.234]
da=[0.5122,0.643,0.98]
f=f1()
r=nelder(f,a,da,100,1.685,0)
print("r =".r)

runfile('E:/okul/SCO1/nelder.py', wdir="E:/okul/SCO1"
Reloaded modules: gauss, f_X]
r= [1.9999060985742285, 1.0000000151179926, 0.99750926337]

EXAMPLE PROBLEM
Find minimum value of functiofQc Foo oM TW®W CO o ®withthe initial value of

() 8 CC by using NeldeiMead method

class f2(f_xj):
def func(self,x):
y=3.0*x[0]*X[0] -4.0*x[0]*Xx[1]+2.0*x[1]*X[1] -X[0]-x[1]
return y;

a=[-2.0,2.0]
da=[0.5122,0.643]

f=f2()
r=nelder(f,a,da,100,1.6E5,0)
print("r ="r)

runfile('E:/okul/SCO1/nelder.py', wdir="E:/okul/SCO1")
Reloaded modules: gauss, f_X|
r = [1.0000000029030756, 1.2500000011024857]

8.14NON-LINEAR MU LTIDIMENSIONAL STEEPEST DESCENT METHOD

For the n dimensional non linedéxo,x1,x2, € ) function , we would like to find minimum value of
the function. The General definition of the NewidRaphson approach can be written as:

w W | O n"Q
where
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is Hessian Matrixa is a step function. In steepest descent method the value of inverse Hefjsiamtaken as
unit vector [] Then the definition of the equation becomes:

W W | n"Q
In this method, As a first action a starting point for the iteration will be selected. If the starting
function is B
0 Qo hi o Fedo



In each iteration step values of the function and derivatives are calculated.

Q N Qe ho o FEEn  k=0..n
Then for each x value is increased bywith an unknown multipliea. In the new equation as only
unkown remains is unknown multipliar(so equation converted to a one dimensionahggn as a
function ofa)
Q e | Q Qe | — 0B ge o DR R
| value minimizing functior is found by using one of the one dimensional minimisation

h h i@

methods. The new" value calculated by using
W ®w | Q
Process continues untiie error is small.
EXAMPLE PROBLEM
Find minimum value of functiofQc Foo o TWW CO o ®withthe initial value of

w g (C by using steepest destenethod.
vooRs  ® O P cp
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If these values are substituted into the function

Moy o® 1O C® o o itbecomes
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In order to find minimum of this function, analitical solution will be used in this example
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If this value is substituted int&, and x;
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The same probleiis also solved in the algorithm

Program 5.102 steepest descent algorithm (Python version)
from math import *
from f_xj import *;
from f_x import *;
from gauss import *;

class f1(f_xj):
def func(self,x):
y=(1.0-x[0])*(1.0-x[0])+100.0*(x[1]-x[0]*x [O])*(x[1] -x[0]*X[0]);
return y;

class fidim(f_x):
def __init__(self,ff,pi,xi):
self.name = 'f1dim’;
self.ff1=ff;
self.pc=pi;
self.xc=xi;




def func(self,x):
n=len(self.pc);
xt = [0.0 for ii in mnge(n)];
for j in range(n):
xt[j]=self.pc[j]+x*self.xc[j];
return self.ff1.func(xt);

def linmin(f,p,xi):
fl=f1dim(f,p,xi);
xi=1.235436154162;
xmin=newton(f1,xi);
return xmin;

def multiply_c_v(left,right)
#multiplying a vector with a constant
n=len(right);
b =[0.0 for i in range(n)];
for i in range(n):
b[i]=left*right[i];
return b;

def add(left,right):

#addition of two vectors

nl=len(left);

n2=len(right);

if n1>=n2: nMax=n1,;

else :nMax=n2;

b =[0.0 for i in range(nMax)];

for i in range(nl):
b[i]=bli]+left[i];

for i in range(n2):
b[i]=b[i]+right]i];

return b;

def steepestdescent(f,x):
# steepestdescent method
ti=1.0;
nmax=100;
tolerance=1.04.0;
n=len(x);
b =[0.0 for ii in range(n)];
dy = [0.0 for ii in range(n)];
i=0;
total=0;
for i in range(n):
b[i]=1.0;
total+=abs(bli]);
i=0;
while i<nmax and total>tolance:
dy=f.dfunc(x);
Im=linmin(f,x,dy);
b= multiply_c_v(Im,dy);
x=add(x,b);
total=0;
for j in range(n):
total+=abs(b[j]);
i=i+1;
return x;

def newton(f,x):
# NewtorRaphson optimisation method
# single variable
nmax=100
tolerance=1.040
for i in range(0,nmax):
fx= f.dfunc(x);
dfx=f.d2func(x);
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x;

x=[1,1];

f=f1();
r=steepestdescent(f,x)
print("r=",r);




runfile('D:/okul/SCO1/steepest_descent_opt.py', wdir="D:/okul/SCO1")
Reloaded modules: f_xj, f_x, gauss
r=[1.0000095779092373, 1.2500087681731902]

8.15HOMOTOPHY(CONTINUATION) METHOD

Homotophy or continuation method is explain in deghichapter 9.2 as nonlinear root finding
method.Nonlinear root finding algorithms can be converted by using derivatives instead of
function and second derivatives (hessian matrix) for derivatives
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#continuation_optimisation

# Calculates solution of nonlinear system of equation for derivative of optimisation function
from math import *

from fi_xi import *

from f_xj import *

from continuation_NLE import *

# create derivative of optimisation function
# as a new function (systerof non-linear equations)
class f2(fi_xi):
def __init__(self,f):
self.ff1=f

def func(self,x):
ff=self.ff1.dfunc(x)
return ff

# function to optimise
class f1(f_xj):
def func(self,x):
y=3.0*x[0]*x[0] -4.0*x[0]*x[1]+2.0*X[ 1]*X[1] -X[O]-X[1];
return y;

fa=f1()

fb=f2(fa)

x0=[0.5,1.0]

a=continuationRK6(fb,x0,10)

print("a=\n",a)

#continuation_NLE solution of nortlinear system of equation
from math import *

from fi_xi import *

from gauss import *

def newton(fx):
# NewtonRaphson root finding method
k=len(x);
nmax=100;
tolerance=1.04.0
for i in range(nmax):
fx= f.func(x);




dfx=f.dfunc(x,1);
dx=gauss(dfx,fx);
for j in range(k):
X[i] -=dx{];
total=0;
for j in range(k):
total+=dx[j];
if abs(total)<tolerance: return x
return x

def mult_c_v(left,right):
#multiplying a vector with a constant
i=0
n=len(right)
b=[0 for x in range(n)]
for i in range(n):
b[i]=left*right]i]
return b;

def mult_m_m(left,right):
#multiplying two matrisis
nl=len(left);
ml=len(left[0]);
n2=len(right);
m2=len(right[0]);
b =[[O for x in range(n1)] for y in range(m2)];
if ml = n2:
print("warning : natrix sizes should be same");
return b;
for i in range(0,n1):
for j in range(0,m2):
for k in range(0,m1):
b[i][j]+=left{i][K]*right[K][;
return b
def mult_m_v(left,right):
#multiplication of one matriwith one vector
#int ii,jj.i.),k;
ml=len(left[0])
nl=len(left)
m2=len(right)
b =[O for x in range(m2)]
if n1 1= m2:
print("inner matrix dimensions must agree")
for ii in range(nl):
b[ii]=0
retum b;
for i in range(m1):
b[i]=0
for k in range(nl):
b[i]=b[i]+left[i][k]*right[k]
return b;
#end of multiply of a matrix and a vector

def mult_v_m(left,right):
#multiplication of one vector with one matrix
#ii, Jj,1,j,k;
m2=len(right[0])
n2=len(right)
ml=len(left)
b=[0.0 for i in range(m1)]
if N2 1= m1:
print("inner matrix dimensions must agree")
for ii in range(n2):
b[ii]=0
return b
for i in range(m2):




b[i]=0;
for k in rage(m1):
b[i]+=right[i][k]*left[K]
return b

def mult_c_m(left,right):
#multiplying a matrix with a constant
n=len(right);
m=len(right[0])
b = [[O for x in range(m)for y in range(n)];
for i in range(0,n):
for j in range(0,m):
bli][j]=right[i][i]*left;
return b
#end of multiplying a matrix with a constant double

def add_m_m(left,right):
#adding two matrisis
nl=len(left);
ml=len(left[0]);
n2=len(right);
m2=len(right[0]);
b = [[0 for x in range(n1)] for y in range(m2)];
if m1 1= n2:
print("warning : matrix sizes should be same");
return b;
for i in range(0,n1):
for j in range(0,m2)
bli][j]=left[i[i]+right[il(il;

return b

def add_v_v(left,right):
#addition of two vectors
nl=len(left)
n2=len(right)
nMax=0
i=0
if n1>=n2:
nMax=nl
else:
nMax=n2
b=[0 for x in range(nNdx)]
foriin range(nl):
b[i]=b[i]+left[i]
for i in range(n2):
b[i]=b[i]+right{i]
return b
#end of vector addition method

def continuationRK6(f,x,N):

# Rootsof nonlinear system of equations Homotophy RK6

# yi+1 = yi + (1/90)*( 7k1 + 32k3 +12k4+32k5+7k6)h

# k1=f(xi,yi)

# k2=f(xi+0.25h , yi+0.25k1h)

# k3=f(xi+0.25h , yi+0.125k1h+0.125k2h)

# k4=f(xi+0.5h , yi- 0.5k2h+k3h)

# k5=f(xi+0.75h, yi + (3/16)k1h+(9/16)k4h)

# k6=f(xi+h , yi- (3/7)k1h+(2/7)k2h+(12/7)k3h (12/7)k4h+(8/7)k5h)

#

#x vector of independent variables

#y vector of dependent variables

#dy derivative vetor of dependent variables
i=0

nmax=400

tolerance=1.0€0




n=len(x)
h=1.0/float(N)
b=[0.0 for i in range(n)]
x1=[0.0 for i in range(n)]
x0=[0.0 for i in range(n)]
b0=[0.0 for i in range(n)]
for i in range(n):
xO[i]=x[i]
k = [[O for x in range(n)] for y in range(6)]
b=mult_c_v¢h,f.func(x))
for i in range(N):
A=f.dfunc(x,1)
k[O]=gauss(A,b)
bO=mult_c_v{h,f.func(x))
b=b0
x1=add_v_v(x,mult_c_v(0.25,k[0]));
A=f.dfunc(x1,1)
#k2=f(xi+0.25h , yi+0.25k1h)
k[1]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
x1=add_v_v(x,add_v_v(mult_c_v(0.125,k[0]),mult_c_v(0.125,k[1])))
A=f.dfunc(x1,1)
#k3=f(xi+0.25h , yi+0.125k1h+0.125k2
k[2]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
x1=add_v_v(x,add_v_v(mult_c_¥.5,k[1]),k[2]));
A=f.dfunc(x1,1)
#k4=f(xi+0.5h , yi- 0.5k2h+k3h)
k[3]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
x1=add v_v(x,add_v_v(mult_c_v((3.0/16.0),k[0]),mult_c_v((9.0/16.0),k[3])));
A=f.dfunc(x1,1)
#K5=f(xi+0.75h , yi + (3/16)k1h+(9/16)k4h)
k[4]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
x1=add_v_v(x,add_v_v(mult_c_w((
3.0/7.0),k[0])add_v_v(mult_c_v((2.0/7.0),k[1]),add_v_v(mult_c_v((12.0/7.0),k[2]),add_v_v(mult_¢_v((
12.0/7.0),k[3]),mult_c_v((8.0/7.0),k[4]))))));
A=f.dfunc(x1,1)
#k6=f(xi+h , yi- (3/7)k1h+(2/7)k2h+(12/7)k3h (12/7)k4h+(8/7)k5h)
k[5]=gauss(A,b
b=mult_c_v¢h,f.func(x0))
#yi+1 = yi + (1/90)*( 7k1 + 32k3 +12k4+32k5+7k6)h
for j in range(n):
X[j]=x[j]+1.0/90.0*(7.0*k[O][j]+32.0*k[2][i]+12.0*k[3][j]+32.0*k[4][j]+7.0*k[5][i])
return x
runfile('D:/okul/SCO1/continuation_opt.py', wdir='"D:/okul/SCO1")
Reloaded modules: if_x
a:
[1.0000000032646588, 1.250000003940646]

8.16 SCHOLASTIC METHODS : GENETIC ALGORITHMS
8.16.1 NATURAL SELECTION AND SYSTEM OF GENES IN NATURE

Genetic algorithms are a widely use modern programmingadetiis method based on natural

selection mechanism in nature. Characteristics are carried in GENES, Father and Mother passes their
genes to the child. Individuals carrying genes that given better characteristics to fit the nature has a
better chance cfurvival and to give offsprings, therefore more of their gene characteristics will be

carried into the next generation. Sometimes gene structure passing throgh from parents can be changed
by a mechanism called mutation. It is usuall a very small changer€Ehlt of this change could be
deadly(less survival potential in environment) or sometimes make the individual fit the envronment
better. If that is the case, his chance of passing his genes including this mutated one will be improved.



8.16.2GENETIC ALG ORITHMS, GENERAL DEFINITIONS
In general an algorithm alptimizationby genetic algorithms can be summerized as:

[START] Set up a population of m member (one chromosomedoh member, x genector of
independent variables)

[START] for each chromosoen(vector of independent variables) calculd(g) fitting value, repeat

this for each individual in population

[NEW GENERATION ] Generate new generations according to the following steps

[SELECTION] Select parents fromopulation by considering theirtiihg values. Better fits should

have a better chance to be selected but no one is eliminated completely from the selection process.
[PRODUCTION] Produce a new individual(s) from the parents. Replace parent generation with the
new generatiorSome of the gccessful parents can retain in the new generation

[MUTATION] mutate new generations with a ceratain (given) mutation rate

[ACCEPT] Add new individuals to the population.

[REPEAT] use the new generations to create pepulationdy using the same rule

[TEST] when the required conditions are occured or enough generations are generated stop the
simulation

[LOOP] If the required conditions are not occured continue the process

Gens an choromosomes are the basic calculating units of the genetic calcWédibiesnatically all

the independent variales are an individual gene. . Chromsome is the vector of genes(independent
varables). SAmple of some chromosome types utilised fort he computer simulation are given as the
following table

chromosomeA 5.3243 0.4556 2.3293 2.4545
hromosome B ABDJEIFJDHDIERJFDLDFLFEGT
- hromosomeC (back), (foward), (right), (left), (turn)
+
X /
chromosomeD
5 y
(+x(/5y))
' do until

chromosomeE [ Ste.p (n;all

( do_until step wall )

In the natural genes the fitting function is the survivdahmnature, in mathmatical gengstimization
(Maximisation) of the fitting function will be the base. Fitting functions usually added up and
converted into the percantage form



O Chrarmosarme 1
B Chramosarme 2
OChramasarne 3
O Chromosome 4

This percentage is called converted fitting function. Percentage in #h@itme is biger for the
individuals with a beter fitting functions. Parents selected by using converted fitting functions and
random number, so that individuals with a beter fitting has a beter chance to be selected. From the
selected population of parecdndidates actual parents are also selected by random selection. Then
from parents gene the gene of th new population is created. Mathematically this process is called
crossing. In crossing process genes of each parents are randomly selected to createhie. For
example if the gene is binary numbers and if single crossing is used, both parents gene is divided from
a randomly selected point the first part of first parent is combined with the second part of second
parert for the second part of thedt parent combined with the first part of the second parent to crate a
child.
For example for a binary group of 8 bit:
If 8*random(01) =5 and if the first 5 bit is taken from the first parent and the remaining bits from
the second parent : The nehild:

11001011 +11011111 = 1100111

First parent Second parent Child
. - = F

Chromosome 1 (First Parent) 11011 | 00100110110

Chromosome 2 (Second parent)11011 | 11000011110
1. Child 11011 ] 11000011110
2. Child 11011 00100110110

If double crossing applied, two randommioers are generated and genes are divided into three parts.

The first part is taken from the first parent, second part is taken from the second parent and the third

part is taken from the first parent(or vice versa)

For example for a binary group of 8 bit

Random1=8*randomQ) = 2

Random2=8*randomQ) = 6

First 2 bit is taken from the first parent, from third to 6th bit is taken from the second parent and 7th

and 8th bit is taken from the first parent.

11001011 +11011111 =11011111

First Parent

Second Parent Child
i N+ = [ H
As athird method every gene is selected by a random number decision process. If generated random
number is smaller than 0.5 the first parent s
is selected.
11001011 +11011111 = 11001011
First Parent Second Parent Child
+ =

8.163 GENETIC ALGORITHMS, OPTIMIZATION
In this section actualptimizationprocess with genetic algorithms will be given in details. AS it is
seen earlier in this chapteptimizationprocess is minimisation or maximisation of a multivariable
function
f(x1l,x2,x3,é..xi)
It should again be rminded tt maximisation and minimisation is the same process with a sign change

bi



max [ f(x) ] = min [- f(X) ] = min [ g(X) ]

Another mathematical fact thafll be used in genetic algorithms is tlatdition of a constant to the
function will not change the optimum point

max [f(X) ] =max [f(X) + C]=max[g(]]

In genetic algorithm applicationtbe nature of the algorithm is to find the maximum, in order to get
correct percentages constant nurstsge added into the function to ensure the resulting value is
always positive.

In engineering optimization we usually face the real numbers. IF a real number is to be represented as
a binary sequence, a conversion process between binary digits andwbalsare needed. If n+1
independent variable is existed as

(x0,x1,x2,..xi..xn)

In order to apply genetic algorithms lower and upper bounds of each variable should be known.
X0 : XO_minimum X0_maximum

x1 : x1_minimum x1_maximum

é .

Xi : Xi_minimum xi_maximum

e

XN : XN_minimum Xn_maximum

definitins should be given. Ifbinary digit system is used humber of representation digits also should be
known. If the independent variable is defined as

Xi_min <= xi <= xi_max N bit binary

Binary equivalent of N digitsan be calculated as follows:

Binary group with n digit first converted into a 10 base integer number as

O K Babo Rle Gee

Then the integer number is converted into a binary digit by ub&fpllowing conversion process
e, e . AW a Qe
w wa Qsmae—p
Inverse process can also be apply to convert digits back to the binary digits. Each independent
variables can be given with one gene, and the set of independent variablegieamtp a a vector of
genes. Evaluation function is assumd to be in the following form

| class f1(f_xj):func=lambda self x:21.5+x[0]*sin(4.0*pi*x[0])+X[1]*sin(20.0*pi*x[1]) |

The value sets of independent variables as whole together with the evaluatih fusue will be
called as genotype (as borrowed from natureds ge
individual can be one or more. Number of individual will be set by the user of the program. For each
individual starting variable values set bging random selection. Function values are calculated for

each genotype. It is the fitting value of the genome. All fitting values are adde and then normalise to
get percantage base fitting values. Percantage base fitting values are adde by starzieig ftorband
created cumulative fitting scale for all population. Cumulative fitting values are based on the scale of
the fitting function. If a random number between 0 to 1 is selected, the chance of this number is fall in
a region with a bigger fittinfunction is grater than that of a small one. After an individual in the
population is selected as a parent cendidate, it can be removed from the selection list or it can remain
in the list(a second selection can be allowed). From the selected parenatamtlich parents are

selected randomly to create a new child.In the new child population a selected percentage can be
allowed (selected again randomly) to mutate. Mutation in a binary code can be achived to flip an
indivudual binary digit(from 0 to 1 ordm 1 to 0). Process continues for a defined number of
generations.

8.164 GENETIC ALGORITHMS, CLASS GENE



Genetic algorithms mimithe natural selection process of genes. The first structure used here to mimic
natural genes are used binary numbers agatfn previous subchapter. Constructor of gene class

can accept either double or binary numbers. Total bit length is a variable but it is limited to 64 bits
(00 63). Gene class consist of gene crossing and mutation processes as well.

Gene class
from abc mport ABC, abstractmethod
from math import *
import random
from f_x import *

class Gene(ABC):

def __init__ (self, xming,xmaxg,N):
self.xming=xming
self.xmaxg=xmaxg
self.N=N
self. xN=2**N-1
self.rand_float(N)

#get a single bit of Gene
def getBit(self,n):
return self.xs[n]

# creates a random string of p long 0 or 1 (binary)
def rand_str(self,p):
keyl=""
for i in range(p):
keyl=keyl+str(randomandint(0, 1))
return keyl

# set Gene from a string binary p long like "00101100.."
def set_str(self,s):
self.xs=s
self.xp=int(s,2)
self.x=self.xming+(self.xmaxgelf.xming)/self.xN*self.xp

# create a random integer(10 base) xp based on p long binary
def rand_int(self,p):
keyl =""
for i in range(p):
keyl=keyl+str(random.randint(0, 1))
return int(keyl,2)
# create a random binary(2 base) xp baseg long binary
def rand_bin(self,p):
keyl =""
for i in range(p):
keyl=keyl+str(random.randint(0, 1))
x=int(key1,2)
return bin(x)

# create a random float xmin<=x<xmax
# and set gene to thislue
def rand_float(self,p):
keyl =""
for i in range(p):
keyl=keyl+str(random.randint(0, 1))
self.xs=keyl
self.xp=int(key1,2)




self.x=self.xming+(self.xmaxgelf.xming)/self. xN*self.xp

#print gene values
def print(self):

#flip a single bit at position nif0to 1if1to 0
def flip(self,nn):
if nn>self.N-1:
nn=self.N1
else:
nn=int(random.random()*self.N)
if self.xs[nn]=="0": self.xs=self.xs[:nn]+'1'+self.xs[nn+1:]
else: self.xs=self.xs[:nn]+'0'+self.xs[nn+1:]
self.xp=int(self.xs,2)
self.x=self.xming+(self.xmaxgelf.xming)/self. xN*self.xp

#flip a single bit at a random positionif 0to 1 if 1 to O
def mutate(self):
nn=int(random.random()*self.N)
#print("nn=",nn)
if self.xs[nn]=='0": self.xs=self.xs[:nn]+'1'+self.xs[nn+1:]
else: self.xs=self.xs[n}+'0"+self.xs[nn+1:]
self.xp=int(self.xs,2)
self.x=self.xming+(self.xmaxgelf.xming)/self.xN*self.xp

# split string binary gene into two pieces
# seperated at point n
def split(self,nn):
#nn=int(random.randornjiself.N)
#print("nn=",nn)
sl=self.xs[:nn]
s2=self.xs[nn:]
s=[s1,s2]
return s

# split string binary gene into three pieces
# seperated at point n
def split2(self,nn1,nn2):
#nn=int(randon.random()*self.N)
#print("nn=",nn)
if Nnn2>=nn1:
sl=self.xs[:nn1]
s2=self.xs[nn1:nn2]
s3=self.xs[nn2:]
else:
sl=self.xs[:nn2]
s2=self.xs[nn2:nn1]
s3=self.xs[m1:]
s=[s1,s2,s3]
return s

# assign random value where xmin<=x<=xmax to gene
def setbits(self):
self.rand_float(self.N)

def print(self):
print("N=",self.N,"xs=",self.xs,"x=",self.x)

# assign value where xmin<=x<=xmax to a gene
#return a new Gene
def setGene_str(s,xming,xmaxg):




N=len(s)

f=Gene(xming,xmaxg,N)

f.xs=s

f.xp=int(s,2)
f.x=f.xming+(f.xmaxgf.xming)/f. xN*f.xp
return f

#creates a random int O or 1
def int_random():
r=0
if random.random()>=0.5:
r=1
return r

#creates a random int O or 1
def int3_random():
r=0
rl=random.random()
if r1>=0.333 and r1<0.666:
r=1
else:
r=2
return r

#creates a random blean True or False
def boolean_random():
r=False
if random.random()>=0.5:
r=True
return r

# assign x value where xmin<=x<=xmax to a gene
# return a new Gene
def setGene_float(x,xmin,xmax,N):
f=Gene(xmin,xmax,N)
f.x=x
f.xp=int((f.x-f.xming)/(f.xmaxgf.xming)*f.xN)
ss=str(bin(f.xp))
ssl=str(ss[2:])
if len(ss1)!=N: ss1='0'+ss1
f.xs=ssl
return f

# cross correlation 1 of two Genes
def crossing1(f1,f2,N):
s1=f1.split(N)
s2=f2.split(N)
ss1=s1[0}s2[1]
ss2=s2[0]+s1[1]
ffl=setGene_str(ss1,f1.xming,f1.xmaxg)
ff2=setGene_str(ss2,f2.xming,f2.xmaxg)
if random.random()<=0.5:
return ffl
else:
return ff2

# cross correlation2 of two Genes

def crossing2(f1,f2,N1,N2):
s1=f1.split2(N1,N2)
s2=f2.split2(N1,N2)
ss1=s1[0]+s2[1]+s1[2]
$s2=52[0]+s1[1]+s2[2]




ffl=setGene_str(ss1,f1.xming,f1l.xmaxg)
ff2=setGene_str(ss2,f2.xming,f2.xmaxg)
if random.random()<=0.5:

return ffl
else:

return ff2

# cross correlationN of two Genes
def crossingN(f1,f2):
keyl=""
for i in range(f1.N):
if boolean_random:
keyl=keyl+fl.getBit(i)
else:
keyl=keyl+f2.getBit(i)
fchild=setGene_str(keyl,4ming,fl.xmaxg)
return fchild

# cross correlationN of two Genes
# crossingl crossing2 or crossing3 is selceted randomly
def crossingX(f1,f2):
if int3_random()==0:
N=int(f1.N*random.random())
fchild=crossing1(f1,f2,N)
elif int3_random()==1:
N1=int(fl.N*random.random())
N2=int(f1.N*random.random())
if N1<=N2:
fchild=crossing2(f1,f2,N1,N2)
else:
fchild=crossing2(f1,f2,N2,N1)
else:
fchild=crossingN(f1,f2)
retun fchild

# cross correlationN of two Genes
# crossingl crossing2 or crossing3 is selceted randomly
def crossing(f1,f2):
if int_random()==0:
N=int(f1.N*random.random())
fchild=crossing1(f1,f2,N)
else: # int_random()==1:
N1=int(f1.N*random.random())
N2=int(f1.N*random.random())

if N1<=N2:
fchild=crossing2(f1,f2,N1,N2)
else:

fchild=crossing2(f1,f2,N2,N1)
return fchild

Few examples are given to explain gene procebs#® first example bit gene is created anoks
correletion applied. fie results are listed

GeneTes class creating random genes 3aits between 0 ta3 limit values

N=32
xmin=0.0
xmax=3.0
fl=Gene(xmin,xmax,N)
f1.print()
f2=Gene(xmin,xmax,N)




f2.print()
f3=crossing(f1,f2)
f3.print()

runfile('E:/okul/SCO1/Gene_test.py', wdir="E:/okul/SCOL1")

Reloaded modules: f_xj, f_x, Gene, Genotype, Genetic

N= 32 xs=11000001110101000110110100101110 x= 2.2714428632220818
N= 32 xs=11110010101010111001100101111111 x= 2B#R¥66916115

N= 32 xs=11110010101010111001100101111110 x= 2.8437927059931196

Program 5.18.43 GeneTestl class creating 63 bits between 0 to 10 limit values, value of 3.2

from Gene import *
s="010100011110101110000101000111101011100001010001111011000000
f=setGene_str(s,0.0,10.0)

f.print()

print(f.split(5))

fl=setGene_float(3.2,0.0,10.0,f.N)

f1.print()

print(f1.split(5))

runfile('E:/okul/SCO1/Gene_test2.py', wdir="E:/okul/SCOL1")

Reloaded modules: f_x

N= 63 xs=01010001111010111000010100011110101001@¥1 0001111011000000000 x= 3.2
[(01010', '00111101011100001010001111010111000010100011110110000000001

N= 63 xs=010100011110101110000101000111101011100001010001111011000000000 x= 3.2
[(01010','00111101011100001010001111010111000010100011110110000000001

In [160]:

8.165 GENETIC ALGORITHMS, CLASSES GENOTYPE AND GENETIC

Genotypelan be considered as vector of Gene class variables. In means of Genetics, it represents a
chromosome. In mathematically, it is a set of independent varigklesl,x2,..Xi.xn)
The main class of genetic algorithms is class Geneticl. Genetic optimization process with all the
stages defined above calculated in this class. Some of the variables of Geneticl should be defined by
user. These variables are:

int POPSIZE; #Humbe of individuals in population

int MAXGENS; // maximum number of generations

int NVARS; // number of variables in chromosome (number of independent variables)

int N; Mbit size of the binary genes

double PXQ/ER; //probability of crossver,

double PMUTATION; /probability of mutation
method evaluate is the main method to do genetic algorithm calculations. It should be emhised again
that all the function values in Genetic algorithms should Isiipe, if it is not the case, please add up
a constant to convert the values into positive values. This proses does not change the optimum.
Maximum of functionf(x1,x2,Xs, € y) i same as the maximum g{(xi,x2,Xs, € 5) X f(X1,X2,X3, € p) X
+C.
This pracess help to avoid errors during the calculations of cumulative percentage fitting function.

ClassGenotype
from abc import ABC, abstractmethod
from math import *
import random




from f_xj import *
from Gene import *

class Genotype(ABC):

def __int__(self, f,NVARS,low1,high1,N):

self.xmin=lowl

self.xmax=high1l

self. N\VARS=NVARS

self.N=N

self.f=f

self.G=[0.0 for j in range(self. NVARS)]

self.x=[0.0 for j in range(self.NVARS)]

for i in rarge(self.NVARS):
self.G[i]=Gene(self.xmin[i],self.xmax]i],self.N)
self.x[i]=self.G[i].x

self.Fitness=self.f.func(self.x)

self.RFitness=0.0

self.CFitness=0.0

self.Breeder=False

def setGene(val)
Glval]=Gene(self.xmin[val],self.xmax[val],self.N)
return self.G[val]

def getGene(val):
return G[val]

#print gene values
def print(self):
for i in range(self.NVARS):
self.G[i].print()
print("Fitness = ",self.Fitness)
print("RFitness = ",self.RFitness)
print("CFitness = ",self.CFitness)

def setFitness(self):
for i in range(self.NVARS):
self.x[i]=self.G[i].x
self.Finess=self.f.func(self.x)

def getFitness(self):
return self.Fitness

def setRFitness(self,sum):
self.RFitness=self.Fitness/sum

def setCFitness(self,x):
self.CFitness=x

def getCFitnes(self):
return self.CFitness

def breed(self):
self.Breeder=True

def not_breed(self):
self.Breeder=False

def isBreed(self):
return self.Breeder

def copygenotype(self):
gl=self
return g1
def mutate(self, PMUTATION):
for i in range(self. NVARS):
a=random.random()
if a<PMUTATION:




self.G[i].mutate()
def crossingGT(G1,G2):
nv=G1.NVARS
G3=Genotype(G.f, G1.NVARS,G1.xmin,G1.xmax,G1.N)
for i in range(nv):
G3.G[i]=crossing(G1.G[i],G2.GJi])

Genotype examples:

Cross correlation and mutating processes

from f_xj import *
from Genotype import *

N=32

xmin=[0.0,0.0]

xmax=[5.0,5.0]

class f1(f xj):func=lambda self,x: X[0]*x[0]+x[1]*x[1]
f=f1()

NVARS=2

N=32
G1=Genotype(f,NVARS,xmin,xmax,N)
G2=Genotype(f, NVARS,xmin,xmax,N)
print("G1 =")

G1.print()

print("G2 =")

G2.print()

print("breed")

G3=crossingGT(G1,G2)

G3.print()

G3.mutate(0.1)

G3.prin()

runfile('E:/okul/SCO1/Genotype_testl.py', wdir="E:/okul/SCO1’)

Reloaded modules: f_x, Gene

Gl=

N= 32 xs=01001111100000010011000011000011 x= 1.5528252014314814
N= 32 xs=00000101110001011010001101101101 x= 0.11273486193100336
Fitness = 2.4239752552923

RFitness = 0.0
CFitness = 0.0
G2 =

N= 32 xs=01110000101101101000001110011001 x= 2.2014247177172046
N= 32 xs=00100110101001111111011001100010 x= 0.7550020168430642
Fitness = 5.416298833213369

RFitness = 0.0
CFitness = 0.0
breed

N= 32 xs= 0100111100000010011001111000011 x= 1.5528260955011532
N= 32 xs=00100110101001111111011001100010 x= 0.7550020168430642
Fitness = 9.980521648925373

RFitness = 0.0

CFitness = 0.0

N= 32 xs=01001111100000010011001111000011 x= 1.5528260955011532
N= 32 xs= 0010010101001111111011001100010 x= 0.7550020168430642
Fitness = 9.980521648925373

RFitness = 0.0

CFitness = 0.0

Class Genetic

from abc import ABC, abstractmethod
from math import *

import random

from f_xj import *

from Genotype import *

class Genetic(ABE
def __init__(self,f,low,high,POPSIZE,MAXGENS,NVARS,N,PXOVER,PMUTATION):
# function derived from f_xj class f(x0,x1,..xn)
self. POPSIZE=POPSIZE # population size




self. MAXGENS=MAXGENS # maksimum number of generations
self. NVARS=NVARS # number of variables
#number of independent variable of function
#number of Genes in genotype
self.N=N
#number of bits in a gene
self. PXOVER=PXOVER
#probability of crosver
self. PMUTATION=PMUTATION
#proportion of mutated variables
self.NBreeder=int(0.8*POPSIZE)
#number of survivers in a generation
self.Best=0
self.f=f
self.xmin=[0.0 for j in range(self.NVARS)]
self.xma=[0.0 for j in range(self.NVARS)]
for i in range(self.NVARS):

self.xmin[i]=lowf[i]

self.xmax[i]=highl[i]
#Best genotype in the population
self.Population=[0.0 for j in range(self.POPSIZE+1)]
self.setPpulation()
self.setRFCF()
self.evaluate()

def print(self):
print("Population size = ",self.POPSIZE)
print("Maximum number of Generations = ",self. MAXGENS)
print("Number of Bits in Gene = ",self.N)
print("Probability of crossover =",self. PXOVER)
print("Propertion of mutated variables",self. PMUTATION)
for i in range(self.POPSIZE+1):

self.Population[i].print()

def setPopulation(self):
for i in rarge(self. POPSIZE+1):

self.Population[i]=Genotype( self.f,self. N\VARS,self.xmin,self. xmax,self.N)

self.Population[i].setFitness()
self.setRFCF()
self.evaluate()

def setRFCF(self):
sum=0.0
for i in range(self.POPSIZE):
self.Population[i].setFitness()
sum=sum-+self.Population]i].Fitness

for i in range(self.POPSIZE):
self.Population[i].setRFitness(sum)

sum=0.0

for i in range(self.POPSIZE):
sum=sum-+self.Population[i]. RFitness
self.Population[i].setCFitness(sum)

def evaluate(self):
for i in range(self.POPSIZE):
if self.Population]i].Fithess>self.Population[self. POPSIH&hess:
self.Population[self. POPSIZE]=self.Population[i]

def breding_individual(self):

#select members for breeding

=0

for i in range(self.POPSIZE):
self.Population[i].not_breed()

for i in range(self.POPSIZE):
r=random.random()
if i==0 and r<self.Population][i]. CFitness:

1=

elif r>=self.Populationfil].CFitness and r<=self.Population[i]. CFitness:

=i
return j

def crossover(self):




for mem in range(self.POPSIZE):
POne= int(self.breding_individual())
PTwo=int(self.breding_individual())
Po=[0.0 for j in range(2)]
Po[0]=self.Population[PG#]
Po[1]=self.Population[PTwo]
self.Population[POne]=crossingGT(Po[0],Po[1])
self.Population[PTwo]=crossingGT(Po[0],Po[1])
self.Population[POne].mutate(self. PMUTATION)
self.Population[PTwo].mute(self. PMUTATION)
self.setRFCF()
self.evaluate()

def getBest(self):
aa=[0.0 for j in range(self. NVARS+1)]
for i in range(self.NVARS):
aa[i]=self.Population[self. POPSIZE].x[i]
aa[s#f.NVARS]=self.Population[self. POPSIZE].Fitness
return aa

def select(self):
Po=[0.0 for j in range(self.POPSIZE+1)]
for i in range(self.POPSIZE+1):
mem=0
r=random.random()
gfl=self.P@ulation[i].getCFitness()
gf2=0.0
if gf1>r:
Po[i]=self.Population[mem].copygenotype()
for mm in range(1,self.POPSIZE):
gf2=self.Population[mem].getCFitness()
if gf2>r and di<r:
Poli]=self.Population[mem].copygenotype()
break
for i in range(self.POPSIZE):
self.Population[i]=Po[i]
self.setRFCF()
self.evaluate()

def calculate(sejf

self.evaluate()

Generation=0

while Generation<self. MAXGENS:
Generation=Generation+1
self.crossover()
self.evaluate()

return self.getBest()

def setRFCF(Co):
sum=0.0
foriin range(Co.POPSIZE+1):
Co.Population[i].setFitness()
sum=sum+Co.Population[i].Fitness
for i in range(Co.POPSIZE+1):
Co.Population[i].setRFitness(sum)
sum=0
for i in range(Co.POPSIZE+1):
sum=sum+CdRopulation[i]. RFitness
Co.Population[i].setCFitness(sum)

Now that a Genetic algorithm is available to us, optimization of actual functions can be carry out.
The first example problem will bigxo,X1)=2xo X1+2X0-X0?>-2X:%+10. This function was used in

previous suksections of optimization, but an additional constant value of 10 is added to ensure
positive cumulative numbers. Please remember that we do not have any dificulty solving this problem
with previously given geometrichlased optimization algorithms. Note that the result is probabilistic

so that it will never be exactly the same like geometric methods.

Geneticclass test program
#-*- coding: utf8 -*-

Created on Mon Nov 9 04:02:18 2020




@author: M. Turhan Coban
from f_xj import *

from Genetic import *
import plot3D1 as P3D

class f1(f_xj):func=lambda self,x:2.0*x[0]*x[1]+2.0*x[@%[0]*X[0] -2.0*Xx[1]*x[1]+10.0
f=f1()

N=32 #number of digits in binary genes

POPSIZE=100 #population size

MAXGENS=50 # maximum numbef generations

NVARS=2 #number of variables (member of genes in genome
PXOVER=0.3 #probability of crossover

PMUTATION=0.02 #probability of mutation

low1=[1.0,1.0]

high1=[5.0,5.0]
g=Genetic(f,lowl,highl,POPSIZE,MAXGENS,NVARS,N,PXOVER,PMUTATION)
print(g.calculate())

xmin=low1[0]

xmax=high1[0]

Nx=100

ymin=0.0

ymax=12.0

Ny=100

PLabel="Optimisation: Genetic Algorithms"

XLabel="x"

YLabel="y"

ZLabel="z2"
P3D.plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel,XLabel,YLabel,ZLabel)
runfile('E:/okul/SCO1/Genetic_test2.pwdir="E:/okul/SCO1")

Reloaded modules: f_xj, f_x, Gene, Genotype, Genetic
[2.1468761491465562, 1.059217885150392, 11.988809270831494]

Surface plot f(x,y)
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As a second example a one dimensional fund{iejrx, sin(L0pxg)+3 function will be investigated . The
plot of the function shows the difficulty of this function: it has many local maximum. It is very hard for
geometric methods to get a solution of such function unless some jump mechanisms built into the solution



#-*- coding: utf8 -*-

Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban

from f_xj import *

from Genetic import *

import numpy as np;

import matplotlib.pyplot as plt;

class f1(f_xj):func=lambda self,x:x[0]*sin(10.0*pi*x[0])+3.0
f=f1()

class f2(f_x):func=lambda self,x:x*sin(10.0*pi*x)+3.0

ff=f2()

N=22 #number of digits in binary genes

POPSIZE=50 #population size

MAXGENS=50 # maximum number of generations

NVARS=1 #number of variables (member of genes in genome
PXOVER=0.3 #probabilityf crossover

PMUTATION=0.02 #probability of mutation

lowl1=[-1.0]

high1=[2.0]
g=Genetidf,lowl,highl,POPSIZE,MAXGENS,NVARS,N,PXOVER,PMUTATION)
print(g.calculate())

dx=3.0/1000.0
n=1000
y=[0 for z in range(n)];
x=[0 for z in range(n)];
for i in range(n):
X[i]=-1.0+dx*i
y[i]=ff.func(x[i])
plt.plot(x,y,linewidth=0.3)
plt.xlabel("x")
plt.ylabel("y")
plt.title('Optimisation: Genetic Algorithms')
plt.show()

runfile('E:/okul/SCO1/Genetic_test.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj, f_x, Gerlgéenotype, Genetic
[1.8501109719541007, 4.850099728660397]

Optimisation: Genetic Algorithms
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As a last example of class Geneticl a two variable nonlimear function is defined as
f(x,y)=21.5+x*sin(4.0"p*y)+y*Math.sin(20.0* p *y)

The 3D plot of the function
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It is clear from the plotha this problem also have the same kind of difficulty as the previous problem.

Program 5.18.54 Geneticl class test program NA106
-*- coding: utf8 -*-
Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban

from f_xj import *
from Genetic import *
import plot3D1 as P3D

class f1(f_xj):func=lambda self,x:21.5+x[0]*sin(4.0*pi*x[0])+x[1]*sin(20.0*pi*x[1])
f=f1()

N=32 #number of digits in binary genes

POPSIZE=100 #population size

MAXGENS=50 # maximum number of generation

NVARS=2 #number of variables (member of genes in genome
PXOVER=0.3 #probability of crossover

PMUTATION=0.02 #probability of mutation

lowl=[-3.0,4.1]

high1=[12.1,5.8]
g=Genetic(f,lowl,highl,POPSIZE,MAXGENS,NVARS,N,PXOVER,PMUTATION)
print(g.calculate())

xmin=low1[0]

xmax=high1[0]

Nx=100

ymin=0.0

ymax=30.0

Ny=100

PLabel="Optimisation: Genetic Algorithms"

XLabel="x"

YLabel="y"

ZLabel="z"

P3D.plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel, XLabel,YLabel,ZLabel)
runfile('E:/okul/SCO1/Genetic_testl.py', wdir="E:/t18CO1")

Reloaded modules: f_xj, f_x, Gene, Genotype, Genetic
[11.634943575466737, 5.224075439251976, 38.259492805578425]




Optimisation- Genetic Algorithms
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816 7 GENETKC ALGORI THMS BY USI NG A LONG TYPE VARI ABLE

In a gene structure number of digits in the gene shouthstant. It is similar in the natural system as well. In
order to produce a child gene structure of both parents should be similar in stréctong integer with a

setted number of digitswill be used as a gene structure in the next genetic algocitiole. In this two variable
systems long type integer value bits can take all the possible values 0 to 9 in each digit, while double value can



only corresponds the working space. As a maximum longnumberild i t x6 max=99%86999999999

taken.Inthic ase the relation between | ong number x60
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The double number can be converted back to the long integer gene number the same way.
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The remaining of genetic algorithm is the same as the previous algorithms. It should be note that even though

the number of the gens are constant (18) for this algorithm, gen number input variable is keptagrdma

constructor, in order to make it same as the previous versions with the variable gene rRledezsiote that 18

digit(of 10 numbers) is equal 90 digits(2 numbers) binary.

int_gene constructed from integer numbers of 18 digits.

from abc importABC, abstractmethod
from math import *

import random

from f_x import *

class int_gene(ABC):

def __init__(self, xming,xmaxg):
self.xming=xming
self.xmaxg=xmaxg
self.imax=999999999999999999
self.xp=int(randonrandom()*self.imax)
self.x=self.xming+self.xp*(self.xmaxgelf.xming)/self.imax
self.xs=str(self.xp)
self.N=18

def rand_xp(self):
self.xp=int(random.random()*self.imax)
def rand_x(self):
selfxp=int(random.random()*self.imax)
self.x=self.xming+self.xp*(self.xmaxgelf.xming)/self.imax
def mutate(self):
nl=str(int(10.0*random.random()))
nn=int(18*random.random())
n2=str(self.xs[nn:nn+1])
if(n1==n2 andn1==str(9)):
nl=str(8)
elif(n1==n2 and n1==str()):
nl=str(1)
elif(n1l==n2):
nl=str(int(n2)+1)
self.xs=self.xs[:nn]+n1+self.xs[nn+1:]
self.xp=int(self.xs)
self.x=self.xming+self.xp*{elf.xmaxgself.xming)/self.imax

def print(self):
print("min=",self.xming,"max=",self.xmaxg,"xp=",self.xp,"x=",self.x)

# seperated at point n

def split(self,nn):
#nn=int(random.random()*self.N)
#print("nn=",nn)
sl=self.xs[:nn]
s2=self.xs[nn:]
s=[s1,s2]
return s

# split string binary gene into three pieces
# seperated at point n
def split2(self,nn1,nn2):
#nn=int(random.random()*self.N)
#print("nn=",nn)
if nn2>=nn1:
sl=self.xs[:nn1]
s2=self.xs[nn1:nn2]
s3=self.xs[nn2:]

do



else:
sl=self.xs[:nn2]
s2=self.xs[nn2:nn1]
s3=self.xs[nn1:]
s=[s1,s%3]
return s
# cross correlation 1 of two Genes
def crossing1(f1,f2,N):
s1=f1.split(N)
s2=f2.split(N)
ss1=s1[0]+s2[1]
s$s2=52[0]+s1[1]
ffl=int(ss1)
ff2=int(ss2)
if random.random()<=0.5:
ff=set_int_gene(fl.xnmg,f1.xmaxg,ff1)
else:
ff=set_int_gene(fl.xming,f1.xmaxg,ff2)
return ff

# cross correlation2 of two Genes
def crossing2(f1,f2,N1,N2):
s1=f1.split2(N1,N2)
s2=f2.split2(N1,N2)
ss1=s1[0]+s2[1]+s1[2]
ss2=s2[0]+s1[1]+s2[2]
ffl=int(ss1)
ff2=int(ss2)
if random.random()<=0.5:
ff=set_int_gene(fl.xming,f1.xmaxg,ff1)
else:
ff=set_int_gene(fl.xming,f1.xmaxg,ff2)
return ff

# crossingl crossing2 or crossing3 is selceted randomly
def crossing(f1,f2):
if int_random()==0:
N=int(f1.N*random.random())
fchild=crossing1(f1,f2,N)
else: # int_random()==1:
N1=int(f1.N*random.random())
N2=int(f1.N*random.random())

if N1<=N2:
fchild=crossing2(f1,f2,N1,N2)
else:

fchild=crossing2(f1,f2,N2,N1)
return fchild

def set_int_gene(xming,xmaxg,xp):
g=int_gene (xming,xmaxg)
9-Xp=Xxp
g.X=g.Xxming+g.Xp*(g.xmaxg.xming)/g.imax
g.Xs=str()
return g

#creates a random int 0 or 1
def int_random():
r=0
if random.random()>=0.5:
r=1
return r

A test for int_gene (mutation)

from int_gene import *

xmin=0.0

xmax=3.0
fl=int_gene(xmin,xmax)
f1.print()
f2=int_gene(xmirxmax)
f2.print()

print("f1 mutation")




fl.mutate()
f1.print()

print("f2 mutation")
f2.mutate()
f2.print()

runfile('E:/okul/SCOL/int_gene_test.py', wdir="E:/okul/SCOL1")
Reloaded modules: f_x, int_gene

min= 0.0 max= 3.0 xp= 353017307£2B%6384 x= 10590519222308892
min= 0.0 max= 3.0 xp= 3819814778967552 x= 1.1434782443369027
f1 mutation

min= 0.0 max= 3.0 xp= 3530173074B%384 x= 1.0590519222314891
f2 mutation

min= 0.0 max= 3.0 xp= 3818814778967552 x= 1.1434752443369027

A test for int_gene (mation)

from int_gene import *

xmin=0.0

xmax=3.0
fl=int_gene(xmin,xmax)
f1.print()
f2=int_gene(xmin,xmax)
f2.print()

print("crossing of f1 and f2")
f3=crossing(f1,f2)

f3.print()

runfile('E:/okul/SCO1/int_gene_testl.py', wdir="E:/okul/SCOL1")
Reloaded modek: f_x, int_gene

min= 0.0 max= 3.0 xp= 32066133037@880x= 0.9619839911102516
min= 0.0 max= 3.0 xp9466624088663¥112 x= 2.8399872265997104
crossing of f1 and 2

min= 0.0 max= 3.0 xp94666240886653840x= 2.8399872265997215

Integer Genotype int_Gendype

from abc import ABC, abstractmethod
from math import *

import random

from f_xj import *

from int_gene import *

class int_Genotype(ABC):

def __init_ (self, f,NVARS,low1,highl):

self.xmin=low1l

self.xmax=highl

self. NVARS=NVARS

self.N=18

self.f=f

self.G=[0.0 for j in range(self.NVARS)]

self.x=[0.0 for j in range(self.NVARS)]

for i in range(self.NVARS):
self.G[i]=int_gene(self.xmin[i],self.xmax[i])
self.x[i]=sef.G[i].x

self.Fitness=self.f.func(self.x)

self.RFitness=0.0

self.CFitness=0.0

self.Breeder=False




def setGene(val):
GJval]=int_gene(self.xmin[val],self.xmax|val])
return self.G[val]

def getGae(val):
return G[val]

#print gene values
def print(self):
for i in range(self.NVARS):
self.G[i].print()
print("Fitness = ",self.Fitness)
print("RFitness = ",self.RFitness)
print("CFitness = ",self.CFitness)

def setFitness(self):
for i in range(self.NVARS):
self.x[i]=self.G[i].x
self.Fithess=self.f.func(self.x)

def getFitness(self):
return self.Fitness

def setRFitness(self,sum):
self.RFitness=self.Fitness/sum

def setCFitness(self,x):
self.CFitness=x

def getCFitness(self):
return self.CFitness

def breed(self):
self.Breeder=True

def not_breed(self):
self.Breeder=False

def isBreed(self):
return self.Breeder

def copygenotype(self):
gl=self
return g1
def mutate(self, PMUTATION):
for i in range(self.NVARS):
a=random.random()
if a<PMUTATION:
self.G[i].mutate()
def crossingGT(G1,G2):
nv=G1.NVARS
G3=int_Genotype(G1.f,G1.NVARS,G1.xmin,G1.xmax)
for i in range(nv):
G3.G[i]=crossing(G1.G[i],G2.G[i])
return G3

int_Genotype example program:

from f_xj import *
from int_Genotype import *




N=32

xmin=[0.0,0.0]

xmax=[5.0,5.0]

class f1(f_xj):func=lambda self,x: x[0]*x[0]+X[1]*X[1]
f=11()

NVARS=2

N=32

G1=int_Genotype(f, NVARS,xmin,xmax)
G2=int_Gentype(f, NVARS,xmin,xmax)
print("G1 ="

G1.print()

print("G2 ="

G2.print()

print("G3 breed")
G3=crossingGT(G1,G2)

G3.print()

print("G3 mutate")

G3.mutate(1.0)

G3.print()

runfile('E:/okul/SCOL/int_Genotype_testl.py', wdir="E:/okul/SCO1")
Reloaded modute f_x, int_gene

Gl=

min= 0.0 max= 5.0 xp= 354311067151272704 x= 1.7715553357563636
min= 0.0 max= 5.0 xp= 296277299780326144 x= 1.4813864989016308
Fithess = 5.332914266774873

RFitness = 0.0
CFitness = 0.0
G2 =

min= 0.0 max= 5.0 xp= 2223010856912443881.1115054284562214
min= 0.0 max= 5.0 xp= 379478200327386432 x= 1.8973910016369322
Fitness = 4.835536930580449

RFitness = 0.0
CFitness = 0.0
G3 breed

min= 0.0 max= 5.0 xp= 354311067151272704 x=1.7715553357563636
min= 0.0 max= 5.0 xp= 37947729932733@ x= 1.897386496636932
Fitness = 7.447702320452942

RFitness = 0.0
CFitness = 0.0
G3 mutate

min= 0.0 max= 5.0 xp= 354311067154272704 x= 1.7715553357713636
min= 0.0 max= 5.0 xp= 379477299377386432 x= 1.8973864968869323
Fitness = 7.447702320452942

RFitness = 0.0

CFitness = 0.0

Genetic algorithm constructed from long integer numbers of 18 digitdnt_Genetic

from abc import ABC, abstractmethod
from math import *

import random

from f_xj import *

from int_Genotype import *

class int_Genetic(ABC):
def __init__(self,f,low,high,POPSIZE,MAXGENS,NVARS,PXOVER,PMUTATION):
# function derived from f_xj class f(x0,x1,..xn)
self. POPSIZE=POPSIZE # population size
self. MAXGENS=MAXGENS # maksimum number of generations
selfNVARS=NVARS # number of variables
#number of independent variable of function




#number of Genes in genotype
self.N=18
#number of bits in a gene
self. PXOVER=PXOVER
#probability of crossver
self. MUTATION=PMUTATION
#proportion of mutated variables
self.NBreeder=int(0.8*POPSIZE)
#number of survivers in a generation
self.Best=0
self.f=f
self.xmin=[0.0 for j in range(self.NVARS)]
self.xmax=[0.Cfor j in range(self.NVARS)]
for i in range(self.NVARS):
self.xmin[i]=low[i]
self.xmax[i]=highl[i]
#Best genotype in the population
self.Population=[0.0 for j in range(self.POPSIZE+1)]
self.setPopulatin()
self.setRFCF()
self.evaluate()

def print(self):
print("Population size = ",self.POPSIZE)
print("Maximum number of Generations = ",self. MAXGENS)
print("Number of Bits in Gene = ",self.N)
print("Probability of crossover =",self. PXOVER)
print("Propertion of mutated variables",self. PMUTATION)
for i in range(self.POPSIZE+1):

self.Population[i].print()

def setPopulation(self):
for i in range(sélPOPSIZE+1):

self.Population[i]=int_Genotype( self.f,self.NVARS,self.xmin,self.xmax)

self.Population[i].setFitness()
self.setRFCF()
self.evaluate()

def setRFCF(self):
sum=0.0
for i in range(self.POPSIZE):
self.Population[i].setFitness()
sum=sum-+self.Population]i].Fitness

for i in range(self.POPSIZE):
self.Population[i].setRFitness(sum)

sum=0.0

for i in range(self. POPSIZE):
sum=sum-+self.Population[i]. RFitness
self.Population[i].setCFitness(sum)

def evaluate(self):
for i in range(self.POPSIZE):
if self.Populationli].Fithess>self.Population[self.POPSIZE].Fitness:
self.Population[self. POPSIZE]=self.Population[i]

def breding_individual(self):

#select members for breeding

=0

for i in range(self.POPSIZE):
self.Population[i].not_breed()

for i in range(self.POPSIZE):
r=random.random()
if i==0 and r<self.Population][i]. CFitness:

=

elif r>=self.Populationfil].CFitness and r<=self.Population[i]. CFitness:

j=i
return j




def crossover(self):
for mem in range(self. POPSIZE):

POne= int(self.breding_individual())
PTwo=int(self.breding_individual())
Po=[0.0 for j in range(2)]
Po[0]=self.Population[POne]
Po[1]=self.Population[PTwo]
self.Population[POne]=crossingGT(Po[0],Po[1])
self.Population[PTwo]=crossingGT(Po[0],Po[1])
self.Population[POne].mutate(self. PMUTATION)
self.Population[PTwo].mutate(selMUJTATION)
self.setRFCF()
self.evaluate()

def getBest(self):
aa=[0.0 for j in range(self. N\VARS+1)]
for i in range(self.NVARS):
aa[i]=self.Population[self.POPSIZE].x[i]
aa[self.NVARS¥self.Population[self. POPSIZE].Fitness
return aa

def select(self):
Po=[0.0 for j in range(self.POPSIZE+1)]
for i in range(self.POPSIZE+1):
mem=0
r=random.random()
gfl=self.Population].getCFitness()
gf2=0.0
if gf1>r:
Po[i]=self.Population[mem].copygenotype()
for mm in range(1,self.POPSIZE):
gf2=self.Population[mem].getCFitness()
if gf2>r and gfi<r:
Poli]=self.Population[mem].copygenotype()
break
for i in range(self.POPSIZE):
self.Population[i]=Po[i]
self.setRFCF()
self.evaluate()

def calculate(self):

self.evaluate()

Generation=0

while Generation<self. MAXGENS:
Generation=Generation+1
self.crossover()
self.evaluate()

return self.getBest()

def setRFCF(Co):
sum=0.0
for i in range(Co.POPSIZE+1):
Co.Population[i].setFitness()
sum=sum+Co.Population[i].Fitness
for i in range(Co.POPSIZE+1):
Co.Population[i].setRFitness(sum)
sum=0
for i in range(Co.POPSIZE+1):
sum=sum+Co.Populati§i]. RFitness
Co.PopulationfisetCFitness(sum)

Test program for Gene constructed from integemumbers of 18digits.

#-*- coding: utf8 -*-
Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban




from f_xj import *

from int_Genetic import *
import numpy as np;

import matplotlib.pyplot as plt;

class f1(f_xj):func=lambda self,x:x[0]*sin(10.0*pi*x[0])+3.0
f=f1()

class f2(f_x):func=lambda self,x:x*sin(10.0*pi*x)+3.0

ff=f2()

N=22 #number of digits in binary genes

POP3ZE=50 #population size

MAXGENS=50 # maximum number of generations

NVARS=1 #number of variables (member of genes in genome
PXOVER=0.3 #probability of crossover

PMUTATION=0.02 #probability of mutation

lowl1=[-1.0]

high1=[2.0]
g=int_Genetic(f,lowl,highl,PCRZE,MAXGENS,NVARS,PXOVER,PMUTATION)
print(g.calculate())

dx=3.0/1000.0
n=1000
y=[0 for z in range(n)];
x=[0 for z in range(n)];
for i in range(n):
X[i]=-1.0+dx*i
yli]=ff.func(x[i])
plt.plot(x,y,linewidth=0.3)
plt.xlabel("x")
plt.ylabel("y")
plt.title('Optimisation: Genetic Algorithms')
plt.show()

#-*- coding: utf8 -*-

Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban

from f_xj import *

from int_Genetic import *

import numpy as np;

import matplotlib.pyplot as plt;

class L(f_xj):func=lambda self,x:x[0]*sin(10.0*pi*x[0])+3.0
f=f1()

class f2(f_x):func=lambda self,x:x*sin(10.0*pi*x)+3.0

ff=f2()

N=22 #number of digits in binary genes

POPSIZE=100 #population size

MAXGENS=100 # maximum number of generations
NVARS=1 #number of ariables (member of genes in genome
PXOVER=0.3 #probability of crossover

PMUTATION=0.02 #probability of mutation

lowl=[-1.0]

high1=[2.0]
g=int_Genetic(f,lowl,highl,POPSIZE,MAXGENS,NVARS,PXOVER,PMUTATION)
print(g.calculate())

dx=3.0/1000.0

n=1000

y=[0 for z in range(n)];

x=[0 for z in range(n)];

for i in range(n):
xX[i]=-1.0+dx*i
yli]=ff.func(x[i)

plt.plot(x,y,linewidth=0.3)

plt.xlabel("x")




plt.ylabel("y")
plt.title('Optimisation: Genetic Algorithms')
plt.show()

runfile('E:/okul/SCO1/int_Genetitest.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj, f_x, int_gene, int_Genotype, int_Genetic
[1.8502416190695525, 4.85018831522604]

-*- coding: utf8 -*-
Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban
from f_xj import *
from int_Genetic import *
import plot3D1 as P3D

class f1(f_xj):func=lambda self,x:2.0*x[0]*x[1]+2.0*x[Gk[0]*X[0] -2.0*x[1]*x[1]+10.0
f=f1()

N=18 #number of digits in integer genes

POPSIZE=100 #population size

MAXGENS=50 # maximum number of generations

NVARS=2 #number of variables (member of genes in genome
PXOVER=0.3 #probability of crossover

PMUTATION=0.02 #probability of mutation

low1=[1.0,1.0]

high1=[5.0,5.0]
g=int_Genetic(f,low1,high1,POPSIZE, MAXGENS,NVARS ,PXOVER,PMUTATION)
print(g.calculate())

xmin=low1[0]

xmax=high1[0]

Nx=100

ymin=0.0

ymax=12.0

Ny=100

PLabel="Optimisation: Genetic Algorithms"

XLabel="x"

YLabel="y"

Zlabel="2"

P3D.plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel, XLabel,YLabel,ZLabel)

runfile('E:/okul/SCOL/int_Genetic_test2.py', wdir="E:/ok@(S1")
Reloaded modules: f_xj, f_x, int_gene, int_Genotype, int_Genetic
[2.0299727032780286, 1.0563244328352681, 11.996133144615126]

#-*- coding: utf8 -*-

Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban

from f_xj import *

from int_Genetic import *

import plot3D1 as P3D

class f1(f_xj):func=lambda self,x:21.5+x[0]*sin(4.0*pi*x[0])+x[1]*sin(20.0*pi*x[1])
f=f1()




N=18 #number of digits in binary genes

POPSIZE=100 #population size

MAXGENS=50 # maximum number of generations

NVARS=2 #rumber of variables (member of genes in genome
PXOVER=0.3 #probability of crossover

PMUTATION=0.02 #probability of mutation

lowl=[-3.0,4.1]

high1=[12.1,5.8]
g=int_Genetic(f,low1,highl,POPSIZE,MAXGENS,NVARS,PXOVER,PMUTATION)
print(g.calculate())

xmin=low1[0]

xmax=high1[0]

Nx=100

ymin=0.0

ymax=12.0

Ny=100

PLabel="Optimisation: Genetic Algorithms"

XLabel="x"

YLabel="y"

ZLabel="z"

P3D.plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel, XLabel,YLabel,ZLabel)
P3D.contour_plot(f,xmin,xmax,Nx,ymin,ymax,Ny,PLabel,XLabel,Y LaBEhbel)
runfile('E:/okul/SCOL/int_Genetic_testl.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj, f_x, int_gene, int_Genotype, int_Genetic, plot3D1
[12.08911500264852, 4.4257205915714986, 36.80182408286153]

8.17 STOCHASTMETHODS: MONTEARLO METHOD

Monte carlooptimizationas a nethod is very simple. Pointstheen the given limits are selected
randomly and evaluated. When number of points increase to very high numbers, statistically there will
be a homogeneous coverege of all the search region. Rectyesthaptimum found so far.What is

achived is similar to plotting data, but in monte carlo method taken constant steps and walk through
the steps are not needed because randomness takes care of uniformighofser the total number

is big enough.

# Dr. M. Turhan COBAN

#

# EGE University School of Engineering, Mechanical Engineering Department
# package : Numerical analysis package

# subject : optimization

# group : MonteCarlo optimization(maximum) Algorithms

# monte_carlo_opt Class

# class selectandom points at the given area and selects the best

# results found

from abc import ABC, abstractmethod
from math import *

import random

from f_xj import *

from Genotype import *

class monte_carlo_opti(ABC):
def __init__(self,Ni,imin,imax):
n=len(imin)
self.max=[0.0 for j in range(n)]
self.min=[0.0 for j in range(n)]
self.N=Ni
for i in range(n):

self.max[i]=imax{i]

def monte_carlo_max(self,f
n=len(self.min)
xmax=[0.0 for j in range(n+1)]
x=[0.0 for j in range(n)]




max_number=1.0e99
f=0.0
for k in range(self.N):
for i in range(n):
x[i]=self.min[i]+(self.max[i]-self min[i])*random.random()
f=fi.func(x)
if f>max_number:
max_number=f
for i in range(n):
xmax([i]=x[i]
xmax[n]=f
return xmax

Sample test program:

-*- coding: utf8 -*-
Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban
from math import *
from f_xj import *
from monte_carlo_opti import *
import plot3D1 as P3D

class f1(f_xj):func=lambda self,x:x[0]*sin(10.0*pi*x[0])+3.0
f=f1()

lowl=[-1.0]

high1=[2.0]
mco=monte_carlo_opti(100000,low1,highl)
print(mco.monte_carlo_max(f))

runfile('E:/okul/SCO1/monte_carlo_opti_test.py’, wdir="E:/okul/SCO1")
Reloaded modules: f_xj, f_x, Gene, Genotype
[1.8505509890910292, 4.850273755428534]

Sample test program:

#-*- coding: utf8 -*-

Created on Mon Nov 9 04:02:18 2020
@author: M. Turhan Coban

from math import *

from f_xj import *

from monte_carlo_opti import *

import plot3D1 as P3D

class f1(f_xj):func=lambda self,x:1.0+cos(pi*(x{8]0))*cos(2.0*pi*(x[1}2.0))/(1+(x[0}3.0)*(x[0]-3.0)+(x[1}-2.0)*(x[1]-2.0));
f=f1()

low1=[-10.0;10.0]

high1=[10.0,10.0]
mco=monte_carlo_opti(1000000,low1,highl)
print(mco.monte_carlo_max(f))

runfile('E:/okul/SCO1/monte_carlo_opti_testl.py', wdir="Eui6SCO1")
Reloaded modules: f_xj, f_x, Gene, Genotype, monte_carlo_opti, plot3D1
[3.012231283238844, 2.006510252512715, 1.9982342941634572]

8.18 STOCHASTIC METHODS: FIREFLY ALGORITHM

You might notice amazing flashing lights of fireflys in the summer nigHte.flashing light is produced by a



process of bioluminescence. The true main purpose of such flashes are still on debate but one of the fundamental
function is attracting mate. The rithmic flash, the rate of flashing and the amount of time form parsightl

system that brings both sexes together. We know that the light intensity at a particular distamite light

source obeys the inverse square law. That is to say, the light intensity decreases as thanistases.

Furthermore, the ambsorbs light which becomes weaker and weaker as the distance increases. This physical
factors are utilised by fireflies to find each other. The same principle can be utilised to create an artificial firefly
for optimisation The Firefly Algorithm was desloped by XinShe Yang [52], based on the idealization of the

flashing characteristics of fireflies. In creating artificial firefly it is assumed that they are unisex, i.e. any firefly

in the population can be attracted to any other firefly, Attractiveisgasction of brightness. Brightness will

decrease as a function of distance between. The less brighter one will move through the brighter one. If there are
no brighter fire flies around, it will fly randomly. The brightness of the artificial firefly dilectly be

determined by objective function value. By using these principles, a pseudocode of the firefly algorithm can be
written as:

Obijective functiorf(X), X = (%, ...,%)

Generate initial population of fireflies (i = 1,2,...,m) randomly
Light intensityli at ¥ is determined by(X)

Define light absorption coefficiert

while (t <MaxGeneration)

fori= 1 :nall nfireflies

forj =1 :nall nfireflies (inner loop)

if (i <1j), Move firefly i towardsj; end i f

Vary attractiveneswith distance as

b=be® or b= b -
1+ gl

dij =,/é (X x 'Xi,k)2
k=1

Evaluate new solutions and update light intensity

X'=(1- b)X' + bX! +a (gaussrandom() - %)

end for j
end fori
Rank the fireflies and ffid the current global begt
end while
Postprocess results and visualization

from math import *

from f_xj import *

from matplotlib import pyplot as plt
import numpy as np

from random import *

class f1(f_xj):
def func(self,x):

y=(1.0-x[0])* (1.0-x[0])+100.0*(x[1]-X[0]*x[0])* (x[1] -x[O]*X[0])
returny;

class fireflyi():

# double gamma,alpha,beta;

# double alpha0,alphan;

#int m;

#intn;

# m number of fireflies

# n number of variables for each fireflyi

# 10 light intensity at sourc

# gamma absorbtion coefficient

# alpha size of the random step

# beta attractiveness

# double x[][];

# double 10[];

# double ymin;




# double xmin[];
# int imin;
# int ngeneration;
def __init__(self,ff,mi, xxmin,xxmax,gammai,alpha0Oi,alphani,ngenergtion
#initial population set
self.n=len(xxmin) #number of objective function
self.m=mi
print("m=",self.m,"n=",self.n)
self.x= [[0 for j in range(self.n)] for i in range(self.m+1)]
self.10=[0 for j in rangéself.m+1)]
self.xmin=[0 for i in range(self.n)]
#x=new double[m+1][n];
#l0=new double[m+1];
#xmin=new double[n];
self.gamma=gammai
self.alphaO=alphaQi
self.alphan=alphani
self.alpha=alpha0Oi
self.ngeneration=ngenerationi
for j in range(self.n):
self.xmin[j]=xxmin[j]+random()*(xxmax[j}xxmin[j])
self.ymin=ff.func(self.xmin)
#end of init
1=0;
d=0.0;
t=0.0;
while I<ngereration:
# find minimum of population
for i in range(self.m):
for j in range(self.n):
self.x[i][j]=xxmin[j]+random()*(xxmax[j]-xxmin[j])
self.10[i]=ff.func(self.x[i])
if self.10[i]<self.ymin:
self.ymin=self.10[i]
self.imin=i
for k in range(self.n):
self.xmin[k]=self x[i][K]
for j in range(self.n):
selfx[m][j]=self.xmin[j]
self.I0[m]=self.ymin
I=1+1
fi=0.0
fi=0.0
for i in range(self.m+1):
for j in range(self.n):
if self.10[i]<self.I0[j]:
self.beta=self.attractiveness(i,j)
for k in range(self.n):
#The best one will remain the rest will change
if il=self.imin:
self.x[i][k]=(1.0-self.beta)*self.x[i][k]+self.beta*self. x[j][k] +self.alpha*(random().5)
else:
for k in range(self.n):
if i'=self.imin:
self.x[il[k]=self x[i][K]+self.alpha*(random@0.5)
#alpha will change by time
#shrink to a smaller value
self.alpha=self.alphan+(self.alpha8if.alphan)*expf)
t=0.1*;

def distance(self,i,j):
fo_r k in range(self.n):
d+=(self.x[i][K]-self.x[j][K])*(self.x[i][K] -self.x[j][K])
d=sqrt(d)
returnd

def attractiveness(self,i,j):
d=self.distance(i,)
#return self.10[i]/(1+self.gamma*d*d)
return selflO[i]*exp(-self.gamma*d*d)

class f1(f_xj):func=lambda self,x:(1.6x[0])*(1.0-x[0])+100.0*(x[1]-x[0]*x[0])*(x[1] -x[0]*x[O])
f=f1();
xmin=[0.0,0.0];




xmax=[2.0,2.0];

m=500

gamma=1.0

alpha0=0.5

alphan=0.01

ngeneration=1000

rl= fireflyi(f,m, xmin,xmax,gamma,pha0,alphan,ngeneration)
z=r1.xmin;

print("xmin =",z,"fmin="f.func(z));
runfile('E:/okul/SCO1/fireflyi.py', wdir="E:/okul/SCOL1")
Reloaded modules: f_xj

m=500 n=2

xmin = [0.9990640938391031, 0.9986806719748089] fmin= 3.130310041800811e

8.19 STOCHASTMETHODS: PARTICLE SWARM ALGORITHM

Particle swarm optimization (PSO) was developed by Kennedy and Eberhart in 1995, based on swarm behaviour
such as fish and bird schooling in nature. PSO searches the space of an objective function by adjusting the
trajedories of individual agents, called particles. The movement of the particles has both stochastic and
deterministic elements. Each particle is attracted toward the best location of the given time and the best location
of the near past (a current globat)hés also tendency to move randomly. When a particle finds a location that is
better than any previously found locations, then it updates it as the new current best fori paaisde
remembers all the currents best values to update a current ghddoal Yhe aim is to find the global best among
all the current best values available until no more improvements are available.

O

/ Global best
Particle i /’__.-

—_—— O
\ Current best
@

Figure 5.23.1 Particle will attract toward the global best, current best and also move randomly

The method is given in Tab®23.1 as pseodocode. |fand v position vector and velocity for particle i, the
new velocity vector is determined as:

V] O 1-TC B TTE w

Wheree; ande; are two random vectotsetweerD and 1 d is the current global bexf is local best.The
parametera andb are the learning parameters or acceleration constihgs initial velocity of the particles
can be taken as zelb, 1. The new position can then be aped by @ ® U .Although
vi can be any values, it is bounded in some ranged,v

There are many variants of the standart PSO algorithm. The most noticiable one is the version in
which previous velocity function multigd with an inertia function. This is called an accelerated
PSO.

V] —0 |70 O 1Te w

This is equivalent to introduce a virtual mass to stabilise the motion of the particles.

Table 5.23.1Particle swarm algorithm
Obijective functiorf(P;), B = (xo, ...,%n)i for particle i and m space dimension variable
Initialize locations? and velocityV; of n particles by random selection
Use as velocity vector:
® - |1 OEQLO0 aQuy 1T 0 QEBa Qi
Whereq is inertia functionén iterative variable between 0 and 1
a andb are learning parameters or acceleration constants
| | T wheremm [ p | e 18 fort isthe virtual time
Find Global besGPminfrom min{ f(Py) &(P.)} (att =0)

while ( criterion )




t =t +1 (pseudo time or iteration counter)
for loop over alln particles and alin dimensions

Generate new velocity

Calculate new location$ 0
Evaluate objective functions at new locations
Find the current best for each partiBlein

Find the global best for each particl®@in

end for

end while
Output the final resultBminand GPmin

from math import *

from f_xj import *

from matplotlib import pyplot as plt
import numpy as np

from random import *

class particle_swarm():

#class variables

#intm,n

#double alpha,beta,beta0,teta,gamma

#m number of population

#n number of ariables for each individual

#double x[][]; location for each population member
#double y[]; function value of each population member
#double yxmin; current best minimum

#double ygmin; global best minimum

#double xmin[]; current best x

#double gmin[; global best x

#double V[][]; velocity vector

#int ngeneration; number of generations in iteration

def __init__(self,ff,mi, xxmin,xxmax,alphai,betai,ngenerationi):
#initial population set
self.teta=0.5
self.gamma=0.5
#initial population set
self.n=len(xxmin);
self.m=mi;
self.alpha=alphai
self.betaO=betai
self.beta=self.beta0
self.ngeneration=ngenerationi
self.x= [[O for j in range(self.n)] for i in range(selfiin
self.v=[[0 for j in range(self.n)] for i in range(self.m)]
self.y=[0 for i in range(self.m)]
self.xmin=[0 for i in range(self.n)]
self.gmin=[0 for i in range(self.n)]
self.ngeneration=ngenerationi
yxmin=1.0e50
for i in range(self.m):
for j in range(self.n):
self. x[i][jJ=xxmin[j]+random()*(xxmax[j]-xxmin[j])
self.v[i][jJ=random()
self.y[i]=ff.func(self.x[i]);
if self.y[i]l<yxmin:
yxmin=self.y[i]
ygmin=self.y[i]
for k in range(self.n):
self.xmin[K]=self.x[i][k]
self.gmin[k]=self.x[i][k]
t=0
while t<self.ngeneration:
yxmin=1.0e50
for i in range(self.m):
for j in range(self.n):
self x[i][j]=self.x[i][j]+self.V[i][j]
if self.x[i][j]<xxmin[j]:




self.x[i][j]=xxmin[j]
if self. x[i][j]>xxmax[j]:
self. x[i][j]=xxmax([j]
self.y[i]=ff.func(self.x[i])
if self.y[i]<yxmin:
yxmin=self.y[i]
for k in range(self.jn
self.xmin[k]=self.x[i][K]
for i in range(self.m):
if self.y[i]<ygmin:
ygmin=self.y[i]
for k in range(self.n):
self.gmin[k]=sel.x[i][k]
for i in range(self.m):
for j in range(self.n):
self.v[i][j]=self.teta*self.v[i][j]+self.alpha*random()*(self.gmin[fself.xmin[j]) +self.beta*random()*(self.xminlj]
self.x[i][i])
t=t+1
self.beta=self.betaO*pow(self.gamma,0.01*t)

from math import *

from f_xj import *

from matplotlib import pyplot as plt
import numpy as np

from random import *

import particle_swarm as ps

class f1(f_xj):func=lambda self,x:(&f@])*(1.0-x[0])+100.0*(x[1Ix[0]*x[0])*(x[1]-x[0]*x[0])
f=f1(;

xmin=[0.0,0.0];

xmax=[2.0,2.0];

m=500

alpha=2.0

beta=0.7

ngeneration=500

rl= ps.particle_swarm(f,m,xmin,xmax,alpha,beta,ngeneration)
z=rl.xmin;
print("xmin = ",z,"fmin=",f.func(z));

runfile('E:/okulSCO1/particle_swarm2.py', wdir="E:/okul/SCO1’)
Reloaded modules: f_xj, particle_swarm
xmin = [1.0, 1.0] fmin=0.0

As another test function Michaelewicz function is given

n é é (i .2 ~ Zmﬂ
f()=- 4 Gin(x)esings D5 & U
izog e ¢ P = 4

from math import *

from f_xj import *

from matplotlib impot pyplot as plt
import numpy as np

from random import *

import particle_swarm as ps

class f1(f_xj):
def func(self,x):
#Michaelewicz function
ff=0.0
n=len(x)
for i in range(n):
ff=ff -sin(x[i])*pow(sin((i+1)*x[i]*x[i}/p i),20)
return ff

f=f1();
xmin=[0.0,0.0];
xmax=[2.5,2.5];
m=500
alpha=2.0
beta=0.7
ngeneration=500




rl= ps.particle_swarm(f,m,xmin,xmax,alpha,beta,ngeneration)

z=rl.xmin;

print("xmin =",z,"fmin="/f.func(z))
runfile('E:/okul/SCO1/particle_swarm1.pydir="E:/okul/SCO1")

Reloaded modules: f_xj

xmin = [2.2029055223760023, 1.5707963257274846] frriln801303410098553

£ z1

4] ContourPlot

8.20STOCHASTIC METHODS: CUCKOO SEARCH ALGORITHM

This algorithm which is introduced by Yang and Deb[56] is construmtelaiood parasitism of the cuckoos.
Brood parasitism is a evoltionary strategy for cuckoos which is accomplished by laying their eggs in other kind
of birds. If this alien egg is found by host bird, the nest(a place where eggs are hold) will be rejeétseegor
will be thrown away. This behaviour is named as a evolutionary phenomena to mimic the egg apperance of local
host birds. Regarding to this concept, following rules are employed .
- Cuckoos are allowed to lay one egg at a specific time, and dropa random nest
- Nest that contains high quality of eggs (nets with best fithess values) will carry over to next generation.
- The number of nest is fixed and a host bird can find an alien egg with a specified probabilidyl} .
If it happens, eggs which are dropped in nests will be thrown away or present nest will be built another
place.
With this assumptions Cuckoo Search algorithm is developed . In order to carry out this algorithm effectively,
Levy Flights are usetb perform local and global searches in solution domain. Levy flights are kind of a random
walk and simulated as foraging path of an animal and its next movement is based on its previous one. This
pattern is also appliciable for natural phenomenas asgyiogstronomy and physics. Behaviour of Levy Flight
is proposed by

W ®w | =0 w

Qisdonated byenterwi se mul ti plication, U is a step size and
Levy distribution, di spl aced e ggibetteptbas thea formenonavi | | be
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Cuckoo Search algorithm pseudocode is given below

Cuckoo Searchalgorithm
""" T T T T
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from abc import ABC, abstractmethod
from math import *

import random

from f_xj import *

class cuckoo_searchl1i(ABC):
int n;
int nd;
double pa;
double tol;
double nest[][];
double xmin[];
double xmax(];

def __init__(self,iff,in1,ipa,itol,ixmin,ixmax):

self.n=inl

self.nd=len(ixmin)

self.pa=ipa

self.tol=itol

self.nest=[[0 for j in range(self.nd)] for i in range(self.n)]

self.xmin=[0 for j in range(self.nd)]

self.xmax=[0 for j in range(self.nd)]

self.ff=iff

for i in range(self.nd):
self.xmin[i]=ixmin[i]
self.xmax[i]=ixmax(i]

def ones(self):
v=[0 for j in range(self.nd)]
for i in range(self.nd):
Vv[i]=1.0
return v

def randn(self):
a=[0 for j in range(self.nd
for i in range(self.nd):
afil=random.random()
return a
def initialize(self):
for i in range(self.n):
for j in range(self.nd):
self.nest[i][j]=self.xmin[j]+(self.xmax[j}self.xmin[j])*random.random()
fitness=[0 for j in range(self.n)]
for i in range(self.n):
fitness[i]=1.0e7
dp=[[[0 for j in range(self.nd)] for i in range(self.n)] for k in range(2)]
for i in range(self.n):
for j in range(self.nd):
dp[O][i][j]=self.nest[i][j]
for i in range(self.n):
for j in range(self.nd):
dp[1][i][j]=fitness]i]
return dp

def getminval_index(self,a):

m=0.0
ml=len(a)
minval=a[0]
for i in range(m1):
if afil<minval:
minval=ali]
m=i

dep=[0 for j in range(2)]
dep[O]=minval
dep[1]=m




return dep

def get_bestnest(self,nest,newnest,fithess):

fnew=0.0

for j in range(self.n):
fnew=self.ff.func(newnest[j])
if fnew<fitness[j]:

fitness[j]=fnew;self.nest[j]l=newnest[j]

dep=self.getminval_index(fithep

fmin=dep[0]

index=int(dep[1])

best=[0.0 for j in range(self.nd)]

for i in range(self.nd):
best[i]=self.nest[index][i]

depp=[[[0.0 for j in range(self.nd)] for i in range(self.n)] for k in range(4)]

depp[0][0][0]=fmin

for i in range(self.n):
depp[1][il[0]=fitness][i]

for i in range(self.nd):
depp[2][0][i]=best]i]

for i in range(self.n):
for j in range(self.nd):

depp[3[i][j]=nest[i][]

return depp

# Random permutation of matrix
def randperm(self,a):
nl=len(a)
ml=len(a[0])
a=[[0.0 for j in range(m1)] for i in range(n1)]
y=[[0.0 for j in range(m1)] for i in range(n1)]
sw=[0.0 for j in range(m1)]
foriin range(nl):
ylil=ali]
mp=0
for i in range(nil):
rp=int((n1-i)*random.random()+i)
sw=y[i]
ylil=ylrp]
ylrpl=sw
returny

def get_cuckoos(self,nest,best):
s=[0.0 for j in range(self.nd)]
u=[0.0 for j in range(self.nd)]
v=[0.0 for j in range(self.nd)]
stepsize=[0 for j in range(self.nd)]
beta=1.5
sigma=pow((gamma(1-+t®*sin(pi*beta/2.0)/(gamma((1.0+beta)/2.0)*beta*pow(2.0,(He®)/2.0))),(1.0/beta))
sk=[0.0 for j in range(self.nd)]
for j in range(self.n):
s=nest[j]
for i in range(self.nd):
ufil=random.gauss(0,0.0)*sigma
v[i]=random.gauss(0.0,1.0)
stepli]=u[i}/pow((abs(V[i])),(1/beta) )
stepsize[i]=0.01*step[i]*(s[Abest[i])
for k in range(self.nd):
stepsize[k]*rndm.nextGaussian()
s[k]=sk[k]+s[K];
nest[j]=simplebounds(s)
return nest

def simplebounds(self,s):
for i in range(self.nd):
if s[i]<self.xmin[i]:
s[i]=self.xmin[i]
if s[i]>self.xmax{i]:
s[i]=self.xmax([i]
return s

def emptynests(self,nest):
K=[[0.0 for j in range(self.nd)] for i in range(self.n)]
randmat=[[0.0 for j in range(self.nd)] for i in range(self.n)]
perm1=[0.0for i in range(self.n)]
perm2=[0.0 for i in range(self.n)]




nest1=[[0.0 for j in range(self.nd)] for i in range(self.n)]
nest2=[[0.0 for j in range(self.nd)] for i in range(self.n)]
nest3=[[0.0 for j in range(self.nd)] foin range(self.n)]
nest4=[[0.0 for j in range(self.nd)] for i in range(self.n)]
stepsize=[[0.0 for j in range(self.nd)] for i in range(self.n)]
randmat2=[[0.0 for j in range(self.nd)] for i in range(self.n)]
newnest=[[0.(or j in range(self.nd)] for i in range(self.n)]
for i in range(self.n):
for j in range(self.nd):
randmat[i][j]=random.random()
if randmat[i][j]<self.pa:
K(i][j]=0.0
if randmat[i][j]>self.pa:
Ki][]=1.0
for i in range(self.n):
for j in range(self.nd):
nestl[i][j]=nest[i][j];nest2[i][j]=nest[i][j]
al=self.randperm(nestl)
a2=self.randperm(nest2)
for i in range(self.n):
for j in range(self.nd):
nest3{i][jl=a1[i][il -a2[il[i]
for i in range(self.n):
for j in range(self.nd):
stepsize[i][jl=nest3[i][j]*random.random()
for i in range(self.n):
for j in range(self.nd):
nest4[i][j]=stepsize[i][j]*KI[i][i]
for i in range(self.n):
for j in range(self.nd):
newnest(i][jl=self.nest[i][j]+nest4[i][j]
returnnewnest
def solution(self):
nestt=[[0.0 for j in range(self.nd)] for i in range(self.n)]
fitness=[0.0 for i in range(self.n)]
bestnest=[0.0 for i in range(self.nd)]
bestnest=[0.0 for i in range(self.nd)]
newrest=[0.0 for i in range(self.nd)]
dl=self.initialize()
for i in range(self.n):
for j in range(self.nd):
nestt[i][j]=d1[O][i][j]
for i in range(self.n):
fitness[i]=d1[1][i][O]
d2=selfget_best_nest(nestt,nestt,fitness)
fmin=d2[0][0][0]
for i in range(self.n):
fitness[i]=d2[1][i][0]
for i in range(self.nd):
bestnest[i]=d2[2][0][i]
for i in range(self.n):
for j in rangegelf.nd):
nestt(i][j]=d2(3][i[i]
iter=0
fnew=0.0
nestt=self.emptynests(nestt)
while fmin>self.tol:
newnest=get_cuckoos(nest,bestnest)
d3=self.get_best_nest(nestt,newnest,fitness)
fnew=d3[0][0][0]
for i in range(self.n):
fitness[i]=d3[1][i][0]
for i in range(self.nd):
best[i]=d3[2][0][i]
for i in range(self.n):
for j in range(self.nd):
~ nestt[i][j]=d3[3][i][]
iter=iter+n
newnest=self.emptynests(nestt)
d4=self.get_best_nest(nestt,newnest fithess)
fnew=d4[0][0][0]
for i in range(self.n):
fitnessf]=d4[1][i][0]
for i in range(self.nd):
best[i]=d4[2][0][i]
for i in range(self.n):




for j in range(self.nd):
- nestt[i][j]=d4[3][i[]
iter=iter+n
if fnew<fmin:
fmin=fnew;bestnest=best
print("Optimum value of a function = ",fmin)
ml=len(bestnest)
for iin range(m1l):
print("x[",i,"] = ",bestnest]i])
Reloaded modules: f_xj, cuckoo_searchli, plot3D1
Optimum value of a function =1.0979875810075364
X[0]= 1.0911747443128963
x[1]= 1.437869069358219

5.21STOCHASTIC METHODS: HARRI S6 HAWKS ALGORI THM

Harris Hawks algoritim is a stachastic method basedhamting behavior of harris hawks[93].

Harri s Hawk

Harris hawk, unlike other hawk species develop a group cooperative hunting behavior. Harris hawks
shows evolved innovative team chasing capabilities in tracing, encircling, flushing out, and eventually
attacking and catching their pray.
Their groyp behavior has Exploration and exploitation phases. t he expl or ati on phas
track and detect their prey. But prey can not be seen directly all the time, in this case they fly randomly
and perch to some position to detect the prays. Perchingwill be selected on two different
strategy, based on the position of the other members of the team and base on the possible position of
the prey. As computer simulation of this can be given with the following formulations: Assume a
random number q, &@nf q 0.5 perch in a random position, if g<0.5 select a position based on
position of the other members and possible prey location.
@ o0 i ® o0 cdbo TN ™
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Where® 0 p is the position vector of the hawks in the next iteration. 0 is the position of the
prey,® O is the current position of hawks, 2, r3, rs and g are random numbenside (0,1) range,
which are updated in each iteration. LB and UB are search limits (upper and lower boundaries of
variables) 0 is a randomly selected hawk from the hawk gra@bip.0 is the average position
of the hawks. The averagosition of the hawks group is calculated by using mathematical averahe

formuladd 0 —-B & 0 where® 0 is the location of the each hawk fort he iteration t, N is the

total number of hawks.
In order to translate frofaxplorationto exploitation phase prey energy is observed. Energy of the
prey is modelled as:

O ¢O p - where E indicates escaping energy of the prey, T is yhe maximum number of

iterations, and &is the initial state of its energy. When E isjhive, prey is stenthening, when E is

negative the prey is weakening. Exploration happens @bgn p and explotation happens when

s p. In exploitation phase, attacks the intented prey. Howewer prey often attemps to escape from
dangerous situation. Hee, different chasing styles occur in real situation. Suppose that r is the chance

of a prey successfully escaping(r<0.5) or not successfully escapingjrbefore the surprise attack.

The hawk behave two different mechanism to respond these, a hafdbmssege.

Whenr mandsCs 1@ soft besiege happens. In this case the prey has enough energy , and try to
escape by some random movements. The Harrisd haw
exhausted the performs the surprise pounce. It is mddasiéhe following equations:

WO p
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WhereY® 0 is the difference between the position vector of the rabbit and the current location in the
iteration t, and is a random number. The hawks behave according to following pattern:
® O 0 OvLd O o
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Where D is dimension of the problem aans S is a random vector of size 1xD and LF is the levy flight
function.
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Where u,v are random numbers in (0,1) ra@# is gamma function which is defined as:
Gad . o0 Q Qo —6b p - OF
wherg T@® X X C pUL Qo1 dligpthe Egegvipscheroni constant

Hence the final strategy becomes:
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Whenr 1@ ands0s 1@ the prey does not have enough energy $d basiege happens.
Hawks directly attempts the surprise pounce to kill the prey.
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8.21INON LINEAR OPTIMIZATION WITH BO UNDARY RESTRICTIONS

A nortlinear optimization problem with boundary restrictions can be defined as
Minimum f(x)
Boundary restrictionsp(x)=0

now
In general these type of boundary restrictions are added up éngeetteral equation as
For the first equatiorp(x)=0 define

For the second equatioff @ Tt

Function min selects the minimum of 0 amu).
The general function then becomes



O Qo ‘0w 0w
in the equation is called punishment coefficiéir the second equaticior} @  mequation Q(x) can be
also written as

0w 0o Q¢ Q4 dtony o -

In this equationr  Ttis a small numbeith this small change refusal of the function when the value is exactly
equal to the restriction limit can be evoided. In the sample prodkdderMeadOptimization method is used,

but any unresicted optimization methods can be used for this purpose.

In the first trial unrestricted case will be run ( 1)

from f_xj import *
from math import *

class f2(f_xj):
def __init__(self,mu,epsilon):
self.mu=mu
self.eps=epsilon
deffunc(self,x):
y=(x[0]-1.0)*(x[0]-1.0)+(x[1}-2.0)*(x[1]-2.0)+(x[2}-3.0)*(x[2]-3.0)
return y+self. mu*(self.P(x)+self.Q(X));

def P(self,x):
# p(x)=0 boundary restriction
n=len(x)
y=(x[0]+x[1]-2.0)*(x[0]+X[1]-2.0)
returny

def Q(self,x):
# q(x)>=0 boundary restriction
n=len(x)
ax=x[1}-x[2]-3.0-self.eps;
bx=0;
if ax<0:

bx=ax*ax

return bx

def nelder(fnelder,a,da,maxiteration,tolerance,printlist):
#print("a",a)
#print("da",da)
n=len(a)
m=n+1
x=[[0.0 for j in range(n)] for i in range(n+1)]
p=[[0.0 for j in range(m)] for i in range(m)]
s=""
NDIMS = len(x)1
NPTS = len(x)
FUNC = NDIMS
ncalls = 0;
for i in range(m):
for j in range(n):
if i==j:
X[il{i]=alj]+dalj]
PIiGI=X[il[]
else:
x{ili]=alj]
PlilGI=X[il[]
plI[FUNC] = fnelder.func(pli])
#print("x[",i,"]=",x[i])
#print("p[",i,"=",plil)
#print("p",p)
#Inlet variable definitions
#fnelder : abstract multivariable function f(x)
#x : independent variable set of n+1 simplex elements
#maxiteration : maximum itation number
#tolerance :

#1111 construct the starting simplex /11T

z=[0.0 for i in range(NDIMS)]

best = 1.0E99;

#1111 calculate the first function values for the simplex /1T
iter=0;

for iter in range(1,maxiteration):




#II111l] define lo, nhi, hi (low high next_to_high /11111
ilo=0
ihi=0
inhi =-1
#-1 means missing
flo = p[O][FUNC];
fhi = flo
#print("flo=",flo,"fhi=",fhi)
#double pavg,sterr;
for i in range(1,NPTS):
if p[iI[FUNC] < flo:
flo=p[i][FUNC]
ilo=i
if p[i[FUNC] > fhi:
fhi=p[i][FUNC]
ihi=i
#print("i=",i,"flo=",flo,"fhi=",thi,"ilo=",ilo,"ihi=",ihi,"pifunc=",p[i][FUNC])
fnhi = flo
inhi = ilo
#print("fnhi=",fnhi,"inhi=",inhi)
for i in range(NPTS):
if (i !=ihi) and (p[i][FUNC] > fnhi):
fnhi=p[i][FUNC]
inhi=i
#1111 exit criteria /TN
if (iter % 4*NDIMS) == 0:
#calculate the avarage (including maximum value)
pavg=0
for i in range(NPTS):
pavg=pavg+p[i][FUNC]
pavg=pavg/NPTS
tot=0.0
if printlist!=0:
print(iter)
for j in range(NDIMS):
print(p[ilo][j],” )
for iin range(NPTS):
tot=(p[i][FUNC]-pavg)*(p[]][FUNC]-pavg)
sterr=sqrt(tot/NPTS)
for j in range(NDIMS):
z[j]=plilo][j]
best = p[ilo][FUNC];
# end of if iter%4*NDMS)==
#//// calculate avarage withootaximum value //////
ave=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
ave[j] =0
for i in range(NPTS):
if i 1= ihi:
for j in range(NDIMS):
ave[j] = avejl+p[il[l;
for j in range(NDIMS):
ave[j]=ave[j]J/(NPTS1)
#print(“ave[",},"]=",ave[j])
#1111 veflect [N
#print(“reflect")
r=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
r[i] = 2.0*ave(j] - p[ihi][j]
fr = fnelder.func(r)
if (flo <=fr) and (fr < fnhi): #in zone: accept
for j in range(NDIMS):
plihil[j] = r[i]
p[ihi][FUNC] = fr
continue
#I(IHTTTTT expand
if fr < flo:
#print("expand")
e=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
e[j] = 3.0*ave[j] - 2.0*p[ihi][j];
fe = fnelder.func(e);
if fe <fr:
for j in range(NDIMS):
p(ihi][j] = efj]
p[ihil[FUNC] = fe




continue
else:
for j in range(NDIMS):
plihil[j] = r{j]
p[ihi][FUNC] = fr
continue
#IHIT shrink:
if fr < fhi:
#print("srink")
¢=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
c[j] = 1.5*ave[j] - 0.5*p[ihi][j]
fc = fnelder.func(c);
if fc <=fr:
for j in range(NDIMS):
plihil[j] = c[jl;
p[ihi][FUNC] = fc
continue
else: #/I/lll shrink
for i in range(NPTS):
ifi I=1lo:
for j in range(NDIMS):
p(illi] = 0.5*pfilo][j] + 0.5*p[i][j]
pliIl[FUNC] = fnelder.func(pli])
continue
#ITTIT contrat
if fr >= thi:
#print(“contract")
cc=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
cc[j] = 0.5*ave[j] + 0.5*p[ihi][j];
fcc = fnelder.func(cc)
if fcc < fhi:
for j in range(NDIMS):
plihil[j] = ccfi];
p[ihi][FUNC] = fcc
continue
else:
for i in range(NPTS):
ifi I=1lo:
for j in range(NDIMS):
plil0] = 0.5*plilo][i] + 0.5*p[il[i]
pliI[FUNC] = fnelder.func(pli]);
return z

a=[1,1,1]
da=[0.5122,0.643,0.234]
mu=0

eps=1.0é6

f=f2(mu,eps)
r=nelder(f,a,da,100,1.0E5,0)
print("r =",r)

runfile('E:/okul/SCO1/restricted_nelder.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj
r = [0.9999997496793286, 1.999999612703119, 2.999999903270221]

Now two boundary restriction will apply to the same function
pP(X) = Xo+ X1- 2.0=0
g(x) =x1- X»-3.0-e2 0

(* 8t prelatively small effect of restrictions

a=[1,1,1]
da=[0.5122,0.643,0.234]
mu=0.01

eps=1.0eé6

f=f2(mu,eps)
r=nelder(f,a,da,100,1.0E5,0)
print("r="r)

runfile('E:/okul/SCO1/restricted_nelder.py', wdiE:/okul/SCOL1")
Reloaded modules: f_xj
r = [0.9898109093334182, 2.0291264348654634, 2.9606842523705]




¢ )
a=[1,1,1]
da=[0.5122,0.643,0.234]
mu=1
eps=1.0é6
f=f2(mu,eps)
r=nelder(f,a,da,100,1.6E5,0)
print("'r=",r)
runfile('E:/okul/SCO1/restrictedhelder.py’, wdir="E:/okul/SCO1")
Reloaded modules: f_xj
r = [0.124999962481402, 2.75000014097942, 1.3749995169144549]
¢ _po
a=[1,1,1]
da=[0.5122,0.643,0.234]
mu=10
eps=1.0é6
f=f2(mu,eps)
r=nelder(f,a,da,100,1.685,0)
print("r=",r)
runfile('E:/okufSCO1/restricted_nelder.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj
r= [-0.7888566745099646, 2.967742329493556, 0.24340119141917466]

¢ pmn
a=[1,1,1]
da=[0.5122,0.643,0.234]
mu=100
eps=1.0é6
f=f2(mu,eps)
r=nelder(f,a,da,100,1.0E5,0)
print("r=",r)
runfile('E:/okul/SCO/restricted_nelder.py', wdir="E:/okul/SCO1")
Reloaded modules: f_xj
r= [-0.9768896182605153, 2.9966568356905317, 0.026395850601849763]

8.11PROBLEMS

PROBLEM 1
In a distillation tank operates with saturated steam benzetokuh is seperated. In order to obtain purest toluen in liquid
phase (maximize the toluen in the mixture) what would be the ideal temperature?

X toliePdoyma_toliiert X benzelPdoyma_benzen= P = 760 mmHg

10910(Pdoyma_ benzeh=6.9051 1211/(T+221)
10010(Pdoyma_toluep =6.9531 1344/(T+219)

temperature degree C, pressumaHg

PROBLEM 2

Two dimensional distribution of pollution in a chanoah be given by the equation
C(x,y)=7.9+0.13x+0.213.05x-0.016y%-0.007xy

Pollution is didtributed in a régn -10 <= x <= 10 an@® <=y <= 20, find the place where the pollution is maximum

B 3 boyutlu grafik cikim

PROBLEM 3



A petrochemical compangeveloping a new fuel additive for commercial airplanes. Additive is consist of three components
X,Y and Z. Fort he best performanit¢al additive in the fuel should be at leGsnL/L. Due o security reasons the total of
most flammable X and Y components should be less3tmah/L. Componnt X should always be equal or more than the
component Y, and componet Z should be more tharoléife component Y. The cost of X,Y and Z components are
0.15,0.025 ve 0.05L respectively. Find the mixing component tha will give the minimum cost.

PROBLEM 4

A food company is trying to design a new container box for preserved food that will mitti@isest of material. Total 320
cm?volume is requested. Estetic concers limits diameter of the box in betweel0Zmo. and the height in between 2 to 10
cm. Box will be made of steel sheet of 0.4 mm thich with densi#B66 kg/mi. The cost of box aterial is 37 TL. Assume

that box including top and bottom covers are made of the same material, find the box size that will be given the minimum
cost. And the cost per box.

PROBLEM 5

Air enters atl bar 300Kto a3 stagecompressosystem. After each gje air is cooled down again to 300 K before entering
to the next stage. Calculate internal pressure for each stage to minimize work input to the compressors.

The work requirement for eah stage of the compressor

W=Cy(Ti T Te)=CpTi(1-To/Ti)=KRTi/(k-1)*[1-(Pe/P;) k-1

Total work fort he thre stages.

W=KRTi/(k-1)*[1-(Po/P)* DK+ KRTi/(k-1)*[1-(Pa/P2)* DK+ KRTi/(k-1)*[1-(Pa/P3)c 1/

W= KRTi/(K-1)*[3-(P2/P1) - 1/k-(Pa/Po)k-1Vk-(P4/P3) -1/

(P2/P1) *(Pa/P2)*(P4/Ps)= (Pa/P1)=27

k=1.4 G=1.005KJ/kg K

Py T,

Work written as java function

class f1 extends f_xj

{

public double func(double x[])

{

double ff=1.4*8.3145*300/(1-4)*(1-x[0]*(1.4-1)/1.4)+ 1.4*8.3145*300/(1-4)*(1-(x[1])/x[0])*(1.4-1)/1.4)
+1.4*8.3145*300/(1.41)*(1-(27/x[1])*(1.4-1)/1.4);

return ff; [/ / mini mum diefapptkk maxsi mum i stendijJinden
1
answer: 3 bar and® bar
PROBLEM 6
By using the data below find the aximum poivibu can use an interpolation polynomial then mximise it.
X Y

0 2

1 6

2 8

3 12

4 14

5 13

6 11

7 9

8 13

9 14.5

10 7




PROBLEM 7

Function below is given, find the maximumi<x [0]<1 -1<x [1]<1

double func(double x[])

{ double ff= 34+x[0]*(Math.sin(3.0*Math.PI*(x[0Jx[1]))+x[1]*Math.sin(20.0*Math.PI*x[1]));
return ff;

}

(£ ContourPiot

PROBLEM 8

An antibidic producing microorganism has a specific growth rate(g) is function of food concentration (c)

If g = 2*c/(4+0.8¢c+6+0.2¢)

Find the c that will give te maximum growth rate. In low food concentrations growth rate drops to zero, similarly intvery hig
food concentrations growth rate will drop to zero due to food poisining effect. Because of this reason, values bigger than
10 mg/L should not be investigated.

PROBLEM 9
Find minimum of function
f(x)=-(1.0/((¢0.3)*(x-0.3)+0.01)+1.0/((>0.9)*(x-0.9)+0.34))

¥=1t)

PROBLEM 10
Function 5 Cortoutte e
1(x,¥)
sin(y/x? +y? +e
2xy) = (\/2 y'+e)
e +yire ||
- 20¢ x¢ 20 ve -
- 20¢ y ¢ 20

is given. Find the maximum of the
function for e=1e2 starting from
P(18,18) Cm 10

=
=




PROBLEM 11

Function [ Contourfiot E=_F B==f(x,y)

X*X"Y eXP(-KX-Y"Y) —

2 2| —
2(x,y) =x’ye P
With boundaries

-4CXC4 ve
-4¢yc4

is given. Find the
minimum of the function
starting from P(3,3)

PROBLEM 12

L-2d

In orderto construct water channel in a house , a flat sheet will be banded as shown in the figure. Water carrying capacity of
the channel can be written as

V(d,q) = Z(cPsing cogy + (L-2d)dsir)

In this equation z is the length of the sheet (sheet area isind)the d and|[1to maximize water holding capacity of the

channel.

PROBLEM 13

Function below is given

f(x) = 2500%-15000%+14875%+40500%-97124%X+73248%19008
find the minimum betweernox0.8, x=1.2 values.

3543

PROBLEM 14
Cities, A,B,C, and D located eorrdinates(0,0),(1,5),(5,2) and (7,3) respectively. The roads from all cities are merged at
point P. Find point P that makes the total distance of the roads minimum.

PROBLEM 15
Function below is given
f(xo, X1, X2, X3) = (Xo+10 X1)? +5(x2-10 x3)%+(X1-2 X2)*+10(xe- X4)*



find the minimum starting from P(,0,1)

PROBLEM 16

Function below is given

f(xo, X1) = 300~ 1)? +2(x1-1) (xo-1)(x1-2)+(x1- 2)*

Minimum of the function is given at point (1,2). Located the minimum at 3D plot, then by using any [Bi2aon
optimization method find the minimum points starting at P (0,0)

PROBLEM 17
Find theminimum of function
_ 15x
f(X) = _(4X2 _ 3X+4) fin the range of 0 t010.
PROBLEM 18
ST
\i/j
h
M
D

One of the very basic optimization problem is the minimum cost of container probie cost of a box usually is a function
of the surface area. Therefore we should minimize the area for a given volume For example if the volume of the container
V=0.5 liter=0.5x10°m? :

2
VolumeV = ,UIZ h or from this equation h, height@btained ash = ﬂz .
2 2
Surface area of the cylinder A= 2% +pDh = % + % .
Analytical solution of the minimization problem
dA _ A~ _
ao P T
/ 4*0.5x10°
D=3 ﬂ . From here solution isD = 3|————— =0.086025401 m and
\'p P
* -3
h= % = 0.086025401 m.

Now obtain this results by using nuerical optimization methods.
For the range of 0.01<=D<=0.2

a) Graphic method

b) Golden ratio (Fibonnachi

c) NewtonRaphsorroot finding

d) Bisection method

e) NewtonRaphson mettd

f)  Secant method

g) Brentmethod

h) Second degree polynomials

i)  Third degree polynomials
Note: Some of these methods are defined only as root finding method, is not defined as optimization methods.

PROBLEM 19
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An isolation covered a wire carrying electricalreunt. The outlet diameter of electrical insulation is r. The electrical
resistance on the wire caused heat. Thi heat crried through electrical insulation to the air around the wire with a¢emperatu

of T .The temperature of the wican be calculated as

T= i%m + i8+T, In this equation
20¢ k hr =

g = heat generation in the wire = 50 W/m

a = diameter of the wire = 5 mm = 5xifth

k = coeeficient of thermal conductivity of insulation = 0.2 W/(mK)
h=thermal convetivity coefficient for air 30 W/(n?K)

T = environmental temperature = 300 K.
Find radius r that wil make temperature T minimum.

PROBLEM 20

In order to make a cartoon box, the shape above should be used.After bending from the dotted linet he volumevafithe box
be 1 n3. In order to spent the minimum amount of the cartoon, what a and b dimensions should be?

PROBLEM 21
——

=== -

= B

A cylindrical container has a mass of M and has an empty center of gravity of C=0.43H. If the height of water in the cup is
In order tohave the common center of gravity of water and the cup as low as possible, what sholud be the value of x ?

PROBLEM 22

¥P=10kN

Two cylindrical beams with two different diameters is placed as in the figure. It is desired beam to have the minimum cross
sectionalarea. Operational condions are:

S, ¢ 180 MPa,S, ¢ 180 MPa, and bending/ ¢ 25 mm dir

PL
s, = 5 =maximum stress in the left beam
1




8PL , . ,
s, = < = maximum stress in the right beam

pr,

30

a

d:4PL 7

10
— &R +—8:bending at the end of the beam
3p E(; 4 4 o
1 2 =

ve E =Young modiulus=200 GPa. Calculatend e.

=

PROBLEM 23

It is desired to have volume of the cone base shape shown in the figure &<Calcuiate r,h and b dimensions to minimise
the surface area

V=przgeb—+h8
(;3 =

S:pr(2h+\/m)

PROBLEM 24
LennardJones potential in between two molecules can be expressed as

values that makes. V minim

|- OO

No A2 o B
_,Q%sqg asg9 3
V= 46’@-(_) - 88—0 u In this equation | and [ values are constants. Fir&—
g; r = g r+ g Q r

PROBEM 25
Wave function for hydrogen atoms

y =C(27- 18s +2s5%)e°'* In this equation
s =1zrla,

o 213
1 azQ

8130 % Y
Zz = nucleus electrical load
2 = Bohr diameter
r =radial distance.

Finds value that makg/ wave finction minimum.

PROBLEM 26
Find optimum of function

f=e"- xx+x
g=2x+%-2¢0
h=x"+x2-4=0

With -4<=x<=3 anéd<=y<=4 boundaries.



PROBLEM 27

Find the minimum of

f=(x- 27 +(x- 2y")* .

PROBLEM 28

Find the minimun of

f =25x* - 12x* + 6xy + 25y° - 24x°y’ - 12y* |



PROBLEM 29 Find maxi mum of Easomsds function

2
f =- cosx)e** between limit§-10,10] by using Genetic algorithms

)=-e 03 exp-te Pl Pl
100

0898 o

0798 o

0697 o

0598  —

0495 o

0305 o

0294 o

0193 o

0ng1s o

-0.00900 T T T T T T T T T
-1000  -8000  -B000  -4.000  -2.000 0.000 2.000 4.000 6.000 8.000 10.00

PROBLEM 30 Egg rate function

f = x? + y* + 29sin?(x) + sin?(y)] has the global minimum f=0 at (0,0) in the domak5]

|£| ContourPlot . - E@‘g‘
X*X+Y*y+25%(sin(x)*sin{x)+sin{y)*sin(y))
i--¥TF—T—T—T——TTT—T—T—T—TTT
i 10
4
| i
2_
| -
|
_2_
_4_
_5_ L L
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PROBLEM 31 : Two parallel pumpipe assemblies, shown in the figure, deliver water from a common source to a common
destination. The total flow rate required at the destination is+#=£0.01 ni/s. The drops in pressure in two lines are
functions of the square of flow rates.

Dp, =2.1xX10'°F? Pa and Dp, =3.6x10'°F7 Pa where Fand F are respective flow rates in Cubic meters per
second. pumping power for a pump is given by the equation
FDp

rh
h1=0.81 anch»=0.86

Power= where F $ flow rate(n¥/s), Dp is pressure drop (Pa)1000 kg/m?is density and is pump efficiency.

Ap, = (2.1 X 1010)F, )? 0.01 m3/s

Sopumping power is equal tqRower= @ + %
rgorh

F.Dp, | F.Dp, _ CF} N C,F;} _ CF} L G (F- F)

rg rh rh rbh rhorhp '

Solve the values ofifand E for minimum power requirements

Power=

PROBLEM 32: A pipe carrying high temperature water is to be insulated and then mounted in a restricted space, as shown

in the figure.The choice of the pipe diameter D m and the insulation thickness x m are to be such that the OD of the
insulation

</

Y is a minimum, but the total annual operation cost of the insulation is limited to 40000 TL. This annual operation cost has
two components, the water pumping cost and the cost of the heat loss:

1500
X
If an objective function is created for this problem:
y=D+2x
Subject to:
8 , 1500

+
5

Pumping cost =£5 and Heat cost
D

= 4000CEquation can be arranged as a single equation as:

2
y =D +3000% 1 5 3 Find the minimum y and corresponding x and D values.

€40000- —Sl;l
é D> 0

D~ (D

PROBLEM 33: A manufacturer of steel cans wants to minimiasts. As a first approximatiothe cost of

making a can ausists of the cost of the matals the cost of welding the longitudinseam and the top and
bottom.The can may have any diameleand lengh L, for a given volumé/. Thewall thicknessd is 1 mm.

The cost oftie material is $0.50/kg and thest of welding is $0.1/m of the weld. The density of the material is



10* kg/m? Find the dimensionef the can that will minimize cost.

>
o —

Welding

PROBLEM 33: A farmer needs 150 meters of fencing to fence three adjacent gardens. What would be maximum
area of each garden, and what would be values of x and y

X x X

4y +6x =150
y=375- 15x
A(X) =3(37.5- 1.5x)x =112.5x - 4.5x°

dA) _1125- 9x=0
dx

x=12.5y=18.75
A=703.125 total of 3 garden
Calculate by using a numerical method



9.0 NON-LINEAR SYSTEM OF EQUATIONS
9.1 NewtorrRaphson Method

One dimensional divtonrRaphson Formula was:

W 0 — (4.12.2)

If the equation format changed a little, it can bé@ten in the form of
Yoo o @ —_— (4.1.2)

Qo Yo Qw (4.1.3)

Now the same equation can be considered for a system diheanequation

'L W o

ve e g ) Yo % M § (4.15)
1 8 " Yo Q
u Y

So multidimensional NewteRaphson equation becomes
nQ Yo Q  (4.16)
The equation can be solved by using tecgniques such as gauss elimination. An initial estimate for all the x values
are required to start iterative solution
First example function
fo(Xo,X1)2X02+ Xo X1-10
f1(Xo0,X1)=X1+3 Xo X1%-57
N W W W
n"Q . s
ow p PO
newton NLE.py

#newton_NLE

from math import *
from fi_xi import *;
from gauss import *;

def newton(f,x):
# NewtorRaphson root finding method
k=len(x);
nmax=100;
tolerance=1.040
for i in range(max):
fx= f.func(x);
dfx=f.dfunc(x,1);
dx=gauss(dfx,x);
for j in range(k):
X[i] -=dx[];
total=0;
for j in range(k):
total+=dx([j];
if abs(total)<tolerance: return x
return x;

#newton_NLEtes

from math import *

from newton_NLE import *
from fi_xi import *;

class f1(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ff[0]=x[O]*x[0]+x[O]*x[1] -10.0
fi[1]=x[1]+3.0*x[0]*Xx[1]*x[1] -57.0
return ff




f=f10);
x=[1.0,1.0]
a=newton(f,x)
print("a=n",a)

runfile('E:/okul/SCO1/newton_NLEtest.py', wdir='E:/okul/SCO1")
Reloaded modules: fi_xi, gauss

a=

[2.0, 3.0]

If the same problem is solved by hand starting from the initial guess x={1,2}
NewtonRaphson No#linear egiation solution

Initial guess
X0 1
X1 2
4 1 dx0 |7
12 13 dx1 |43
3 4 1 dx0 |7
0 10 dx1 | 22
dx0 1.2
dx1 2.2
First iteration result
x0 2.2
x1 4.2
8.6 2.2 dx0 | -4.08
52.92 56.44 dx1 | -63.624
6.153488 8.6 2.2 dx0 | -4.08
0 42.90233 dx1l |-38.5178
dx0 -0.24475
dx1 -0.8978
Second iteration results
x0 1.955252
x1 3.302199
7.212702 1.955252 dx0 | -0.27964
32.71355 39.73977 dx1 | -10.2654
4.535547 7.212702 1.9552%2 dx0 | -0.27964
0 27.70816 dx1 | -8.54467
dx0 0.044827
dx1 -0.30838
Third iteration results
x0 2.000079
x1 2.993818
6.993975 2.000079 dx0 |0.011814
26.88883 36.92723 dx1 | 0.2264
3.844571 6.993975 2.000079 dx0 |0.011814
0 29.23778 dx1 | 0.180979
dx0 -8.1E05
dx1 0.00619
x0 1.999998
x1 3.000008
7.000003 1.999998 dx0 | 4.94E07
27.00014 37.00005 dx1 | -0.00022
3.857161 7.000003 1.999998 dx0 | 4.94E07
0 29.28574 dx1 |-0.00022
dx0 2.24E06
dx1 -7.6E06

Fourth iteration results




x0 2

x1 3
7 2 dx0 | 1.2E11
27 37 dx1 | -4E-11

3.857143 7 2 dx0 | 1.2E11
0 29.28571 dx1l |-8.6E11

dx0 2.56E12

dx1 -2.9E12

Fifth iteration results

X0 2

x1 3

Another example:

#newton_NLEtest1
from math import *
from newton_NLE import *
from fi_xi import *;

class f1(fi_xi):
def func(self,x):
ff=[0.0 for i in range(3)]
ff[0]=3.0*x[0] -cos(x[1]*x[2])-0.5;
ff[1]=x[0]*Xx[0] -81.0*(x[1]+0.1)*(x[1]+0.1)+sin(x[2])+1.06;
ff[2]=exp(-x[0]*x[1])+20.0*x[2]+(10.0*pi-3.0)/3.0;
return ff

f=f1();

x=[1.0,1.0,1.0]

a=newton(f,x)

print("a=n",a)

runfile('E:/okul/SCO1/newton_NLEtest1.py', wdir="E:/okul/SCOL1")
Reloaded modules: fi_xgauss, newton_NLE

a=
[0.49999999999999994].3277223964327195k7,-0.5235987755982988]

9.2HOMOTOPY OR CONTINUATION METHOD

In topology, two continuous functions from one topological space to another arehmatietbpic(from Greek
ehd hom-ssi Mislaame", and UR " 6d t- -pos "place") if one
a deformation being calledremotopy between the two functions.

When a problem of system of nonlinear equations of the form F(x)=0 desired to be solved, another
interesting solution method is Homotopy or Continuation method. Assume that solution set to be
found is x*. Consider a parametric functionl &4 in the form of

G( X) =1 F(X) + (21 F(X) - F(x(0)) ] (9.21)

Wherel =0 coresponds to initial gas of the solution , x(0) ,and whédrel value correspods the
actual solution set x(1)= x* (9.22)

It is desired to be found Gf) = 0 therefore fot =0 equation becomes

G( x) =G(0O,x) = F(x)- F(x(0)) and foll =1 (9.2.34)

0=G(,x) = F(x) (9.2.4)

Therefore x(1)=x* solution set will be obtained. If a functionl &) satisfies the above eqiat can

be found, it will also ye us the solution. Function G is called a homotogiyveen the function

G(0,x) and G(1,x)=F(x) (9.25)

In order to find such a function, it is assumed to have a function

G(l ,x)=0 is existed and partial derivative of this function with respelctand x will also be zero

an



| i | D

— —wl) (9.26)
i f I)xsds¢lated form this equation, it becomes:
@ 1) |0 '® (9.27)

|
fOlW I& @ 4 & B @ n equatiorOEshbstituted mthe differential equation

1oy Ul

:m :: I I I :: Dl (9.28)
o | | N
u U
Forms a Jacobian matrix. and
P onm (9.29)
Differential equation becomes
1) ——  0wl) Oon  m | p (9.210)

|
It is possible to solveuch a differential equation by using initial value problem approaches,
solution at x(1) will be given us the roots of the system of equation. Solutions of initial value
problems will be given latter chapters in details, bixth order RungeKutta soluton will

be defined here to solve our homotopy problem. If equadionthe form of

— (%] (9.211) the 8h order Rung&utta method to numerically solve this

differential equationlt is defined as:

Runge-Kutta with sixth degree polynomial solutionRK6:

Yie1 = ¥i + (1/90)*( 7k + 32ks +12ky+32ks+7ks)h

k1:f(xi,yi)

ko=f(xi+0.25h , y+0.25kh)

ks=f(xj+0.25h , y+0.125kh+0.125kh)

ks=f(xi+0.5h , yi 0.5kh+ksh)

ks=f(xi+0.75h , y+ (3/16)kh+(9/16)kh)

ke=f(xi+h , ¥ - (3/7)kih+(2/7)kh+(12/7)kh - (12/7)kh+(8/7)ksh)

This equation can be given as Buthcher tableu as:

0 0 0 0 0 0
1/4| 1/4 0 0 0 0
1/4| 1/8 1/8 0 0 0
214 1/4 -1/4 1 0 0
3/4] 3/16 0 0 9/16 0

11-3/7 2/7 12/7 -12/7 87

| 1/90 7/90 32/90 12/90 7/90

In these equations h is finite difference step size. Solution starts by using the initidl=x@|ue(0)
and adds h intb in each iteration step. The example program uses 6th degree-Ruttgenethod to

solve homotopy(Continuation problem). It should be note that Homotophy method is less dependent to

initial value compare to methods such as NewRaphson therefore one possibility is to approach
solution with a relatively rough estimate with homotophy following with a Nev®aphson type of
method. In the following code methods of Homotophy with 6th order RKogga methods is given.

#continuaion_NLE
from math import *
from fi_xi import *
from gauss import *




def newton(f,x):
# NewtonRaphson root finding method
k=len(x);
nmax=100;
tolerance=1.04.0
for i in range(nmax):
fx= f.func(x);
dfx=f.dfunc(x,1);
dx=gauss(dfx,x);
for j in range(k):
X[i] -=dx{f];
total=0;
for j in range(k):
total+=dx([j];
if abs(total)<tolerance: return x
return x

def mult_c_v(left,right):
#multiplying a vector with a constant
i=0
n=len(right)
b=[0 for x in range(n)]
for i in range(n):
b[i]=left*right[i]
return b;

def mult_m_m(left,right):
#multiplying two matrisis
nl=len(left);
ml=len(left[0]);
n2=len(right);
m2=len(right[0]);
b =[[O for x in range(n1)] for y in range(m2)];
if m1 1= n2:
print("warning : matrix sizes should be same");
return b;
for i in range(0,n1):
for j in range(0,m2):
for k in range(0,m1):
bli][jl+=leftli][ k]*right[k][i;
return b
def mult_m_v(left,right):
#multiplication of one matrix with one vector
#int ii,jj,i,),k;
ml=len(left[0])
nl=len(left)
m2=len(right)
b =[O for x in range(m2)]
if nl!1=m2:
print("inner matix dimensions must agree")
for ii in range(nl):
b[ii]=0
return b;
for i in range(m1):
b[i]=0
for k in range(nl):
b[i]=bli]+left[i][k]*right[k]
return b;
#end of multiply of a matrix and a vtec

def mult_v_m(left,right):
#multiplication of one vector with one matrix
#ii,jj,i,),k;
m2=len(right[0])
n2=len(right)
ml=len(left)
b=[0.0 for i in range(m1)]
if N2 1= m1:
print("inner matrix dimensions must agree")
for ii in range(n2):
b[ii]=0
return b
for i in range(m2):
b[i]=0;
for k in rage(m1):




b[i]+=right[i][K]*left[k]
return b

def mult_c_m(left,right):
#multiplying a matrix with a constant
n=len(right);
m=len(right[0])
b = [[O for x in range(m)] for y in range(n)];
for i in range(0,n):
for j in range(0,m):
bli][j]=right[i][i]*left;
return b
#end of multiplying a matrix with aomstant double

def add_m_m(left,right):
#adding two matrisis
nl=len(left);
ml=len(left[0]);
n2=len(right);
m2=len(right[0]);
b =[[0 for x in range(n1)] for y in range(m2)];
if ml 1= n2:
print("warning : matrix sizeshould be same");
return b;
for i in range(0,n1):
for j in range(0,m2):
bli][j]=left[ij[i]+right[il(il;

return b

def add_v_v(left,right):
#addition of two vectors
nl=len(left)
n2=len(right)
nMax=0
i=0
if n1>=n2:
nMax=n1l
else:
nMax=n2
b=[0 for x in range(nMax)]
for i in range(nl):
b[i]=b[i]+left[i]
for i in range(n2):
b[i]=b[i]+right{i]
return b

#end of vector addition method

def conthuationRK6(f,x,N):

# Roots of nonlinear system of equations Homotophy RK6

#yi+l = yi + (1/90)*( 7K1 + 32k3 +12k4+32K5+7K6)h

# k1=f(xi,yi)

# k2=f(xi+0.25h , yi+0.25k1h)

# k3=f(x+0.25h , yi+0.125k1h+0.125k2h)

# k4=f(xi+0.5h , yi- 0.5k2h+k3h)

# k5=f(xi+0.75h , yi + (3/16)k1h+(9/16)k4h)

# k6=f(xi+h , yi- (3/7)k1h+(2/7)k2h+(12/7)k3h (12/7)k4h+(8/7)k5h)

#x vector of independent variables
#y vector of dependent variables
#dy derivative vector of dependent variables
i=0
nmax=400
tolerance=1.0€0
n=len(x)
h=1.0/float(N)
b=[0.0 for i in range(n)]
x1=[0.0 for i in range(n)]
x0=[0.0 for i in range(n)]
b0=[0.0 for i in range(n)]
for i in range(n):
x0[i]=x[i]
k = [[0 for x in range(n)] for y in range(6)]
b=mult_c_v¢h,f.func(x))
for i in range(N):
A=f.dfunc(x,1)




k[0]=gauss(A,b)
bO=mult_c_v¢h,f.func(x))
b=b0
x1=add_v_v(x,mult_c_v(0.25,k[0]));
A=f.dfunc(x1,1)
#k2=f(xi+0.25h , yi+0.25k1h)
k[1]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
x1=add_v_v(x,add_v_v(mult_c_v(0.125,k[0]yih c_v(0.125,k[1])))
A=f.dfunc(x1,1)
#k3=f(xi+0.25h , yi+0.125k1h+0.125k2h)
k[2]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
x1=add_v_v(x,add_v_v(mult_c_¥.5,k[1]),k[2]));
A=f.dfunc(x1,1)
#k4=f(xi+0.5h \yi - 0.5k2h+k3h)
k[3]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
x1=add_v_v(x,add_v_v(mult_c_v((3.0/16.0),k[0]),mult_c_v((9.0/16.0),k[3])));
A=f.dfunc(x1,1)
#k5=f(xi+0.75h , yi + (3/16)k1h+(9/16)k4h)
k[4]=gauss(A,b
b=mult_c_v¢h,f.func(x0))
x1=add_v_v(x,add_v_v(mult_c_w((
3.0/7.0),k[0]),add_v_v(mult_c_v((2.0/7.0),k[1]),add_v_v(mult_c_v((12.0/7.0),k[2]),add_v_v(mult-c_v((
12.0/7.0),k[3]),mult_c_v((8.0/7.0),k[4]))))));
A=f.dfunc(x1,1)
#k6=f(xi+h , yi- (3/7)k1h+(2/7)k2h+(12/7)k3h (12/7)k4h+(8/7)k5h)
k[5]=gauss(A,b)
b=mult_c_v¢h,f.func(x0))
#yi+1 = yi + (1/90)*( 7K1 + 32k3 +12k4+32k5+7k6)h
for j in range(n):
X[i]=X[i]+1.0/90.0*(7.0*k[0][j]+3 2.0*k[2][j]+12.0*k[3][j]+32.0*k[4][j]+7.0*K[5][i])
return x

#continuation_NLEtest

from math import *

from continuation_NLE import *
from fi_xi import *;

class f1(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ff[0]=x[0]*x[0]+x[ O]*x[1]-10.0
ff[1]=x[1]+3.0*x[0]*Xx[1]*x[1] -57.0
return ff

f=f10);

x0=[0.5,1.0]
a=continuationRK6(f,x@,0)
print("a=\n",a)

runfile('E:/okul/SCO1/continuation_NLEtest.py', wdir="E:/okul/SCO1")
Reloaded modules: fi_xi, gauss

a=

[2.00004969278479, 3.0001230115694364]

#continuation_NLEtest

from math import *

from continuation_NLE import *
from fi_xi import *;

class f1(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ffl0]=x[0]*x[0]+x[0]*x[1] -10.0
ff[1]=x[1]+3.0* x[0]*x[1]*Xx[1] -57.0
return ff

f=f1);

x0=[0.5,1.0]
a=continuationRK6(f,x@,000
print("a=\n",a)

runfile('D:/okul/SCO1/continuation_NLEtest.py', wdir="D:/okul/SCO1")
Reloaded modules: continuation_NLE, fi_xi, gauss




a=
[2.000000005727764.0000000131203]

By combinirg different methods, result accuracy may be improved

#continuation_NLEtest

from math import *

import continuation_NLE as co
from fi_xi import *;

class f1(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ff[0]=x[0]*x[0]+x[0]*x[1] -10.0
fi[1]=x[1]+3.0*x[O]*Xx[1]*x[1] -57.0
return ff

f=f1();

x0=[0.5,1.0]

a=co.continuationRK6(f,x0,100)

b=co.newton(f,a)

print("b=\n",b)

runfile('D:/okul/SCO1/continuation_NLEtest.py', wdir="D:/okul/SCO1")
Relcaded modules: continuation_NLE, fi_xi, gauss, newton_NLE

b=

[2.0, 3.0]

9.3SOLUTION OF THE NONLINEAR SYSTEM OF EQUATIONS BY USING
OPTIMIZATION ALGORITHMS

Non-Linear system of equations can also be solved by using optimization methods through an
adaptatbn function
To solve functiorfi(x;)=0

n_equation

9(x) = a fikx)*fi(x)

The derivative of this equation is the root of Himear system of equation again becdif)=0, therefore
optimum of g(} is the same problem as solutiorf;{f;)=0.
As the first adapttion algorithm NeldeMead Method will be given.
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from gauss import *;

from math import *;

from f_xj import*;

from fi_xi import *;

import numpy as np;

import matplotlib.pyplot as plt;

from mpl_toolkits.mplot3d import Axes3D
from random import *;

class f1(f_xj):

def __init__(self,f):
self.ff1=f

def func(self,x):
ffx=0.0
fa=selfff1.func(x)
n=len(fa)
for i in range(n):

fix=ffx+fa[i]*fa[i]

return ffx




class fa(fi_xi):

def __init__ (self):
self.name = 'fa’

def func(self,x):
ff=[0.0 for j in range(3)]
ff[0]=3.0*x[0]-cos(x[1]*x[2])-0.5
ff[1]=x[0]*x[0] -81.0*(x[1]+0.1)*(x[1]+0.1)+sin(x[2])+1.06
ff[2]=exp(-x[0]*x[1])+20.0*x[2]+(10.0*pi-3.0)/3.0
return ff

def nelder(fnelder,a,da,maxiteration,tolerance,printlist):
#print("a",a)
#pnnt("da",da)
n=len(a)
m=n+1
x=[[0.0 for j in range(n)] for i in range(n+1)]
p=[[0.0 for j in range(m)] for i in range(m)]
s=""
NDIMS = len(x)}1
NPTS = len(x)
FUNC = NDIMS
ncalls = 0;
for i in range(m):
for j in range(n):
if i==j:
fij[}=alj]+dalj
POT=x[i0]
else:
x[ill]=al]
PUIT=x[i0]
plil[FUNC] = fnelder.func(pli])
#print("x[",i,"]=",x[i])
#print("p["i,"]=",p[i])
#print("p",p)
#lnlet variable definitions
#fnelder : abstract multivariable function f(x)
#x : independent variable set of n+1 simplex elements
#maxiteration : maximum iteration number
#tolerane :

#1111 construct the starting simplex /11T
z=[0.0 for i in range(NDIMS)]
best = 1.0E99;
#1111 calculate the first function values for the simplex /11T
iter=0;
for iter in range(1,maxiteratn):
#1111 define lo, nhi, hi (low high next_to_high /1111111
ilo=0
ihi=0
inhi =-1
#-1 means missing
flo = p[O][FUNC];
fhi = flo
#print("flo=",flo,"thi=",fhi)
#double avg,sterr;
for i in range(1,NPTS):
if p[i[FUNC] < flo:
flo=p[i][FUNC]
ilo=i
if p[i[FUNC] > fhi:
fhi=p[i][FUNC]
ihi=i
#print("i=",i,"flo=",f lo,"fhi=",hi,"ilo=",ilo,"ihi=",ihi,"pifunc=",p[i][FUNC])
fnhi = flo
inhi = ilo
#print(“fnhi=",fnhi,"inhi=",inhi)
for i in range(NPTS):
if (i = ihi) and (p[i][FUNC] > fnhi):
fnhi=pl[i][FUNC]
inhi=i
#1111 exit criteria TN
if (iter % 4*NDIMS) == 0:
#calculate the avarage (including maximum value)
pavg=0




for iin range(NPTS):
pavg=pavg+p[i[FUNC]
pavg=pavg/NPTS
tot=0.0
if printlist!=0:
print(iter)
for j in range(NDIMS):
print(p[ilo][j]," ")
for i in range(NPTS):
tot=(p[i][FUNC]-pavg*(p[il[FUNC] -pavg)
sterr=sqrt(tot/NPTS)
for j in range(NDIMS):
z[j]=plilo][j]
best = plilo][FUNC];
# end of if iter%4*NDMS)==
#//// calculate avarage without maximum value ////l/
ave=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
ave[j] =0
for i in range(NPTS):
if i 1= ihi:
for j in range(NDIMS):
avefj] = ave(jl+p[il[j];
for j in range(NDMS):
ave[jl=ave[jJ/(NPTS1)
#print(“ave[",},"]=",ave[j])
#1111 veflect [N
#print(“reflect")
r=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
[i] = 2.0*ave[]] - p[ihil[]]
fr = fnelder.func(r)
if (flo <= fr) and (fr < fnhi): #in zone: accept
for j in range(NDIMS):
plihil[j] = rfi]
p[ihi][FUNC] = fr
continue
#II(HTTHTT expand
if fr < flo:
#print(“expand")
e=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
e[j] = 3.0*ave[j] - 2.0*p[ihi][j];
fe = fnelder.func(e);
if fe <fr:
for j in range(NDIMS):
plihil[j] = efj]
p[ihi][FUNC] = fe
continue
else:
for j in range(NDIMS):
plihil(i] = r[i]
p[ihi][FUNC] = fr
contirue
#INHIT shrink:
if fr < fhi:
#print("srink")
¢=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
c[j] = 1.5*ave[j] - 0.5*p[ihi][j]
fc = fnelder.func(c);
if fc <=fr:
for j in range(NDIMS):
plihil[i] = cfil;
p[ihi][FUNC] = fc
continue
else: #///lll shrink
for i in range(NPTS):
ifil=ilo:
for j in range(NDIMS):
p[il[j] = 0.5*pfilo](j] + 0.5*p[i][i]
pliJ[FUNC] = fnelder.func(pl[i])
continue
#ITTT contract
if fr >= fhi:
#print(“contract")




cc=[0.0 for i in range(NDIMS)]
for j in range(NDIMS):
cc[j] = 0.5*ave[j] + 0.5*p[ihi][j];
fce = fnelder.func(cc)
if fcc < thi:
for j in range(NDIMS):
plihil[j] = ccfi];
p[ihi][FUNC] = fcc
continue
else:
for i in range(NPTS):
ifi I=lilo:
for j in range(NDIMS):
plilli] = 0.5*pfilo][j] + 0.5*p[i][j]
pliJ[FUNC] = fnelder.func(p[i]);
return z

a=[0.5,0.5,0.5]
da=[0.1122,0.243,0.25]
ff=fa()

f=f1(ff)
r=nelder(f,a,da,100,1.6E5,0)
print("r="r)

runfile('E:/okul/SCO1/neldr_NLE.py', wdir="E:/okul/SCO1")
Reloaded modules: gauss, f_xj, fi_xi
r = [0.5000562603286207, 1.013777300300860%5,0.5235979821174814]

As a second example we will usieepest descent method

from math import *

from f_x import *

from matplotlib imprt pyplot as plt

import numpy as np

from f_xj import *;

from fi_xi import *;

from mpl_toolkits.mplot3d import Axes3D
from random import *;

class f1(f_xj):

def __init__(self,f):
self.ff1=f

def func(self,x):
ffx=0.0
fa=sef.ff1.func(x)
n=len(fa)
for i in range(n):

fix=ffx+fa[i]*fa[i]

return ffx

class fa(fi_xi):

def __init__(self):
self.name = 'fa’

def func(self,x):
ff=[0.0 for j in range(3)]
ff[0]=3.0*x[0]-cos(x[1]*x[2])-0.5
ff[1]=x[0]*x[0] -81.0*(x[1]+0.1)*(x[1]+0.1)+sin(x[2])+1.06
ff[2]=exp(-x[0]*x[1])+20.0*x[2]+(31.4159263.0)/3.0
return ff

class fldim(f_x):
def __init__(self,ff,pi,xi):
self.name = 'f1dim’;
self.ff1=ff,
self.pc=pi;
self.xc=xi;
def func(self,x):
n=len(self.pc);
xt =[0.0 for ii in range(n)];
for j in range(n):
xt[j]=self.pclj]+x*self.xc[j];
return self.ff1.func(xt);

deflinmin(f,p,xi):
fl=f1dim(f,p,xi);




xi=1.123554162;
xmin=newton(f1,xi);
return xmin;

def multiply_c_v(left,right):
#multiplying a vector with a constant
n=len(right);
b =[0.0 for i in range(n)];
for i in range(n):
b[i]=left*right[i];
return b;

def add(left,right):

#addition of two vectors

nl=len(left);

n2=len(right);

if n1>=n2: nMax=n1;

else :nMax=n2;

b =[0.0 for i in range(nMax)];

for i in range(nl):
b[i]=bli]+left[i];

for i in range(n2):
b[i]=b[i]+right]i];

return b;

def steepestdescent(f,x):
# steepestdescent method
ti=1.0;
nmax=50;
tolerance=1.06;
n=len(x);
b =[0.0 for ii in range(n)];
dy = [0.0 for ii in range(n)];
i=0;
total=0;
for i in range(n):
b[i]=1.0;
total+=abs(bli]);
i=0;
while i<nmax and total>tolerance:
dy=f.dfunc(x);
Im=linmin(f,x,dy);
b= multiply_c_v(Im,dy);
x=add(x,b);
total=0;
for j in range(n):
total+=abs(b[j]);
i=i+1;
return x;

def newton(f,x):
# NewtorRaphson optimisation method
# single variable
nmax=100
tolerance=1.06
for i in range(0,nmax):
fx= f.dfunc(x);
dfx=f.d2func(x);
x=x-fx/dfx
if abs(fx)<tolerance: return x
return x;

a=[0.5,0.0;0.5]

ff=fa()

f=f1(ff)
r=steepestdescent(f,a)
print("r =",r)

runfile('D:/okul/SCO1/steepest_decent_root.py', wdir="D:/okul/SCOL1")
Reloaded modules: %, f_xj, fi_xi
r = [0.5000105547521496, 6.4733942581417870.523598580022288]

As a third methogbarticle swarm algorithm



from gauss import *;

from math import *;

from f_xj import *;

from fi_xi import *;

import numpy as np;

import matplotlib.pypbt as plt;

from mpl_toolkits.mplot3d import Axes3D
from random import *;

class f1(f_xj):
def __init__(self,f):
self.ff1=f
def func(self,x):
ffx=0.0
fa=self.ff1.func(x)
n=len(fa)
for i in range(n):
fix=ffx+fa[i]*fa[i]
return ffx

class fa(fi_xi):

def __init__(self):
self.name = 'fa’

def func(self,x):
ff=[0.0 for j in range(3)]
ff[0]=3.0*x[0] -cos(x[1]*x[2])-0.5
ff[1]=x[0]*x[0] -81.0*(x[1]+0.1)*(x[1]+0.1)+sin(x[2])+1.06
ff[2]=exp(-x[0]*x[1])+20.0*x[2]+(10.0*pi-3.0)/3.0
return ff

class particle_swarm1i():

#class variables

#int m,n

#double alpha,beta,beta0,teta,gamma

#m number of population

#n number of variables for each indivalu

#double x[][]; location for each population member
#double y[]; function value of each population member
#double yxmin; current best minimum

#double ygmin; global best minimum

#double xmin[]; current best x

#double gmin[]; global best x

#double Y][]; velocity vector

#int ngeneration; number of generations in iteration

def __init__(self,ff,mi, xxmin,xxmax,alphai,betai,ngenerationi):
#initial population set
self.teta=0.5
self.gamma=0.5
#initial population set
self.n=len(xxmin);
self.m=mi;
self.alpha=alphai
self.betaO=betai
self.beta=self.beta0
self.ngeneration=ngenerationi
self.x= [[O for j in range(self.n)] for i in range(self.m)]
self.v=[[0 for j in range(self.n)] for i in range(self.m)]
self.y=[0 for i in range(self.m)]
self.xmin=[0 for i in range(self.n)]
self.gmin=[0 for i in range(self.n)]
self.ngeneration=ngenerationi
yxmin=1.0e50
for i in range(self.m):
for j in range(self.n):
self. x[i][jJ=xxmin[j]+random()*(xxmax[j]-xxmin[j])
self.v[i][jJ=random()
self.y[i]=ff.func(self.x[i]);
if self.y[i]<yxmin:
yxmin=self.y[i]
ygmin=self.y[i]
for k in range(self.n):
self.xmin[k]=self.x[i][K]
self.gmin[k]=self x[i][K]




t=0
while t<self.ngeneration:
yxmin=1.0e50
for i in range(self.m):
for j in range(self.n):
self. x[i][j]=self.x[i][j]+self.V[i][j]
if self.x[i][j]<xxmin[j]:
self.x[i][j]=xxmin[j]
if self.x[i][j]>xx max[j]:
self.x[i][j]=xxmax{j]
self.y[i]=ff.func(self.x[i])
if self.y[i]<yxmin:
yxmin=self.y[i]
for k in range(self.n):
self.xmin[k]=self.x[i][k]
for i in range(self.m):
if self.y[i]<ygmin:
ygmin=self.y[i]
for k in range(self.n):
self.gmin[k]=self.x[i][k]
for i in range(self.m):
for j in range(self.n):
self.v[i][j]=self.teta*self.v[i][j] +self.alpha*random()*(self.gmin[fself.xmin[j]) +self.beta*random()*(self.xmin[j]
self.x[il[i])
t=t+1
self.betaself.beta0*pow(self.gamma,0.01%*t)

ff=fa()

f=f1(ff)

xmin=[-1.0;1.0;1.0];
xmax=[1.0,1.0,1.0];

m=500

alpha=2.1

beta=0.7123

ngeneration=500

rl= particle_swarmli(f,m,xmin,xmax,alpha,beta,ngeneration)
z=rl.xmin;

print("xmin = ",z,"fmin="/f.func(z));

runfile('D:/okul/SCO1/particle_swarm_NLE.py', wdir="D:/okul/SCO1")
Reloaded modules: f_x, f_xj, fi_xi
xmin = [0.5, 4.93342696496876668, -0.5235987755982988] fmin= 3.155443620884043Qe

Another nonlinear equation
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#nelder_NLEtest

from math import *

import continuation_NLE as co
import nelder_NLE as nel

from fi_xi import *;

class fa(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ff[0]=x[0]*x[0]+x[O]*x[1] -10.0
ff1]=x[ 1]+3.0*x[0]*Xx[1]*x[1] -57.0
return ff

# nonlinear system of equation
ff=fa()

#conversion to optimisation function
f=nel.f1(ff)

x0=[0.5,1.0]

dx=[0.1122,0.143]
a=co.continuationRK6(ff,x0,100)
print("a=\n",a)
b=nel.nelder(f,x0,dx,100,1.0k5,0)
print("b=\n",b)

runfile('D:/okul/SCO1/nelder_NLE_test.py', wdir="D:/okul/SCO1")
Reloaded modules: gauss, f_xj, fi_xi




a=

[2.000000556357058, 3.0000013131609307]
b=

[2.0000000000000098, 3.0000000000000044]

#steepest_descent_root test

from math import *

import continuation_NLE as co
import steepest_decent_root as stp
from fi_xi import *;

class fa(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ffl0]=x[0]*x[0]+x[0]*x[1] -10.0
fi[1]=x[1]+3.0*x[O]*Xx[1]*x[1] -57.0
return ff

# nonlinear system of equation
ff=fa()

#conversion to optimisation function
f=stp.f1(ff)

x0=[0.5,1.0]
a=co.continuationRK6(ff,x0,100)
print("a=\n",a)
b=stp.steepestdescent(f,a)
print("b=\n",b)

runfile('D:/okul/SCO1/steepest_descent_NLE_test.pglir=D:/okul/SCO1")

Reloaded modules: continuation_NLE, fi_xi, gauss, steepest_decent_root, f_x, f_Xj
a=

[2.000000556357058, 3.0000013131609307]

b=

[1.9999998541451125, 3.0000001096152387]

#steepest_descent_root test
from math import *

import steepestiecent_root as stp
from fi_xi import *;

class fa(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ff[0]=x[0]*x[0]+x[0]*x[1] -10.0
ff[1]=x[1]+3.0*x[0]*Xx[1]*Xx[1] -57.0
return ff

# nonlinear system of equation
ff=fa()

#conversion to optimisation function
f=stp.f1(ff)

x0=[1.0,1.0]
b=stp.steepestdescent(f,x0)
print("b=\n",b)

runfile('D:/okul/SCO1/steepest_descent_NLE_testl.py', wdir="D:/okul/SCO1")
b=
[1.9999996045274542, 3.000000296080793]

# test

from math import *

import particle_swarm_NLE as ps
from fi_xi import *;

class fa(fi_xi):
def func(self,x):
ff=[0.0 for i in range(2)]
ff[O0]=x[O]*x[0]+x[O]*x[1] -10.0
fi[1]=x[1]+3.0*x[0]*Xx[1]*x[1] -57.0
return ff

# nonlinear system of equation
ff=fa()




f=ps.f1(ff)

xmin=[-1.0;1.0];

xmax=[4.0,4.0];

m=500

alpha=2.1

beta=0.7123

ngeneration=500

rl= ps.particle_swarmZ1i(f,m,xmin,xmax,alpha,beta,ngeneration)
z=rl.xmin;

print("xmin = ",z,"fmin="/f.func(z));

runfile('D:/okul/SCO1/particle_swarm_NLEest.py', wdir="D:/okul/SCO1")
Reloaded modules: particle_swarm_NLE, gauss, f_xj, fi_xi
xmin = [2.0, 3.0] fmin=0.0

9.4 PROBLEMS

PROBLEM 1
Solvethe following system of ncfinear equations
4x12-20%+0.25%%+8=0
0.5%%2%+2x+8=0
By using
a) Newtonraphsormethod
b) Continuity(Homotopy) method
PROBLEM 2
Solvethe following system of ncfinear equations
3x1%-cos(%x2) - 0.5=0
4%12-6.25%*+2x3-1=0
€122 +20x+(10p-3)/3=0
By using
a) Newton raphsomethod
b) Continuity(Homotopy) method
PROBLEM 3
Solve te following system of naofinear equations
X1(1- X1) + 4% 1 12 =0
(X1-2)?+(2%2-3)?-25 =0
By using
a) Newton raphsomethod
b) Continuity(Homotopy) method
PROBLEM 4
Solvethe following system of ncfinear equations
Sin(4pX1X2)-2X2-Xx1=0
— 0 Q ™ v m
By using
a) Newton raphsomethod
b) Continuity(Homotopy) method

PROBLEM 5

Solvethe following system of nefinear equations
10%-2%%+X2-2X%3-5=0

8X22+4X32-9=0

8xox3+4=0



By using
a) Newton raphsomethod
b) Continuity(Homotopy) method



10. CURVE FITTING

Data is obtained by measurememtshie scientific worldScientits are generalized the measurement
results by using various formulas and theories. Creating functions by using experimental numerical
data is cdéd curve fitting. Formulas are generally formed from the theories of physical laws or freely
selected by the researchers. In the fitted equation usually a good fit to the experimental data is a
primary requirement. Fitting means assigning values to unkrmmmefficients in the equations. The
coefficients can be linearly or ndimearly dependent the the variables of the function(s). Interpolation

is also similar process, but in the interpolation a function is not always required. Interpolation could be
justa repeatetive calculation process by following a certain rule. Different curve fitting methods will

be investigated in this chapter. At the end of the chapter Approximation of the functions will also be
covered.

10.1LINEAR CURVE FITTING : LEAST SQUARE ME THODS

Least square methods are one of the mostusee fitting methods. Polinomial equation version is
widely used. Assuming having a linear function,kjgpwhere aare m linear coefficient and x are
independent variable afid w arem subfuntions linearly multiplied with the coefficients
QO B O f o (9.1-1)
It should be noted again thandiarity is only for the coefficientd, @ functions does not have to be linear
Sample functions:" QM O OEd GAZ® &1 lw dow
It is desired to fit data;, f;, i=0..n into the equation so that the difference between data and fitted
function dependent values for all points will be minimum. In order to estdhisstthe following
function H will be minimized with respect tp a
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Wherew(x;) values in the equation are called weight function. In ai@eminimiz the function root of the
derivative of the function can be calculated.
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For weight furction to be taken equal to unitW( X ) =1,equationin the open form can be written in the
following form.
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This equation is an m+1 linear system of equation. It can easily be solved by using a system of
equation solving method. A special form of the above equation a form of a polinomial can be
assumed. Iff ® @, equation becomes

Qi ® pH U
In this case the minimisation equation becomes
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Linear polynomial regression
Consider the general polynomial curittirig equation and take onlyréit two column and row,
equation will be ér the linear polynomial(x)=ag+aix

3 Bi,an B,

P N " £ e s PH w

Sample data:

749
8 64
# Linear least cwe fitting (regression) y=a0O+alx
from math import *
import numpy as np
import matplotlib.pyplot as plt
import gauss
def poly_1(x,y):

n=len(x)

x1=0

x2=0

y1=0

y2=0

for i in range(n):

x1+=x]i]




x2+=x[i]*x]i]
yL+=y[i]
y2+=x[il*y[i]

a= [[0 for i in range(2)] for j in range(2)];
a[0][0]=n

a[0][1]=x1

a[1][0]=x1

a[1][1]=x2;

b=[0 for i in range(2)]

b[0]=y1

b[1]=y2

x=gauss.gauss(a,b)

return x

def func(e,x):
# this function calculates the value of
# least square curve fitting function
ff=e[0]+e[1]*x
return ff

def read_array2D(d):
path =d
filel = open(path,'r)
filel.seek(0,2) #jumps to the end
endLocation=filel.tell()
filel.seek(0) #jumps to the start
nn=0
m=0
while True:
line=filel.readline()
ee=line.split()
nn+=1
if filel.tell()==endLocation:
break
m=len(ee)
print("m=",m)
a=[[0.0 for i in range(nn)] for ji range(m)]
filel.seek(0) #jumps to the start
for i in range(nn):
line=filel.readline()
ee=line.split()
for j in range(m):
a[j][i]=float(ee[j])
filel.close()
return a

na=input("file name : ")

a=read_array2D(na)

n=len(a[0])

x =a[0]

print("x=",x)

y =a[1]

print("y="y)

e=poly_1(x,y)

n1=100

x1=[0 for x in range(n1)]

y1=[0 for x in range(n1)]

xmax=max(x)

Xmin=min(x)

dx=(xmaxxmin)/(n1-1)

for i in range(nl):
x1[i]=xmin+i*dx
yi[i]=func(e,x1[i])

print("x1=",x1)

print("y1=",y1)

plt.title('Linear Polynomial Least Square')

plt.xlabel('x *)

plt.ylabel('y *)

plt.plot(x,y,'+',x1,y1,'k'linewidth=0.3)

runfile('E:/okul/SCO1/d_regressionl.py', wdir='E:/okul/SCO1')
Reloaded modules: gauss

file name :a.txt




m=2

x=[1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0]

y=[1.0, 4.0, 9.0, 16.0, 25.0, 36.0, 49.0, 64.0]

x1=[1.0, 1.0707070707070707, 1.1414141414141414, 1.2121212121212122, 1.2828282828282829, 1.3535353535353536,
1.4242424242424243, 1.4949494949494948536565656565657, 1.6363636363636362, 1.7070707070707072, 1.7777777777]
1.8484848484848484, 1.9191919191919191, 1.9898989898989898, 2.0606060606060606, 2.1313131313131315, 2.2020207
2.2727272727272725, 2.3434343434343434, 2.41414141414121484848484848485, 2.5555555555555554, 2.6262626262626
2.696969696969697, 2.7676767676767673, 2.8383838383838382, 2.909090909090909, 2.9797979797979797, 3.05050505(
3.121212121212121, 3.191919191919192, 3.2626262626262625, 3.33333333333R318B,0404040404, 3.4747474747474745,
3.5454545454545454, 3.616161616161616, 3.686868686868687, 3.7575757575757573, 3.8282828282828283, 3.89898989¢
3.9696969696969697, 4.04040404040404, 4.111111111111111, 4.181818181818182, 4.252525252522323 28323235,
4.393939393939394, 4.4646464646464645, 4.535353535353535, 4.6060606060606055, 4.6767676767676765, 4.74747474
4.818181818181818, 4.888888888888889, 4.959595959595959, 5.03030303030303, 5.101010101010101, 5.1717171717171
5.24242424224242, 5.313131313131313, 5.383838383838384, 5.454545454545454, 5.525252525252525, 5.5959595959594
5.666666666666666, 5.737373737373737, 5.808080808080808, 5.878787878787879, 5.949494949494949, 6.020202020204
6.090909090909091, 6.16161616161616238323232323232, 6.303030303030303, 6.373737373737374, 6.444444444444445
6.515151515151515, 6.585858585858586, 6.656565656565657, 6.727272727272727, 6.797979797979798, 6.86868686868¢
6.9393939393939394, 7.0101010101010095, 7.08080808080808, 7.151515151, 7.222222222222222, 7.292929292929292,
7.363636363636363, 7.434343434343434, 7.505050505050505, 7.575757575757575, 7.646464646464646, 7.71717171717]
7.787878787878787, 7.858585858585858, 7.929292929292929, 8.0]
y1=[-6.0000000000000275.3638636363639;4.7272727272727534.0909090909091173.45454545454548,
2.8181818181818432.18181818181820471.5454545454545716).90909090909093140.27272727272729647,
0.363636363636342, 0.9999999999999751, 1.6363636363636118, 2.27272727272026202090908887, 3.5454545454545254
4.181818181818162, 4.818181818181799, 5.454545454545432, 6.090909090909072, 6.727272727272709, 7.36363636363¢
7.999999999999979, 8.636363636363619, 9.272727272727252, 9.909090909090889, 10.5454545454545291 & 1 81BIH6,
11.818181818181802, 12.454545454545439, 13.090909090909076, 13.727272727272712, 14.363636363636349, 14.99999¢
15.636363636363622, 16.272727272727256, 16.909090909090896, 17.54545454545453, 18.18181818181817, 18.81818181
19.451545454545443, 20.090909090909076, 20.727272727272716, 21.36363636363635, 21.99999999999999, 22.63636363
23.272727272727263, 23.909090909090903, 24.545454545454536, 25.18181818181817, 25.818181818181802, 26.4545454
27.090909090909083, 227272727272723, 28.363636363636356, 28.999999999999996, 29.63636363636363, 30.272727272
30.909090909090903, 31.545454545454536, 32.18181818181817, 32.81818181818181, 33.45454545454545, 34.09090909(

38.54545454545455, 39.18181818181817, 39.81818181818181, 40.45454545454545, 41.09090909090909, 41.72727272727
42.36363636363636, 43.0, 43.63636363636364, 44.27272727272728, A0WIHIHDO1, 45.54545454545455, 46.181818181818]
46.81818181818183, 47.45454545454545, 48.09090909090909, 48.727272727272734, 49.363636363636374, 50.00000000(
50.63636363636364, 51.27272727272728, 51.90909090909092, 52.54545454545456, 53.18 18115 153.81818181818183,
54.45454545454547, 55.09090909090909, 55.727272727272734, 56.363636363636374, 57.000000000000014]

Linear Pelynomial Least Square

Regression with quadratic polynomial
Consider the general polynomial curve fitting equation and take only first 3 column arebration
will be for the quadratic polynomial f(x)s8aux+ apx?
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Sample data:
11




24
39
416
525
6 36
749
8 64

# quadratic polynomial least square curve fitting
from math import *

import numpy as np

import matplotlib.pyplot as plt

import gauss

def poly_2(xy):

n=len(x)

x1=0

x2=0

x3=0

x4=0

y1=0

y2=0

y3=0

for i in range(n):
x1+=x]i]
x2+=x[i]*x]i]
X3+=x[i]*X[i*x[i]
XA+=X[X[*X[*X[i]
yl+=yli]
y2+=x[iI*yli]
y3+=x[iI*x[iI*y[i]

a= [[0 for i in range(3)] for j in range(3)];

a[0][0]=n

a[0][1]=x1

a[0][2]=x2

a[1][0]=x1

a[1][1]=x2

a[1][2]=x3

a[2][0]=x2

a[2][1]=x3

a[2][2]=x4

b=[0 for i in range(3)]

b[0]=y1

b[1]=y2

b[2]=y3

Xx=gauss.gauss(a,b)

return x

def func(e,x):
# this function calculates the value of
# least square curve fitting function
ff=e[0]+e[1]*x+e[2]*x*x
return ff
def read_array2D(d):
path =d
filel = open(path,'r)
filel.seek(0,2) #jumps to the end
endLocation=filel.tell()
filel.seek(0) #jumps to the start
nn=0
m=0
while True:
line=filel.readline()
ee=line.split()
nn+=1
if filel.tell()==endLocation
bres
m=len(ee)
print("m=",m)
a=[[0.0 for i in range(nn)] for j in range(m)]
filel.seek(0) #jumps to the start
for i in range(nn):
line=filel.readline()
ee=line.split()
for j in range(m):
afj][i]=float (ee[j])




filel.close()
return a
a=read_array2D('a.txt")
n=len(a[0])
x =a[0]
print("x=",x)
y=a[l]
print("y="y)
e=poly_2(x,y)
n1=100
x1=[0 for x in range(n1)]
y1=[0 for x in range(n1)]
xmax=max(x)
Xmin=min(x)
dx=(xmaxxmin)/(n1-1)
for i in rarge(nl):
x1[i]=xmin+i*dx
y1[i]=func(e,x1[i])
print("x1=",x1)
print("y1=",y1)
plt.title('Quadratic Polynomial Least Square’)
plt.xlabel('x ")
plt.ylabel('y )
plt.plot(x,y,'+',x1,y1,'k',linewidth=0.3)

runfile('E:/okul/SCO1/d_regression_2.py', wdE:/okul/SCO1")

Reloaded modules: gauss

m=2

x=[1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0]

y=[1.0, 4.0, 9.0, 16.0, 25.0, 36.0, 49.0, 64.0]

x1=[1.0, 1.0707070707070707, 1.1414141414141414, 1.2121212121212122, 1.2828282828282829, 1.3535353535353536,
1.428424242424243, 1.4949494949494948, 1.5656565656565657, 1.6363636363636362, 1.7070707070707072, 1.7777777
1.8484848484848484, 1.9191919191919191, 1.9898989898989898, 2.0606060606060606, 2.1313131313131315, 2.2020207
2.2727272727272725,3434343434343434, 2.4141414141414144, 2.484848484848485, 2.5555555555555554, 2.626262626
2.696969696969697, 2.7676767676767673, 2.8383838383838382, 2.909090909090909, 2.9797979797979797, 3.05050505(
3.121212121212121, 3.191919191919192636262626262625, 3.333333333333333, 3.404040404040404, 3.47474747474747
3.5454545454545454, 3.616161616161616, 3.686868686868687, 3.7575757575757573, 3.8282828282828283, 3.89898989¢
3.9696969696969697, 4.04040404040404, 4.111111111111111, 48181818182, 4.252525252525253, 4.3232323232323235,
4.393939393939394, 4.4646464646464645, 4.535353535353535, 4.6060606060606055, 4.6767676767676765, 4.74747474]
4.818181818181818, 4.888888888888889, 4.959595959595959, 5.03030303030303, 5.101010103a471717171717171,
5.242424242424242, 5.313131313131313, 5.383838383838384, 5.454545454545454, 5.525252525252525, 5.59595959595¢
5.666666666666666, 5.737373737373737, 5.808080808080808, 5.878787878787879, 5.949494949494949, 6.020202020207
6.090909090909091, 6.161616161616162, 6.232323232323232, 6.303030303030303, 6.373737373737374, 6.444444444444
6.515151515151515, 6.585858585858586, 6.656565656565657, 6.727272727272727, 6.797979797979798, 6.86868686868¢
6.9393939393939394, 7.0101012000095, 7.08080808080808, 7.151515151515151, 7.222222222222222, 7.2929292929292
7.363636363636363, 7.434343434343434, 7.505050505050505, 7.575757575757575, 7.646464646464646, 7.71717171717]
7.787878787878787, 7.858585858585858, 7.9292929292929P9, 8

y1=[1.0, 1.146413631262116, 1.3028262422201817, 1.4692378328741966, 1.645648403224161, 1.8320579532700747,
2.028466483011938, 2.2348739924497494, 2.4512804815835123, 2.6776859504132227, 2.914090398938884, 3.160493827
3.416896235078053, 3.6832822691562, 3.95969799000102, 4.246097337006428, 4.542495663707785, 4.848892970105092)
5.165289256198346, 5.491684521987552, 5.828078767472708, 6.174471992653811, 6.530864197530863, 6.897255382104
7.273645546372818, 7.660034690337718, 8.05642281399886R809917355372, 8.87919600040812, 9.305581063156822,
9.74196510560147, 10.188348127742067, 10.644730129578614, 11.111111111111109, 11.587491072339557, 12.07387001
12.570247933884298, 13.07662483420059, 13.593000714212835, 14.11937557392668849413325172, 15.20212223242526
15.758494031221304, 16.32486480971329, 16.90123456790123, 17.48760330578512, 18.083971023364963, 18.69033772(
19.306703397612484, 19.933068054280174, 20.569431690643803, 21.215794306703394, 21.87215590838838427910417,
23.214876033057852, 23.901234567901238, 24.597592082440563, 25.30394857667585, 26.020304050607084, 26.746658
27.48301193755739, 28.22936435057647, 28.985715743291504, 29.752066115702476, 30.528415467809406, 31.3147637
32.11111111111111, 32.917457402305885, 33.733802673196614, 34.560146923783286, 35.39649015406591, 36.2428323¢
37.099173553719005, 37.96551372308948, 38.8418528721559, 39.72819100091827, 40.62452810937659, 41.53086419753
42.44719926538108, 43.378531292725, 44.30986634016937, 45.25619834710743, 46.21252933374145, 47.1788593000714
48.15518824609734, 49.14151617181919, 50.13784307723701, 51.144168962350776, 52.160493827160494, 53.18681767]
54.22314049586777, 55.26946229976533, 56.325783883357.39210284664829, 58.46842158963371, 59.55473931231507,
60.651056014692365, 61.75737169676563, 62.87368635853484, 64.0]

In [192]:




Quadratic Polynomial Least Square

20 1

10

i

Degree n polynomial

Polynomial curve fitting equation can be solved for any degree of polynomials. Restridtien of
degree of polynomial is not needed. In practical applications degree of polynomial rarly taken above
degree 10

Data (a.txt)

uuuuuu

Created on Sat Aug 25 09:31:06 2018

@author: Mustafa TurlmeCoban
from math import *

import numpy as np

import matplotlib.pyplot as plt
import gauss

def PolynomialLSQ(xi,yi,n):
#Polynomial least square
m=len(xi);
print("I=",m);
npl=n+1;
print("np1=",npl);
A =[[0 for x in range(npl)for y in range(npl)];
B =[O for x in range(np1)];
X =[0 for x in range(npl)];
for i in range(npl):

for j in range(npl):




if i==0 and j==0:
Alillil=m;
else:
for k in range(m):
pp=pow(xilk],(i+)));
Alillil= Ali][i]+pow(xi[K],(i+)));
for k in range(m):
if i==0 and j==0:
B[i]= Bli]+yi[k];
else:
Bl[i]= Bli]+pow(xi[k],i)*yi[K];
X=gauss.gauss(A,B);
return X;

def func(e,x):
# this function calculates the value of
# least square curve fitting function
n=len(e);
if n!=0.0:
ff=e[n-1];
foriin range(R2,-1,-1):
fi=ff*x+el[i];
else:
ff=0;
return ff;

def listPolynomialLSQ(E,xi,numberofmidpoints):
#numberofmidpoints: %o0--0--x--0--0--X
n=len(xi)
nn=(n1)*(numberofmidpoints+1)+1;
z=[[O for x in range(nn)] for y in range(2)]
dx=0.0
k=0
for i in range(nl):
Z[O][K]=xii]
z[1][K]=funcPolynomialLSQ(E,z[O][k])
k=k+1
for j in range(numberofmidpoints):
dx=(xi[i+1]-xi[i])/(numberofmidpoints+1.0)
z[0][k]=z[O][K -1]+dx
z[1][k]=funcPolynomialLSQ(E,z[0][k])
k=k+1
z[0][K]=xi[i+1];z[1][K]=funcPolynomialLSQ(E,z[O][K])
return z;

def read_array2D(d):
path =d
filel = open(path,'r)
filel.seek(0,2) #jumps to the end
endLocation=filel.td)
filel.seek(0) #jumps to the start
nn=0
m=0
while True:
line=filel.readline()
ee=line.split()
nn+=1
if filel.tell()==endLocation:
break
m=len(ee)
print("m=",m)
a=[[0.0 for i in mnge(nn)] for j in range(m)]
filel.seek(0) #jumps to the start
for i in range(nn):
line=filel.readline()
ee=line.split()
for j in range(m):
afjl[il=float(ee[j])
filel.close()
return a

a=read_array2(a.txt")
n=len(a[0])
x =a[0]

y =a[1]




print("y="y)
m=4
e=PolynomialLSQ(x,y,m)
n1=100
x1=[0 for x in range(n1)]
y1=[0 for x in range(n1)]
xmax=max(x)
Xmin=min(x)
dx=(xmaxxmin)/(n1-1)
for i in range(nl):
x1[i]=xmin+i*dx
y1[i]=func(e,xL[i])
print("x1=",x1)
print("y1=",y1)
plt.title("Polynomial Least Square of degree "+str(m))
plt.xlabel('x ")
plt.ylabel('y )
plt.plot(x,y,'+',x1,y1,'k' linewidth=0.3)

runfile('E:/okul/SCO1/d_regression_n.py', wdir="E:/okul/SCOL1")

Reloaded modulegauss

m=2

x=[1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0]

y=[1.0, 4.0, 9.0, 16.0, 25.0, 36.0, 49.0, 64.0]

=8

npl=5

x1=[1.0, 1.0707070707070707, 1.1414141414141414, 1.2121212121212122, 1.2828282828282829, 1.3535353535353536,
1.4242424242424243, 1.49494983894948, 1.5656565656565657, 1.6363636363636362, 1.7070707070707072, 1777777777
1.8484848484848484, 1.9191919191919191, 1.9898989898989898, 2.0606060606060606, 2.1313131313131315, 2.2020207
2.2727272727272725, 2.3434343434343434, 2.4141141 414144, 2.484848484848485, 2.5555555555555554, 2.626262626262,
2.696969696969697, 2.7676767676767673, 2.8383838383838382, 2.909090909090909, 2.9797979797979797, 3.05050505(
3.121212121212121, 3.191919191919192, 3.2626262626262625, 3.333333333, 3.404040404040404, 3.4747474747474745,
3.5454545454545454, 3.616161616161616, 3.686868686868687, 3.7575757575757573, 3.8282828282828283, 3.89898989¢
3.9696969696969697, 4.04040404040404, 4.111111111111111, 4.181818181818182, 4.2525252523232323232323235,
4.393939393939394, 4.4646464646464645, 4.535353535353535, 4.6060606060606055, 4.6767676767676765, 4.74747474]
4.818181818181818, 4.888888888888889, 4.959595959595959, 5.03030303030303, 5.101010101010101, 5.171717171717]
5.242424242424242, 5.313131313131313, 5.383838383838384, 5.454545454545454, 5.525252525252525, 5.59595959595
5.666666666666666, 5.737373737373737, 5.808080808080808, 5.878787878787879, 5.949494949494949, 6.020202020207
6.090909090909091, 6.161618836162, 6.232323232323232, 6.303030303030303, 6.373737373737374, 6.44444444444444
6.515151515151515, 6.585858585858586, 6.656565656565657, 6.727272727272727, 6.797979797979798, 6.86868686868¢
6.9393939393939394, 7.0101010101010095, 7.08080808080868515151515151, 7.222222222222222, 7.292929292929292,
7.363636363636363, 7.434343434343434, 7.505050505050505, 7.575757575757575, 7.646464646464646, 7.71717171717]
7.787878787878787, 7.858585858585858, 7.929292929292929, 8.0]

y1=1[1.0, 1.1464136362116, 1.3028262422201817, 1.4692378328741966, 1.645648403224161, 1.8320579532700747,
2.028466483011938, 2.2348739924497494, 2.4512804815835123, 2.6776859504132227, 2.914090398938884, 3.160493827
3.416896235078053, 3.683297622691562, 3.9596973920@.246097337006428, 4.542495663707785, 4.848892970105092,
5.165289256198346, 5.491684521987552, 5.828078767472708, 6.174471992653811, 6.530864197530863, 6.897255382104
7.273645546372818, 7.660034690337718, 8.056422813998571, 8.462809917355371268(B140812, 9.305581063156822,
9.74196510560147, 10.188348127742067, 10.644730129578614, 11.111111111111109, 11.587491072339557, 12.0738700]
12.570247933884298, 13.07662483420059, 13.593000714212835, 14.119375573921026, 14.65574941332517223%42626,
15.758494031221304, 16.32486480971329, 16.90123456790123, 17.48760330578512, 18.083971023364963, 18.69033772(
19.306703397612484, 19.933068054280174, 20.569431690643803, 21.215794306703394, 21.87215590245893, 22.5385164
23.21486033057852, 23.901234567901238, 24.597592082440563, 25.30394857667585, 26.020304050607084, 26.7466585
27.48301193755739, 28.22936435057647, 28.985715743291504, 29.752066115702476, 30.528415467809406, 31.3147637
32.11111111111111, 32.9152402305885, 33.733802673196614, 34.560146923783286, 35.39649015406591, 36.2428323640
37.099173553719005, 37.96551372308948, 38.8418528721559, 39.72819100091827, 40.62452810937659, 41.53086419753
42.44719926538108, 43.37353331292725, 44.3098663801 45.25619834710743, 46.21252933374145, 47.178859300071416
48.15518824609734, 49.14151617181919, 50.13784307723701, 51.144168962350776, 52.160493827160494, 53.18681767]
54.22314049586777, 55.26946229976533, 56.32578308335884, 57.392102846848812158963371, 59.55473931231507,
60.651056014692365, 61.75737169676563, 62.87368635853484, 64.0]
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A general function version of the Baquare program will look like :
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Progfam 6.1-4 General least square curve fitting (Python version)

#-*- coding: utf8 -*-

Created on Sat Aug 25 09:31:06 2018

@author: Mustafa Turhan Coban
from math import *

from gauss import *;

import numpy as np;

import matplotlib.pyplot as plt;

from abc import ABC, abstractmethod

class f_xr(ABC):

@abstractmethod
def func(self,x,equation_ref):
pass;

class f1(f_xr):
def func(this,x,i):

xx=0;
if i==0: xx=1.0;
elif i==1:xx=x;
elif i==2:xx=x*x;
elif i==3:xx=x*x*X;
elif i==4:xx=x*X*X*X;
elif iI==5:XX=X*X*X*X*X;
elif iZ=6:XX=X*X*X*X*X*X;
return xx;

def PolynomialLSQ(f,xi,yi,n):
#Polynomial least square
m=len(xi);
print("I=",m);
npl=n+1;




print("np1=",np1);
A =[O for x in range(np1)] for y in range(np1)];
B =[O0 for x in range(np1)];
X =[0 for x in range(npl)];
for i in range(npl):
for j in range(npl):
for k in range(m):
pp=pow(Xi[K],(i+));
Alil[jI= Alil[]+.func(xi[Kk],i)*f.func(xi[k],j);
for k in range(m):
B[i]= B[i]+f.func(xi[k],i)*yi[K];
X=gauss(A,B);
return X;

def funcPolynomialLSQ(f,e,x):
# this functioncalculates the value of
# least square curve fitting function
n=len(e);
ff=0;
if n!=0.0:
foriin range(nl,-1,-1):
fi=ff+e[i]*f.func(x,i);
return ff;

def listPolynomialLSQ(f,E,xi,aradegersayisi):
#aradegersagi: x--0--0--x--0--0--X zincirinde x deneysel noktalar ise
# ara dejer sayisi 2 dir
n=len(xi);
nn=(n1)*(aradegersayisi+1)+1;
z=[[O for x in range(nn)] for y in range(2)];
dx=0;
k=0;
for i in range(nl):
Z[O][K]=xi[il;
z[1][k]=funcPolynomialLSQ(f,E,z[O][K]);
k=k+1;
for j in range(aradegersayisi):
dx=(xi[i+1]-xi[i])/(aradegersayisi+1.0);
Z[0][k]=z[0][k -1]+dX;
z[1][k]=funcPolynomialLSQ(f,E,z[O][K]);
k=k+1;
z[0][K]=xi[i+1];z[1][K]=funcPolynomialLSQ(f,E,z[O][K]);
return z;

def read_array2D(d):
path =d
filel = open(path,'r')
filel.seek(0,2) #jumps to the end
endLocation=filel.tell()
filel.seek(0) #jumps to the start
nn=0
m=0
while True:
line=filel.readline()
ee=line.split()
nn+=1
if filel.tell()==endLocation:
break
m=len(ee)
print("m=",m)
a=[[0.0 for i in range(nn)] for j in range(m)]
filel.seek(0) #jumps to the start
for i in range(nn)
line=filel.readline()
ee=line.split()
for j in range(m):
a[jlli]=float(ee[j])
filel.close()
return a

a=read_array2D(‘a.txt")
print("a",a)

x=a[0]

y=a[1]

print("x",x)

print("y",y)




f=f1()

E=PolynomialLSQ(f,xy,2);

print("E=",E)
Z=listPolynomialLSQ(f,E,x,2);
print("Z=",Z[0])

plt.title('Polynomial least square’)
plt.xlabel('x )

plt.ylabel('y )
plt.plot(x,y,'x',Z[0],Z[1],'K"linewidth=0.3)

runfile('E:/okul/SCO1/gen_poly_least_sqr.py', wdir="E:/okul/SCO1")

Rdoaded modules: gauss

m=2

a[[1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0], [1.0, 4.0, 9.0, 16.0, 25.0, 36.0, 49.0, 64.0]]

x[1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0]

y [1.0, 4.0, 9.0, 16.0, 25.0, 36.0, 49.0, 64.0]

=8

npl=3

E=[0.0,-0.0, 1.0]

Z=[1.0, 1.333333333333333, 1.6666666666666665, 2.0, 2.3333333333333335, 2.666666666666667, 3.0, 3.3333333333333
3.666666666666667, 4.0, 4.333333333333333, 4.666666666666666, 5.0, 5.333333333333333, 5.666666666666666, 6.0,
6.333333333333333, 6.666666666666666, 7.383333333333333, 7.666666666666666, 8.0]

Polynomial least square
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An excel or Octave version of polynomial least square curve fitting is bielenv. In order to carry
out curve fitting, data (x,y) and’x3x%,.. should be defined and LINEST function (DOT in turkish
vergon) should be used with ctshift-enter
=DOT(G2: G9;B2: F9; DOJRU; DOJRU)
=LINEST(G2:G9;B2:FI9TRUE; TRUE)

X X2 X3 X4 X5 y f(x)=a0+al*x+..

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1

2.0000 4.0000 4.0000 16.0000 32.0000 4.0000 4

3.0000 9.0000 9.0000 81.0000 243.0000 9.0000 9

4.0000 16.0000 16.0000 256.0000 1024.0000 | 16.0000 16

5.0000 25.0000 25.0000 625.0000 3125.0000 [ 25.0000 25

6.0000 36.0000 36.0000 1296.0000 | 7776.0000 | 36.0000 36

7.0000 49.0000 49.0000 2401.0000 | 168070000 | 49.0000 49

8.0000 64.0000 64.0000 4096.0000 | 32768.0000| 64.0000 64

a0 al a2 a3 a4 ab turkish english
6.91E19 | -9.81031E18 1 0 0 - DOT LINEST

An excel or Octave version of polynomial least squamse fitting with our own gauss elimination
linear system of equation solution is given below:

n X y X2 X3 x4 x*y X\2*y
|1 |1 | 12452 |1 |1 |1 1.2452 1.2452

ctrl-shift-enter



1 2 434534 | 4 8 16 8.60068 | 17.38136
1 3 8.9746 9 27 81 26.9238 | 80.7714
1 4 15.2 16 64 256 60.8 243.2
1 5 22 25 125 625 110 550
1 6 34.8975 | 36 216 1206 200.385 | 1256.31
1 7 50.12378 | 49 343 2401 350.86646 | 2456.0652
1 8 63.61761 | 64 512 4096 508.94088 | 4071527
1 9 8174675 | 81 729 6561 735.72075 | 6621.4868
1 10 97 100 1000 10000 970 9700
10 55 379.5078 | 385 3025 25333 2982.5728 | 24997.987
GAUSS ELIMINATION 3 UNKNOWN
A B
10 55 | 385 | 379.15078
55 385 | 3025 | 2982.5728
385 3025 | 25333 | 24997.987
10 55 | 385 | 379.15078
5.5 55 385 | 3025 | 2982.5728
385 385 3025 | 25333 | 24997.987
10 55 | 385 | 379.15078
7.8571429 | 55 385 | 3025 | 2982.5728
0 3025 | 25333 | 24997.987
x0 | -0.0411622
x1 | -0.0062948
x2 | 0.9867756
created Least square curve fitting
X y
0 .0.0411622 o 120
0.25 0.0189376 £ 100
05 0.2023843 % 50
0.75 0.509178 X
1 0.9393186 < 60
1.25 1.4928062 & 40
15 2.1696408 E 20
175 2.9698223 S
2 3.8933507 T 0
2.5 4.9402261 20 0 ‘ 4 6 8 10 12
25 6.1104485 X
275 7.4040178
3 8.820934
3.05 10.361197
35 12.024807
3.75 13.811765
4 15.722069
425 17.75572
10.2 LINEAR CURVE FITTING : ORTOGONAL POLYNOMIAL LEAST
SQUARE

In the previous sudection , polynomial least square method is investigated. In order to find
coefficient of polynomial least square a matrix solution process should be carried out. Furthe



the equation tends to create ill matrices, so that chance of having an ¢necaefficient while
solving the matrix is high. Orthogonal polynomials has the following usefull property
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This equation came to the following matrix form
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Writing the equation this way does not give any advantage, But considering thatis an
orthogonal function, due to the propertiy of the orthogonal functions. In thisimaeguation that
formed a matrix converted to a simple multiplication equation becomes
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Anthony Ralston,Philip Rabinowitarthogonal polynomial least sgre:



Several different orthogonal polynomials are available. The orthogonal polynomial that we w

utiisei n our first program has the foll owing
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Least squee algorithm can be given as follows:
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Because @hogonal polynomial equations are not solving any system of equations, roundoff ¢
due to matrix solutions will not be existed. But the polynomial equation used has a more corr
form compare to polynomial form.

from math import *
import numpy as np
import matplotlib.pyplot as plt

def OPEKK(xi,fi,m):
#ortogonal polinomial least square method
#Referance : A First Course in Numerical Analysis
#Anthony Ralston,Philip Rabinowitz, Mc Graw Hill ISBNO¥-0511586
#m degree of polynomiiai fi input data
#inti,jk;
n=len(xi)
mp2=n+2
mpl=n+1
p=[[0.0 for j in range(n)] for i in range(mp2)]
gamma=[0.0 for j in range(mp1)]
beta=[0.0 for j in range(mp1)]
omega=[0.0 for j in range(mp1)]
alpha=[0.0 for j irange(mp1)]
b=[0.0 for j in range(mp1)]
wi=[0.0 for j in range(n)]
a=[[0.0 for j in range(mpl)] for i in range(3)]
for i in range(n):
p[1][i]=1.0
p[0][i]=0.0
wi[i]=1.0
gamma[0]=0
for i in range(n):
gamma[0]=gamma[0]+wili]
beta[0]=0.0
for j in range(m+1):
omegal[j]=0;
for i in range(n):
omegalj]=omegalj]+wili]*fi[i]*p[j+1][i]
b[j]J=omegaljl/gammalj]
ifjl=m:
alpha[j+1]=0
for i in range(n):




alphal[j+1]+=will*i[iT*p[j+1][iT*p[+1][il/gammalj]
for i in range(n):
pli+2][i]=(xi[i] -alphalj+1])*p[j+11[i] -betaljI*p(illi]
gamma[j+1]=0
for i in range(n):
gamma(j+1]+=wili]*p[j+2][i*p[i+2][i]
beta[j+1]=gammalj+1]/gammalj]
for j in range(m+1):
a[OJ[}=bf]
a[1][i]=alpha(j]
a[2][j]=betalj]
return a

def func(a,x):

#polinom dejerleri hesaplama fonksiyonu

yy=0

k=0

m=len(a[0]}1

mp2=m+2;

g=[0.0 for j in range(mp2)]

for k in range(ml,-1,-1):
qlk]=a[0][K]+(x-a[1][k+1])*q[k+1]-a[2][k+1]*q[k+2]
yy=alk]

return yy;

def funcOPEKK(xi,yi,polynomialcoefficient,numberofmidipts):
#number of midpoints: -x0--0--x--0--0--x X data points midpoints are 2
n=len(xi)
nn=(n1)*(numberofmidpoints+1)+1
z=[[0.0 for j in range(nn)] for i in range(2)]
E=OPEKK(xi,yi,polynomialcoefficient);
dx=0.0
k=0
for i in range(Al):
Z[O][K]=xi[i]
z[1][K]=func(E,z[O0][k])
k=k+1
for j in range(numberofmidpoints):
dx=(xi[i+1]-xi[i])/(float(numberofmidpoints)+1.0)
z[0][K]=z[O][k -1]+dx
z[1][K]=func(E,Z0][k])
k=k+1
z[O][K]=xii]
z[1][K]=func(E,z[O0][k])
return z

x=[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0]
y=[0.0,0.099833,0.1986693,0.2955202,0.38941834,0.479425,0.5646424,0.6442176,0.717356,0.783326,0.84147]
z3=funcOPKK(x,y,3,8);

print("z3",z3)

plt.title('Orthogonal Polynomial least square")

plt.xlabel('x )

plt.ylabel('y );

plt.plot(x,y,'+',z3[0],z3[1],k'linewidth=0.3,)

runfile('E:/okul/SCO1/OPEKK.py', wdir="E:/okul/SCO1")

z3[[0.0,0.011111111111111112, 0.022222222222223, 0.03333333333333333, 0.044444444444444446, 0.055555555555
0.06666666666666667, 0.07777777777777778, 0.08888888888888889, 0.1, 0.11111111111111112, 0.122222222222222
0.13333333333333333, 0.14444444444444443, 0.15555555555555553 666686666663, 0.17777777777777773,
0.18888888888888883, 0.2, 0.2111111111111111, 0.2222222222222222, 0.2333333333333333, 0.2444444444444444,
0.25555555555555554, 0.26666666666666666, 0.2777777777777778, 0.2888888888888889, 0.3, 0.3111111111111111,
0.3222222222222224, 0.33333333333333337, 0.3444444444444445, 0.3555555555555556, 0.36666666666666675,
0.3777777777777779, 0.388888888888889, 0.4, 0.41111111111111115, 0.4222222222222223, 0.4333333333333334,
0.44444444444444453, 0.45555555555555566, 0.46666666668, 0.4777777777777779, 0.48888888888888904, 0.5,
0.5111111111111111, 0.5222222222222221, 0.5333333333333332, 0.5444444444444443, 0.5555555555555554,
0.5666666666666664, 0.5777777777777775, 0.5888888888888886, 0.6, 0.611111111111111, 0.6222222222222221
0.6333333333333332, 0.6444444444444443, 0.6555555555555553, 0.6666666666666664, 0.6777777777777775,
0.6888888888888886, 0.7, 0.711111111111111, 0.7222222222222221, 0.7333333333333332, 0.7444444444444442,
0.7555555555555553, 0.7666666666666664, 0.77777777775, 0.7888888888888885, 0.8, 0.8111111111111111,
0.8222222222222222, 0.8333333333333333, 0.8444444444444443, 0.8555555555555554, 0.8666666666666665,
0.8777777777777775, 0.8888888888888886, 0.9, 0.9111111111111111, 0.9222222222222222, 0.933333333333333
0.9444444444444443, 0.9555555555555554, 0.9666666666666665, 0.9777777777777775, 0.9888888888888886, 0.9], [
0.00013331314685310902, 0.011022273501971321, 0.02217203082505974, 0.03331477390831393, 0.044449317837634
0.05557447769892668, 0.0666890685@ER, 0.0777919055610234, 0.0888818037336327, 0.09995757818181823,
0.1110180439914818, 0.1220620162485252, 0.13308831003885008, 0.14409574044835827, 0.15508312256295145,




0.16604927146853146, 0.17699300225099998, 0.1879131299962589, 0.19880846979020966/ 83571875456,
0.22052004586779472, 0.23133391232323228, 0.24211825117096894, 0.25287187749690637, 0.2635936063869464,
0.2742822529269907, 0.2849366322029412, 0.2955555593006993, 0.30613784930616705, 0.31668231730524615,
0.32718777838383845, 0.3376536278455, 0.3480769401231691, 0.35845827095571103, 0.3687958552113731,
0.379088507976057, 0.38933504433566435, 0.3995342793760972, 0.40968502818325714, 0.4197861058430459,
0.42983632744136524, 0.439834508064117, 0.4497794627972029, 0.4596700067265 95463798394,
0.4792831225174825, 0.48900332455092227, 0.49866437612420494, 0.5082650923232322, 0.5178042882339059,
0.5272807789421277, 0.5366933795337994, 0.5460409050948227, 0.5553221707110993, 0.5645359914685315,
0.5736811824530201, 0.5827565587504®75917609354467753, 0.6006931276278452, 0.6095519503795791,
0.6183362187878786, 0.6270447479386455, 0.6356763529177815, 0.6442298488111887, 0.6527040507047684,
0.6610977736844225, 0.6694098328360527, 0.6776390432455609, 0.6857842199988488, 0.6938448178181
0.7018177328803704, 0.7097036991804079, 0.7175008921678322, 0.7252081269285447, 0.7328242185484475,
0.740347982113442, 0.7477782327094304, 0.7551137854223142, 0.7623534553379951, 0.7694960575423752,
0.7765404071213559, 0.7834853191608392, 0.79032860885, 0.7970720909649198, 0.8037115809013209,
0.8102468936418314, 0.8166768442723531, 0.8230002478787879, 0.8292159195470372, 0.8353226743630031,
0.7834853191608392]]

Orthogonal Polynomial least square
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Chebyshev polynomial orthogonal polyniairieast square curve fitting:

A second eample to orthogonal polynomial curve fitting will be Chebyshev polynomial curve
fitting. Chebyshev polynomials defined at,(1) region.General definition of Chebyshev
polynomials

Yo AT&ET o (10.213

If this equation is written in open form

To(X)=1

T1(X)=x

T2(X)=2x>-x (10.213a)

ée. .

Tr+1(X)=2X Tn(X)- Tna(X)

It is clear that it is a serial equation. The weight function for the Chebchev polynomials
0 W — (6.2-13)

The root of Chebchev polynomials

0 Al 6— k=0, é, n-19 (10. 2

n in this equation indicates the degree of polynomial. In order to curve fit data y=f(x) using th
as an orthogonal polynomial data sholokdgiven at the root points of chebchev polynomials.



Furthermore due to regional limit of the data, to apply this equation to real data a conversior
process is required. If the real data is in region (a,b) The convertion equations will be

W — 0 — (10.215)

o — p (10.2156

If xx and correspondingyis given

Coefficient of polynomiab @ B 6 "Y @ can be calculated by using least sqaure metho
Due to orthogonality of # polynomials, matrix solution is not required, coefficients is found
directly.

6 —B Yo

6 —B ®'YO Q pkBR (10.217)

As an example problem f(x)=dunction in the linit O to 2 will be investigated. If Chebchev

polynomials are to be used in curve fitting, experiments should be design so that the data sh
taken exactly in the roots of the Chebchev polynomials.

Xk Yk
0.010178558 1.010231
0.090368005 1.094577
0.244250426 1.276664
0.459359183 1.583059
0.718267443 2.050877
1 2.718282
1.281732557 3.602877
1.540640817 4.66758
1.755749574 5.787784
1.909631995 6.750604
1.989821442 7.314228

#Checychev Orthogonal Polynomial Curve Fitting chebchev_OPEKK.py
from math import *

import numpy as np;

import matplotlib.pyplot as plt

def Ti(x,equation_ref):

#Chebysev function

T=[0.0 for j in range(equation_ref+1)]

T[0]=1.0

if equation_ref>=1:
T[1]=x

for i in range(2,equation_ref+1):
T[i]=2.0*x*T[i -1]-T[i-2]

return T[equation_ref]

def xi(a,b,N):

nn=N+1;

x=[0.0 for j in range(nn)]

t=[0.0 for j in range(nn)]

for k in range(nn):
t[k]=cos((2.0*N+1-2.0*k)*pi/(2.0*N+2.0))
x[K]=(b-a)/2.0*t[k]+(a+b)/2.0

return x

def Chebyshev(a,b,y,N):

#regiona b

nn=N+1;

#int k,j;

d=pi/(2.0*N+2)

x=[0.0 for j in range(nn)]

t=[0.0 for j in range(nn)]

# -1<=x<=1 region convertion

for k in range(nn):
t[k]=cos((20*N+1-2.0*k)*pi/(2.0*N+2.0))
x[k]=(b-a)/2.0*t[k]+(a+b)/2.0

C=[0.0 for j in range(nn)]

z=0.0

for k in range(nn):




z+=y[K]
C[0]=z/(N+1)
for j in range(1,N+1):
z=0
for k in range(N+1):
z=z+y[K]*Ti(t[k],j)
Cl[j]=2.0*z/(N+1)
return C

def func(C,a,b,x):

t=2.0*(x-a)/(b-a)1;
n=len(C)
ff=0
if n!=0.0:

for i in range(n):

fi=ff+C[i]*Ti(t,i)

return ff

def funcChebyshev(a,b,y,polimikatsayisi,verisayisi):
n=verisayisi+1
z=[[0.0 for j in range(n)] for i in range(2)]
C=Chebyshev(a,b,y,polinomkatsayisi)
dx=(b-a)/float(verisayisi)
z[0][0]=a;
for i in range(verisayisi+1):
if i==0:
z[O][i]=a
else:
z[O][i]=z[O][i -1]+dx
z[1][i]=func(C,a,b,z[O][i])
return z

a=0

b=2.0

y=[1.010230536,1.094577019,1.276664,1.583059208,2.05087687,2.718281828,
3.60287651,4.66758038,5.787784491,6.750604088,7.314227631]

#x values are roots of chebchev polynomials

x= xi(a,b,10)

z=funcChebyshev(a,b,y,10,50)

print("Chebyschev orthogonal least square curve fittihg)

plt.title('Orthogonal Polynomial least square with Chebchev polynomials’)

plt.xlabel('x )

plt.ylabd(y ;

plt.plot(x,y,+ @[0],z[1],'k',linewidth=0.3,)

runfile('E:/okul/SCO1/chebychev_OPEKK.py', wdir="E:/okul/SCO1’)

Chebyschev orthogonal least square curve fitting

[[0, 0.04, 0.08, 0.12, 0.16, 0.2, 0.24000000000000002, 0.28, 0.32, 0.36, 0.399%EBIHIT, 0.43999999999999995,
0.4799999999999999, 0.5199999999999999, 0.5599999999999999, 0.6, 0.64, 0.68, 0.7200000000000001, 0.7600000000
0.8000000000000002, 0.8400000000000002, 0.8800000000000002, 0.9200000000000003, 0.9600000000000003,
1.000000000000002, 1.0400000000000003, 1.0800000000000003, 1.1200000000000003, 1.1600000000000004,
1.2000000000000004, 1.2400000000000004, 1.2800000000000005, 1.3200000000000005, 1.3600000000000005,
1.4000000000000006, 1.4400000000000006, 1.480000000000000&0NBA00000007, 1.5600000000000007,
1.6000000000000008, 1.6400000000000008, 1.6800000000000008, 1.7200000000000009, 1.760000000000001,
1.800000000000001, 1.840000000000001, 1.880000000000001, 1.920000000000001, 1.960000000000001, 2.000000000
[1.000@00003363947, 1.0408107741052222, 1.0832870676174815, 1.1274968516551822, 1.1735108711582891,
1.2214027583411369, 1.2712491504601175, 1.323129812413029, 1.3771277643597053, 1.4333294145629911,
1.4918246976585994, 1.5527072185721034, 1.616074402311128202764987093, 1.7506725005018824, 1.822118800597,
1.8964808794760928, 1.973877732328336, 2.054433210638661, 2.138276220370504, 2.2255409282418266, 2.3163669
2.4108997059686983, 2.509290389439452, 2.6116964729221515, 2.718281828000004,1.829230767,
2.9446795508112373, 3.064854203182635, 3.1899332761602364, 3.3201169229313003, 3.455613465090903, 3.596639
3.7434213777615013, 3.8961933023216746, 4.055199967354418, 4.2206958174501725, 4.392945681283381,
4.5722251953942035, 4.7588285265077, 4.9530324243980175, 5.155169512127402, 5.365555970932761, 5.5845284640
5.812437394188804, 6.049647464277367, 6.296538261030195, 6.553504862370688, 6.820958469617304, 7.099327065
7.389056098776642]]




Orthogonal Polynomial least square with Chebchev polynomials
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10.3LINEAR CURVE FITTING : L EAST SQUARE METHOD WITH MULTI
VARIABLES

Curve fitting of a multivariable function basically the same of general curve fitting of the single variable
function. The only basic difference is definition of the function to be used. Assume that

"Qoo oo oo o f oo p® p

j th degree function is given. It is desired to fitx, X2, € ,n,fi ¥0...n data set into this function. The best
fitted 9™ values to be found. For this purposinihum value of

"0 & hoo B 0 O Q & f b pPB ¢

function should be found.0 & ho @ is called weight function anitlshould satisfy the
conditiond Ghogdw 1 Q phB . The minimum of the function is the root of the derivative of t
function.
—T" G 0 whwFEw Q o f oo f ohodon m Q
[0)]
et p® o
If unit value is taken as weight function, equation becomes:

¢ Q O f oo f ofgw © Q s p® oo

As an example a surface polinomial can be defined as

f(X,y) = @+ axX + ay + ax? + ay? + axy + ax° + ay® + ax?y + axy? + aox* + auy* + anpx?y? +
auax®y + auaxy?

This polynomialis defined in the example problem

from abc import ABC, abstractmethod
from math import *

class f_xir(ABC):
@abstractmethod

def func(self,x,equation_ref):
pass;




Data file a.txt

0 0 0
0 1 1
0 2 4
0 3 9
0 4 16
1 0 1
1 1 2
1 2 5
1 3 10
1 4 17
2 0 4
2 1 5
2 2 8
2 3 13
2 4 20
3 0 9
3 1 10
3 2 13
3 3 18
3 4 25
4 0 16
4 1 17
4 2 20
4 3 25
4 4 32

from f_xir import *

from gauss import *

class f1(f_xir):

#f(x,y)=a0+al*x+a2*y+a3*x"2+ad*y"2+a5*xy+ab*x"\3+a7*y"3+a8*x"\2y

#  +a9*xy"2+a0*x +all*y"4+al2*x"2y"2+al3x 3y+ald*xy"3
def func(self,x,i):

xx=0.0

if i==0: xx=1.0

elif i==1: xx=x[0]

elif i==2: xx=x[1]

elif i==3:  xx=x[0]*x[0]
elif i==4: xx=x[1]*x[1]
elif i==5: xx=x[0]*x[1]

elif i==6:  xx=x[0]*x[0]*x[0]
elif i==6:  xx=x[0]*x[0]*x[0]
elif i==7: xx=x[1]*x[1]*x[1]
elif i==8:  xx=x[0]*x[0]*x[1]

elif i==9:  xx=x[0]*x[1]*x[1]

elif i==10: xx=x[0]*x[O]*x[0]*X[O]
elif i==11:  xx=x[1]*X[1]*x[1]*X[1]
elif i==12:  xx=x[O]*x[O]*x[1]*x[1]
elif i==13:  xx=x[O]*x[O]*x[O]*Xx[1]
elif i==14:  xx=x[O]*x[1]*x[1]*X[1]
return xx

# General least square curve fitting with multivariable
def Transpose(left):

# transpose matrix (if A=a(i,j) Transpose(A)=a(j,i)

#inti;

n=len(left)

m=len(left[0])

b=[[0 for j in range(n)] for i in range(m)]

for i in range(n):

for j in range(m):
bi[i=left[il[]

return b

def GeneralLeastSquare(c,n):

nl=len(c)
n2=len(c[0]}1
xi=[[0 for j in range(n2)] for i in range(n1)]
yi=[0 for j in range(nl1)]
for i in range(nl):

for j in range(n2):

xififj=cllf]
yifi=cfi] [n2]




return GLS(xi,yi,n)

def GLS(xi,yi,n):
# n dimensional surface general least square curve fitting
f=f1()
I=len(xi)
npl=n+1
A=[[0 for j in range(npl)] for i in range(np1)]
B=[0 for j in range(npl)]
X=[0 for j in range(npl)]
for i in range(n+1):
B[i]=0
for j in range(npl):
A[i][j]=0.0
for k in range(l):
Afi[I=AL[1+ . func(xi[K],i)*f.func(xi[k],j)
for k in range(l):
B[i]=B[i]+f.func(xi[k],i) *yi[K]
X=gauss(A,B)
max=0
for i in range(n+1):
if abs(X[i]) > max: max=abs(X[i])
for i in range(n+1):
if abs(X[i])/max > 0 and abs(X[i]/max) < 1.6E00: X[i]=0.0
#print(X)
return X

def func(e,x):
#mutidimensional function calculation
f=f1()
n=len(e)
ff=0.0
if n=0:
foriinrange(nl,-1,-1):
ff=ff+e[i]*f.func(x,i)
return ff

def funcGeneralLeastSquare(e,xi):

# multidimensional function calcud000000000 miation

f=f1()

n=len(e)

m=len(xi)

ff=[0 for j in range(m)]

for k in range(m):

if nl=0:

foriinrange(Rl,-1,-1):
ff{k]=ff[k]+e[i]*f.func(xi[k].i)

return ff

def read(name):
path = name
filel = open(path,'r’)
filel.seek(0,2) #jumps to the end
endLocation=filel.tell()
filel.seek(0) #jumps to the start
nn=0
while True:
line=filel.readline()
nn+=1
if filel.tell()==endLocation:
break
x=[0.0 for i in range(nn)]
y=[0.0 for i in range(nn)]
z=[0.0 for i in range(nn)]
filel.seek(0) #jumps to the start
for i in range(nn):
line=filel.readline()
ee=line.split()
x[i]=float(ee[0])
yli]=float(ee[1])
z[i]=float(ee[2])
#print(x[il," " yil,” ",z[i])
filel.close()
a=[x,y,z]
return Transpose(a)
def outputl(c,polinomkatsayisi,aradegersayisi):




nl=len(c)
n2=len(c[0]}1
xi=[[O for j in range(n2)] for i in range(H1
yi=[0 for j in range(n1)]
for i in range(nl):

for j in range(n2):

xifi]=ci]

yilil=c[il[n2]

return output2(xi,yi,polinomkatsayisi,aradegersayisi);

def output2(xi,yi,polinomkatsayisi,aradegersayisi):
n=len(xi)
nk=len(xi[0])
nn=(n1)*(aradegersayisi+1)+1
E=GLS(xi,yi,polinomkatsayisi)
x=[[0 for j in range(nk)] for i in range(nn)]
c=[[O for j in range(nk+1)] for i in range(nn)]
yy=[0.0 for i in range(nn)]
dx=[0.0 for i in range(n}
k=0
#inti,j,w;
for i in range(nl):
for w in range(nk):
X[K][w]=xi[i][w]
dx[w]=(xi[i+1][w] -xi[i][w])/(float(aradegersayisi)+1.0)
k=k+1
for j in range(aradegersayisi):
for w in rarge(nk):
X[K][w]=x[k -1][w]+dx[w]
k=k+1
for w in range(nk):
X[K][w]=xi[i][w]
yy=funcGeneralLeastSquare(E,x)
for i in range(len(x)):
for w in range(nk):
clillw]=xIi][w]
clillnk]=yyli]
return ¢

a=read('a.txt")

e=GeneralLeastSquare(a,9)

#print(e)

y=outputl(a,9,1)

print(y)

runfile('E:/okul/SCO1/multidimensional_LSCF.py', wdir="E:/okul/SCO1")

Reloaded modules: f_xir, gauss

[[0.0, 0.0,-2.1827872842550278K4], [0.0, 0.5, 0.2499999999998757], [0.0, 1.0, 0.9999999999999939], [0.0, 1.5,
2.249999999999998], [0.0, 2.0, 4.0], [0.0, 2.5, 6.25], [0.0, 3.0, 9.0], [0.0, 3.5, 12.249999999999998], [0.0, 4.0, 199999996,
[0.5, 2.0, 4.249999999999998], [1.0, 0.0, 0.999999999999R50, 0.5, 1.249999999999992], [1.0, 1.0, 1.999999999999996],
[1.0, 1.5, 3.249999999999998], [1.0, 2.0, 4.999999999999998], [1.0, 2.5, 7.249999999999997], [1.0, 3.0, 9.9999999929899
3.5, 13.249999999999996], [1.0, 4.0, 16.999999999999996],310, 6.249999999999999], [2.0, 0.0, 3.999999999999995], [2.(
0.5, 4.249999999999998], [2.0, 1.0, 5.0], [2.0, 1.5, 6.25], [2.0, 2.0, 8.000000000000002], [2.0, 2.5, 10.25], [2.0, 3.0,
12.999999999999998], [2.0, 3.5, 16.25], [2.0, 4.0, 20.0], [2.5,12.250000000000002], [3.0, 0.0, 9.000000000000002], [3.0, O.
9.250000000000004], [3.0, 1.0, 10.000000000000004], [3.0, 1.5, 11.250000000000004], [3.0, 2.0, 13.000000000000002], [
15.25], [3.0, 3.0, 18.0], [3.0, 3.5, 21.25], [3.0, 4.0, 25.00000000004], [3.5, 2.0, 16.249999999999996], [4.0, 0.0, 16.0], [4.0, d
16.25], [4.0, 1.0, 16.999999999999996], [4.0, 1.5, 18.249999999999996], [4.0, 2.0, 19.999999999999993], [4.0, 2.5,
22.249999999999993], [4.0, 3.0, 24.999999999999996], [4.0, 3.5,2B.25 3.0, 24.999999999999996]]

A general polinomial formula for 3d surface curve fitting with python language
In one dimesional curve fitting it is a common practice to use a general polynomial formula

By assuming this general form of polynomial function we can avoid to define function to be ¢
fitted. Similar approach can be used for 3D surface curve fitting by defining

a  "Qaf [ Ww

Degree of polynomial



When k is given, i and j can be calculated as: B
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Derivatives of function can also be calculated directly from the formulation
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This general form of function can be utilised @veral applications, curve fitting, soltion of
differential egautions etc. We will apply here to curve fitting. Minimisation function for curve
fitting:
For this purpose Minimum value of
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Python language code for general function class if poly2:
#-*- coding: utf8 -*-

Created on Sun Dec 19 06:19:18 2021

@author: M. Turhan COBAN
from f_xj import *
class if_poly2(f_xj):
def __init__(self, ai,ni,mi):
self.a=ai
sdf.n=ni
self.m=mi

def seta(self, ai,ni,mi):
self.a=ai
self.n=ni
self.m=mi

def kk(self, k):
i=int(k/(self.m+1))
j=int(k-i*(self.m+1))
K1=[i,]]
return k1

def funcéelf,z):
k=self.n*self.m
x=2[0]
y=z[1]
k1=0
xx=0.0
total=0.0




for i in range(0, self.n+1):
for j in range(0, self.m+1):
k1=i*(self.m+1)+j
xx=self.pow(x,y,i,j)
total=total+self.a[k1]*xx
return total

def dfuncx(self,z):
k=self.n*self.m
x=z[0]
y=2[1]
k1=0
xx=0.0
total=0.0
for i in range(1, self.n+1):
for j in range(Q self.m+1):
kl=i*(self.m+1)+j
xx=self.dpowx(x,Y,i,j)
total=total+self.a[k1]*xx
return total

def dfuncy(self,z):
k=self.n*self.m
x=2[0]
y=z[1]
k1=0
xx=0.0
total=0.0
for i in range(0, self.n+1):
for j in range(1, self.m+1):
kl=i*(self.m+1)+j
xx=self.dpowy(x,y,i,j)
total=total+self.a[k1]*xx
return total

def d2funcx2(selk):

k=self.n*self.m

x=z[0]

y=z[1]

k1=0

xx=0.0

total=0.0

foriin range(2, self.n+1):

for j in range(0, self.m+1):

kl=i*(self.m+1)+j
xx=self.d2powx2(x,y,i,j)
total=total+self.a[k1]*xx

return total

def d2funcy2(self,z):

k=self.n*self.m

x=2[0]

y=2[1]

k1=0

xx=0.0

total=0.0

for i in range(0, self.n+1):

for j in rang€2, self.m+1):

kl=i*(self.m+1)+j
xx=self.d2powy2(x,y,i,j)
total=total+self.a[k1]*xx

return total

def d2funcxy(self,z):

k=self.n*self.m

x=2[0]

y=2[1]

k1=0

xx=0.0

total=0.0

for i in range(1, self.n+1):

for j in range(1, self.m+1):

kl=i*(self.m+1)+j
xx=self.d2powxy(x,y,i,j)
total=total+self.a[k1]*xx

return total




def pow(glf,x,y,n1,m1):
powl=1.0
if n1==0 and m1==0:
return powl
elif m1==0 and n1!=0:
foriin range(nl):
powl=powl*x
elif n1==0 and m1!=0:
for i in range(m1):
powl=powl*y
else:
foriin range(nl):
powl=powl*x
for j in range(m1):
powl=powl*y
return powl

def dpowx(self,x,y,n1,m1):
powx=n1l
powy=1.0
for i in range(1nl):
POWX=POWX*X
for j in range(m1):
powy=powy*y
return powx*powy

def dpowy(self,x,y,n1,m1):

powx=1.0

powy=m1

foriin range(nl):
POWX=POWX*X

for j in rarge(1,m1):
powy=powy*y

return powx*powy

def d2powx2(self,x,y,n1,m1):

powx=nl1*(nt1)

powy=1.0

for i in range(2,n1):
POWX=POWX*X

for j in range(m1):
powy=powy*y

return powx*powy

def d2powy2(self,x,y,n1,m1):

powx=1.0

powy=m1*(mZ%1)

foriin range(nl):
POWX=POWX*X

for j in range(2,m1):
powy=powy*y

return powx*powy

def d2powxy(self,%,n1,m1):
powx=nl
powy=m1l
foriin range(1,nl):
POWX=POWX*X
for j in range(1,m1):
powy=powy*y
return powx*powy
a=[1,1,1,1,1,1,1,1,1]
z=[0.5,0.5]
n=2
m=2
f=if_poly2(a,n,m)
w=f.func(2
print("w=",w)
wl=f.dfuncx(z);
print("dwx=",w1)
w2=f.dfuncy(z);
print("dwy=",w2)
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